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Preface to the First Edition

From the ancient origins of algebraic geometry in the solution of polynomial
equations, through the triumphs of algebraic geometry during the last two cen-
turies, intersection theory has played a central role. Since its role in founda-
tional crises has been no less prominent, the lack of a complete modern treatise
on intersection theory has been something of an embarrassment. The aim of
this book is to develop the foundations of intersection theory, and to indicate
the range of classical and modern applications. Although a comprehensive his-
tory of this vast subject is not attempted, we have tried to point out some of the
striking early appearances of the ideas of intersection theory.

Recent improvements in our understanding not only yield a stronger and
more useful theory than previously available, but also make it possible to devel-
op the subject from the beginning with fewer prerequisites from algebra and
algebraic geometry. It is hoped that the basic text can be read by one equipped
with a first course in algebraic geometry, with occasional use of the two appen-
dices. Some of the examples, and a few of the later sections, require more spe-
cialized knowledge. The text is designed so that one who understands the con-
structions and grants the main theorems of the first six chapters can read other
chapters separately. Frequent parenthetical references to previous sections are
included for such readers. The summaries which begin each chapter should fa-
cilitate use as a reference.

Several theorems are new or stronger than those which have appeared be-
fore, and some proofs are significantly simpler. Among the former are a new
blow-up formula, a stronger residual intersection formula, and the removal of a
projective hypotheses from intersection theory and Riemann-Roch theorems;
the latter includes the proof of the Grothendieck-Riemann-Roch theorem.
Some formulas from classical enumerative geometry receive a first modern or
rigorous proof here.

Acknowledgements. The intersection theory described here was developed
together with R. MacPherson. The author whose name appears on the cover is
responsible for the presentation of details, and many of the applications and
examples, but the extent to which it forms a coherent theory derives from collab-
oration with MacPherson. Previously unpublished results of R. Lazarsfeld,
and joint work with Lazarsfeld, and with H. Gillet, is also included. During the
course of the work, many helpful suggestions were made by A. Collino, P. De-
ligne, S. Diaz, J. Harris, B. Iversen, S. L. Kleiman, A. Landman, Lazarsfeld, and
J-P. Serre. Although other contributions and historical precedents are acknowl-
edged in the text, many others, such as those of students and others who have
responded to talks on these subjects, must be silently, but gratefully, cited.
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Introduction

A useful intersection theory requires more than the construction of rings of
cycle classes on non-singular varieties. For example, if 4 and B are sub-
varieties of a non-singular variety X, the intersection product 4 - B should be
an equivalence class of algebraic cycles closely related to the geometry of how
ANB, A and B are situated in X. Two extreme cases have been most familiar.
If the intersection is proper, ie., dim(ANB)=dimA + dimB — dim X, then
A-B is a linear combination of the irreducible components of A1 B, with
coefficients the intersection multiplicities. At the other extreme, if A=B is a
non-singular subvariety, the self-intersection formula says that 4-B is re-
presented by the top Chern class of the normal bundle of 4 in X. In each case
A-B is represented by a cycle on ANB, well-defined up to rational
equivalence on AN B. One consequence of the theory developed here is a
construction of, and formulas for, the intersection product 4-B as a rational
equivalence class of cycles on A B, regardless of the dimensions of the
components of A(NB. We call such classes refined intersection products.
Similarly other intersection formulas such as the Giambelli-Thom-Porteous
formulas for the degeneracy loci of a vector bundle homomorphism, are
constructed on and related to the geometry of these loci, including the cases
where the loci have excess dimensions.

To give an idea of the main thrust of the text, we sketch what we call the
basic construction, from which such refined classes are derived. To a closed
regular imbedding i : X — Y of codimension d, and a morphism f: V' — Y, with
V a k-dimensional variety (or any purely k-dimensional scheme), this con-
struction produces a rational equivalence class of (k — d)-cycles on W=f""(X).
This intersection class, denoted X -,V, can be formed as follows. Since i is a
regular imbedding, the normal cone to X in Y is a vector bundle; let N denote
the pull-back of this bundle to W. The normal cone C to W in Vis a k-dimen-
sional closed subscheme of N. Using the lengths of local rings of C along its
irreducible components as coefficients, C determines an algebraic k-cycle,
denoted [C], on N. One may construct X -,V by intersecting [C] with the zero
section of N. Thus a (k—d)-cycle ¥ m][Z] on W represents X -,V if
> m;[Nz] is rationally equivalent to [C] on N, where Nz, is the restriction of
Nto Z,'.

Three situations show the utility of this construction: (1) If X is a d-
dimensional non-singular variety, the diagonal imbedding of X in X' x X is
regular, With Y=Xx X, V=4Ax B the Cartesian product of subvarieties 4, B
of X, the construction determines the intersection class A-B on ANB. In
particular, this determines the ring structure on the rational equivalence
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classes on X. (2) If H,, ..., H, are effective Cartier divisors on a variety X, and
V is a subvariety of X, the product imbedding of Hyx...x Hyin X' x...x X is
regular. If f/ is the diagonal imbedding of V in X x...x X, the construction
determines a class on H,;(N...NH,NV. This is useful in enumerative
geometry, where X parametrizes geometric figures, and the hypersurfaces H;
represent “‘simple conditions” on the figures. (3) If E is a vector bundle of rank
d on a variety X, any section s of F is a regular embedding of X in E. Applying
the construction to Y=E, V=X, fthe zero section, this produces a class on the
zero-scheme of s which represents the top Chern class ¢;(E) m [X] on X. This
is used on Grassmann and flag bundles to represent determinantal formulas
by cycles on degeneracy loci.

To use the basic construction one needs to verify several properties which
are not obvious from this description. For example, if f: V=Y is also a
regular imbedding, then there is a commutativity property: V-, X = X- V.
This assures. that intersection products which could be formed in different
ways, e€.g. by (1) or (2) above, lead to the same classes. One also needs to
know that the construction passes to rational equivalence. Precisely, with
i:X—Y aregular imbedding of codimension d, f:Y’— Y any morphism, and
a =2 n;[V;] any algebraic k-cycle on Y, define a class i'a of (k — d)-cycles on
X' = f71(X) by setting i'a = Y n,(X -, V;). If o is rationally equivalent to o on
Y’, it must be shown that i' o is equal to i'a; the analogous statement with
rational equivalence replaced by algebraic equivalence refines the “principle
of continuity”. A third important property is functoriality (or associativity) of
this construction: if i: X — Y, j: Y — Z are regular imbeddings, thenjoiis
also, and (j °i)'=i°;. The homomorphisms i' refine the Gysin homo-
morphisms i* : A4y, Y — A;_,X which had been constructed by Verdier.

In addition, one needs formulas for these classes. Any cone C on a scheme
W determines a Segre class s(C) in the group of rational equivalence classes
on W.In case C=E is a vector bundle, this Segre class is dual to the inverse

total Chern class of E: s(E)=c(E)™' n[W)]. In the situation of the basic
construction, one then has the formula

XV ={c(N)ns(C)}y_,-

where { },, denotes the m-dimensional component of the term in braces. When the
imbedding of W in V is also regular, this gives an excess intersection Sformula for
X -yV. By replacing V by the blow-up of V along W, one may always reduce to
this situation. Another basic property expresses the compatibility of these classes
with push-forward by proper morphisms. The value of allowing ¥V~ Y to be a
morphism which is not an imbedding is evident in this reduction, as is the need
to allow V to have arbitrary singularities.

The basic construction, properties, and formulas are based on joint work
with R. MacPherson, and work of J.-L. Verdier. Originally these sources
depended on the previously constructed “Chow rings” of cycle classes on non-
singular quasi-projective varieties, as developed by Severi, B. Segre, Todd,
Chevalley, Chow, Samuel, Weil, Grothendieck, etal. It was indicated in
Fulton-MacPherson (1), however, how one could use the basic construction to
develop intersection theory from scratch. This is the program carried out in
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Chapters 1-8 here. Note that in this program one also has no need for a
preliminary study of intersection multiplicities. In the case of proper inter-
sections, the intersection class is automatically a well-defined cycle, whose
coefficients are then the intersection multiplicities; indeed, one sees readily
that in this case the construction agrees with that of Samuel (1). Although the
refined intersection classes respect variation in families of cycles, no moving
lemma, or quasi-projective hypotheses, are needed. In a sense the approach is
rather close to that of B. Segre (4), and relies on explicit deformations, and
blowing up, rather than an abstract moving lemma. Ideas related to this point
of view have also been published by H. Gillet, J. P. Jouanolou, J. King, A. T.
Lascu, D. Mumford, J. P. Murre, and D. B. Scott. Work in intersection theory
by S. L. Kleiman, D. Laksov, and R. Piene has particularly influenced this
book.

Outline. The first chapter contains the definition of the group A, X of
rational equivalence classes of algebraic k-cycles on an algebraic scheme X,
and the verification that the natural definition of push-forward of cycles makes
Ay a covariant functor for proper morphisms. In addition, a flat morphism of
relative dimension » determines pull-back homomorphisms, raising dimen-
sions by n. In the second chapter the basic construction is studied in the case of
codimension one. This includes a construction of a first Chern class for line
bundles. In Chapter 3 Chern classes ¢;(E) are constructed as homomorphisms
o= ¢(E) na from A X to Ai-; X, for E a vector bundle on an algebraic
scheme X. The expected formulas are proved for these Chern classes; they are
used to prove that the pull-back from 4; X to Ay, E, r=rank(E), is an
isomorphism. The first Chern class is also used to construct the Segre class of a
cone, studied in the next chapter; this includes the notion of the multiplicity of
a scheme along a subvariety. In Chapter 5 the deformation to the normal cone
is constructed. This is a rational family of closed imbeddings containing a
given imbedding W — V and the zero-section imbedding W — C in the
normal cone C to W in V. The existence of such a deformation, together with
the “principle of continuity”, helps explain the key role of normal cones in the
construction of intersection products. Chapter 6 contains the general construc-
tion and basic properties of the intersection products X -,V and classes i'o.
This chapter also contains a new general blow-up formula for the pull-back of
cycles by a monoidal transformation.

The rest of the book consists of largely independent applications of the first
six chapters. The next two chapters consider the special cases of proper
intersections (intersection multiplicities) and intersections on non-singular
varieties. In Chapter 9 we prove a residual intersection theorem, more general
than those previously available. With notation as in the basic construction, and
Z a given closed subscheme of the intersection scheme W, this formula writes
the intersection class X -,V as a sum of a class on Z and a class on a residual
set R with ZUR = W. Following Laksov (3), this is applied to deduce a general
double point formula. -

Chapter 10 considers the variation of intersection classes in famllles,
including a strong form of the principle of continuity. The decompositxo.n. of
the normal cone into its irreducible components determines a decomposition
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of the intersection product. Chapter 11 includes R. Lazarsfeld’s infinitesimal
construction of intersection classes, and his proof that the decomposition
constructed by decomposing the normal cone agrees with that obtained by a
dynamic method, along lines suggested by Severi.

From our construction of intersection classes, various positivity or ample-
ness hypotheses on the normal bundle to X in Y can be expected to force
corresponding positivity of intersection classes X-,V. Such theorems, and
applications to a refined Bézout’s theorem, and inequalities for intersection
multiplicities, are discussed in Chapter 12; this is joint work with Lazarsfeld.
Similarly, since the construction is valid over an arbitrary field, and produces
classes on the loci of interest, it can be used to prove the existence of rational
solutions to algebraic equations (Chapter 13).

Formulas for degeneracy loci are among the most important applications of
intersection theory. Our method, combined with ideas from Kempf-Laksov
(1), gives refinements of the usual formulas, producing classes on the degener-
acy loci in question, and valid on possibly singular varieties (Chapter 14). The
classical Schubert calculus is deduced from these formulas. In Chapter 15 the
geometry of the deformation to the normal bundle is used to give a short
conceptual proof of the Grothendieck-Riemann-Roch theorem, as well as the
formula for blowing up Chern classes. The basic algebra of correspondences is
included in Chapter 16; our intersection formulas yield classical formulas of
Pieri and Severi for the virtual number of fixed points of a correspondence,
when the fixed point locus is infinite.

The bivariant language of Fulton-MacPherson (3) is introduced in Chapter
17. This codifies and strengthens the machinery of Chapters 1—8. Indeed, the
book could be considerably shortened by an uncompromising use of this
formalism throughout, but at the cost of its usefulness as a reference for those
unfamiliar with it. In Chapter 18 it plays a key role in the analysis of
MacPherson’s graph construction, which is used to extend Riemann-Roch to
singular quasi-projective varieties, as in Baum-Fulton-MacPherson (1) and
Verdier (5). In addition, recent joint work with H. Gillet is included, which
removes all quasi-projective hypotheses from these Riemann-Roch theorems.

Chapter 19 shows that, for complex varieties, the cycle map, from
algebraic cycle classes to homology classes, is compatible with (refined) inter-
section products; included is -a brief survey comparing rational, algebraic,
homological and numerical equivalence of cycles on non-singular complex
projective varieties. The final chapter sketches generalizations of the preceding
chapters to schemes over Dedekind domains and other non-algebraic base
schemes. Serre’s intersection multiplicity, and Bloch’s formula relating rational
equivalence to higher K-theory, are also mentioned.

Appendix A contains the commutative algebra needed for Chapters 1-6,
together with references for a few facts used later; this appendix can be
consulted as required, and need not be read as prerequisite. Appendix B is a
glossary of basic concepts and constructions needed from algebraic geometry;
it is hoped that occasional use of Appendix B will help bridge gaps between
the language of various introductory treatments of algebraic geometry and that
used here. In addition a few special conventions adopted here are pointed out.
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Among these are the following, to be understood otherwise indicated: schemes
are algebraic schemes over an arbitrary field K; varieties are irreducible and
reduced schemes; points are closed points; subvarieties and imbeddings are
assumed to be closed; cycles are algebraic cycles, i.e., integral linear combina-
tions of subvarieties; non-singular varieties are smooth over K; flat morphisms
are assumed to have some relative dimension; P(E) denotes the projective
bundle of /ines in a bundle E.

A substantial portion of the book consists of Examples at the end of
sections. As one would expect, these include illustrations and special cases of
the theorems, and classical and modern applications. In addition, there are
generalizations of the theorems, or counterexamples to possible generaliza-
tions. Some examples, such as a series on intersections of plane curves in the
first chapter, are included primarily to motivate later developments. Unless
otherwise indicated, the proofs of assertions in examples should be reasonably
straight-forward from the preceding text. Hints are included in parentheses.
References preceded by “cf.” indicate where similar results may be found,
although often with a different approach. References without “cf.”, or with the
more direct “see”, indicate a closer relation of the example to the reference,
which may be consulted for details. An unspoken assumption in computational
examples is that the ground field is algebraically closed of characteristic zero;
the interested reader may make the necessary modifications in positive
characteristics.

At the end of each chapter a Notes and References section contains some
historical remarks on material related to the chapter, and an attempt to
attribute sources for the main ideas. Many other references may be found in
the examples. Although it is hoped that an impression of the interesting
history of intersection theory emerges from these notes and the examples, a
thorough historical analysis is beyond the capacity of this book or its author.
For similar reasons, only rarely do we discuss to what extent classical
references meet modern standards of rigor. Other surveys are referred to for
much of the closely related history of enumerative geometry, but we have tried
to point out important contributions which are likely to be unfamiliar to
modern readers. Both in the notes and the examples, emphasis is placed on
classical topics, such as excess intersection formulas, which are closely related
to the basic view-point of the text presented here. References are given by
referring to the author, followed by a number in parentheses; however,
Grothendieck-Dieudonné (1) is referred to by the familiar [EGA] and
Berthelot-Grothendieck-Illusie et al. (1) by [SGA 6].

The bibliography is similarly only a sampling of the vast literature in
intersection theory. Omission of topics or references which should be included
may be attributed to lack of space, as usual, but is more likely due to incom-
petence of writer.



Chapter 1. Rational Equivalence

Summary

A cycle on an arbitrary algebraic variety (or scheme) X is a finite formal sum
> ny[V] of (irreducible) subvarieties of X, with integer coefficients. A rational
function r on any subvariety of X determines a cycle [div (r)]. Cycles differing
by a sum of such cycles are defined to be rationally equivalent. Alternatively,
rational equivalence is generated by cycles of the form [V(0)] — [V(o0)] for
subvarieties ¥ of X x IP! which project dominantly to P'. The group of rational
equivalence classes on X is denoted A4, X.

For a proper morphism f: X — Y, there is an induced push-forward of
cycles. The fundamental theorem of this chapter states that rational equiva-
lence pushes forward, so there is an induced homomorphism f, from 4, X to
A, Y, making A, a covariant functor for proper morphisms.

For flat morphisms f: X — Y (of constant relative dimension) there are
contravariant pull-back homomorphisms f* from 4,Y to 4,X. There is a
useful exact sequence

AY >4, X > A4, (X-Y)—-0
for a closed subscheme Y of X, and exterior products
A X®A,Y S 4, (XxY).

The groups A, X will play a role analogous to homology groups in
topology. In succeeding chapters it will be shown how geometric objects
(vector bundles, regularly imbedded subschemes, ...) give rise to operations on
these groups (Chern classes, intersection products, ...). Eventually correspond-
ing contravariant, ring-valued functors 4* will be constructed, with cap-
products from A*X® 4,X to A,X and other properties familiar from
topology. When X is non-singular, A*X =~ 4, X; in the non-singular case, but
not in general, 4, X will have a ring structure. The actual relation of these
groups to homology groups is discussed in Chapter 19.

1.1 Notation and Conventions

Until Chapter 20, by a scheme we shall mean an algebraic scheme over a field !
(see Appendix B.1). A variety will be a reduced and irreducible scheme, and a

1 Except where exterior products (§ 1.10) occur, the ground field could be replaced by any
local Artinian ring with no significant changes.
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subvariety of a scheme will be a closed subscheme which is a variety. A point
on a scheme will always be a closed point.

Affine n-space is denoted A"; projective n-space is IP™.

The local ring of a scheme X along a subvariety V is denoted Oy x, 1ts
maximal ideal .#y y. The field of rational functions on a variety X is denoted
R(X); the non-zero elements of this field form the multiplicative group
R(X)*.

Little will be lost if a reader wishes to assume that all ambient schemes are
varieties over algebraically closed fields in the sense of Serre (. Tt is
important, however, that arbitrary closed subschemes be allowed. In other
words, the defining ideals must be remembered (cf. Example 1.1). For
rationality questions (Chapter 13) it is useful, and no more difficult, to work
over an arbitrary ground field.

It is particularly important that ambient varieties are allowed to have
singularities: our constructions of intersection cycles, even on non-singular
varieties, will involve blowing up along singular subschemes.

The role of subschemes can be seen already in the modern definition of
intersection numbers for plane curves. Although the situation is considerably
more complicated in higher dimensions, several important features of inter-
section theory can be seen in the plane curve examples in this chapter.

Example 1.1.1. If f(x,») and g (x,y) are polynomials defining affine plane
curves Fand G over an algebraically closed field K, the intersection scheme Z
is the subscheme of A? defined by the ideal (f, g) in K [x, y] generated by f
and g. If P=(a, b) is a point in the plane, the intersection multiplicity of F and
G at P is defined to be

I(P,F G) = dim[(ﬁp’z= dimKﬁP’Az/(ﬁ g) .

This intersection number satisfies the following properties:

1) i(P,G-F)=i(P,F-G).

2) i(P,(F\+ F) -G)=i(P,F,-G)+i(P,F, G),
where F, + F, is the curve defined by f; f>, with f; defining F;.
3) i(P,F'-G)=i(P,F-G),

if F” is defined by f+ g 4, some h € K [x, y].

4) i(P,F-G)=0 if P¢FNG,

and i(P,F-G)=oc if F and G have a common component through P.
Otherwise i (P, F - G) is finite and positive.

5) i(P,F-G)=1 if f=x—a, g=y-5b,
or more generally if the Jacobian d(f, g)/d(x, y) is not zero at P.
6) i(P,G-H)=zmin(i(P,F-G),i(P,F- H))

if P is a simple point on F, and F has no common component with G or H
through P (see Namba (1) 2.3.2).
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For fixed P, properties 1)—5) characterize the intersection number (see
Fulton (1)3.3). A similar definition, with analogous properties, is valid when
the plane is replaced by an arbitrary non-singular surface. These intersection
multiplicities agree with the general definitions to be given later (cf.
Example 7.1.10). In general, however, the multiplicities will not be determined
by the intersection scheme alone.

1.2 Orders of Zeros and Poles

Let X be a variety, V a subvariety of X of codimension one. The local ring
A=70yy is a one-dimensional local domain. Let r € R(X)*. We will define the
order of vanishing of r along V, ord(r), which will be a homomorphism, i.e.,

*) ordy(r s) = ordy(r) + ord y(s)

forr, s € R(X)*.
Any r € R(X)* may be written as a ratio r=a/b, for a, b, € A. By (*) we
must define
ordy(r) = ordy(a) — ord () .

Thus ord, will be determined if ord,(r) is defined for r € A.

In case X is non-singular along V, i.e., 4 is a discrete valuation ring, then
r=ut" for u a unit in 4, ¢ a generator for the maximal ideal of 4, and m an
integer. In this case one may set ord,(r) =m. When X is a curve over an
algebraically closed field KX, this is the same as setting

ordy(r) = dimgA/(r) .

The latter definition extends to singular curves, but not to higher dimensions,
for then 4/(r) is not finite-dimensional over the ground field. The correct
general definition for r € A4 is

ordy(r) = L4 (A/(r))

where /, denotes the length of the 4-module in parentheses. That this
determines a well-defined homomorphism ord, from R (X)* to Z is proved in
Appendix A.3.

For a fixed r € R(X)*, there are only finitely many codimension one
subvarieties ¥ of X with ordy(r) # 0 (Appendix B.4.3).

Example 1.2.1. Let fand g be polynomials defining plane curves F and G,
with firreducible. Let g be the rational function on the curve F defined by the
residue class of g in K[x, y]/(f). If P € F, then

i(P,F - G)=ordp(g).

Example 1.2.2. Let f(x, y) and g (x, y) define plane curves F and G, over an
algebraically closed field K. Let r(x) € K[x] be the resultant of f and g with
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respect to the variable y. Write f (x, y) = 3%, fi(x) ¥'. If fi(a) + 0, then
ord,(r) =2 i((a, b), F- G) .
b

In case the intersections of F and G have distinct x-coordinates, the intersection.
numbers are given by the order of vanishing of the resultant. This is one of the
classical definitions of intersection number for plane curves (cf. Walker (1)).
(The equality follows from Example A.2.1 and the fact that K[x, y1/(f. 9),
being Artinian, is the direct product of its localizations £p 4./( £, g).)

Example 1.2.3. Let X be a variety, X — X the normalization of X in its
function field. If r € R (X)* = R(X)*, then

ordy(r) = 2 ordp(r) [R(¥): R(V)],

where the sum is over all subvarieties ¥ of X which map onto V, and
[R(P):R(V)] denotes the degree of the field extension. (This follows from
Example A.3.1.). The more familiar order function on normal varieties there-
fore determines the order function on arbitrary varieties.

Example 1.2.4. If r € £}y, then
ord, (r) Z max{n|re 4} ,}.

This inequality is an equality if X is non-singular along V, but strict if r € .#; ¢
and X is singular along V.

Example 1.2.5. Let f, g define plane curves F, G in the affine plane over an
algebraically closed field K, and let P =(0, 0).

(a) i(P,F- Gy =dimg(K [x, y /(1. 9)),

where K[ x, y] is the ring of formal power series (see Zariski-Samuel (1) VII,
VIII for properties of formal and convergent power series).

(b) If f has only one branch at P, and (x(¢), y(#)) is a power series para-
metrization of this branch, then i(P,F-:G) is the order of vanishing of
gix(@),y@®) at t=0. (K[x, y]/(f, g) is imbedded in K[¢], with finite
dimensional cokernel; apply Lemmas A.2.1 and A.2.4.)

(c) If K= C, then convergent power series may be used in place of formal
power series in (a) and (b).

(d) The definition and properties of intersection multiplicities of Example
1.1 extend to (germs of) analytic curves, and to the formal case, i.e., to
arbitrary £, g in K[[x, y |}

(e) If K=, and F and G have no intersections but P inside an &-neighbor-
hood of P, then for sufficiently small =+ 0, i(P,F-G) is the number of
intersections of the curves F =7 and G =0 inside an &/2-neighborhood of P.
(Factoring g in € {x, y}, one may assume g has one branch; then use (b).)

(f) (Zeuthen’s rule). Let uy, ..., u, (resp. vy,..., v,) be the roots of f(x, ¥)
resp. (¢ (x, Y)) in some extension of € [[x]. Then

i(P,F-G)=> ord,(u;—v) .
i
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Here u;, v; € € [x"V] for some N, ord, (x'"¥) = 1/N. If axes are chosen so that
F and G have no common points on the y-axis except at P, the right side is the
order of the resultant of fand g.

For more on intersection multiplicities for plane curves, see Example 12.4.2,
C. Segre (1), Zeuthen (3), Walker (1), and Fulton (1).

1.3 Cycles and Rational Equivalence

Let X be an algebraic scheme. A k-cycle on X is a finite formal sum

2 vl
where the V; are k-dimensional subvarieties of X, and the »; are integers. The
group of k-cycles on X, denoted Z, X, is the free abelian group on the k-
dimensional subvarieties of X; to a subvariety ¥ of X corresponds [V]in Z, X.

For any (k + 1)-dimensional subvariety W of X, and any r € R(W)*, define
a k-cycle [div(r)] on X by

[div (9] =2 ordy(r)[ V],
the sum over all codimension one subvarieties ¥ of W; here ordy is the order
function on R (W)* defined by the local ring g, .

A k-cycle a is rationally equivalent to zero, written a ~ 0, if there are a finite
number of (k + 1)-dimensional subvarieties W, of X, and r; € R (W)*, such that

o= Z [div(r)].

Since [div(r~')] = —[div(r)], the cycles rationally equivalent to zero form a
subgroup Rat, X of Z; X. The group of k-cycles modulo rational equivalence on
X is the factor group

AkX= ZkX/Rath
Define Z,X (resp. A, X) to be the direct sum of the Z, X (resp. 4; X) for
k=0,1,...,dim(X). A cycle (resp. cycle class) on X is an element of Z, X
(resp. 4, X). A more classical definition of 4, X will be given in § 1.5.
If o is a class in 4, X, and k is an integer, we denote by
{oh
the component of « in 4, X. Thus a = 3, , {a},.

A cycle is positive if it is not zero, and each of its coefficients is a positive
integer. A cycle class is positive if it can be represented by a positive cycle.

Example 1.3.1. (a) A scheme and its underlying reduced scheme have the
same subvarieties, and therefore the groups of cycles and rational equivalence
classes are canonically isomorphic:

Ak (X) = Ak (Xred) .
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(b) If X is a disjoint union of schemes X1, ..., X,, then Z, X = ® Z_ X, and

A X = é‘) A (X;).

i=1

(c) If X, and X, are closed subschemes of X, then there are exact sequences
A (X NX,) -4, X, ®AX, - A4X,UX,)>0.

(See Example 1.8.1 for a generalization.)

Example 1.3.2. If X is n-dimensional, 4, X = Z, X is the free abelian group
on the n-dimensional irreducible components of X. More generally, any two
rationally equivalent cycles on X contain any irreducible component V of X
with the same coefficient. (Indeed, a cycle of the form [div(r)], r € R(W)*,
cannot include an irreducible component of X.) For any o € 4, X, and any
irreducible component V of X, we define the coefficient of V in o to be the
coefficient of [ V] in any cycle which represents .

1.4 Push-forward of Cycles

Let f: X — Y be a proper morphism. For any subvariety V of X, the image
W= f(V) is then a (closed) subvariety of Y. There is an induced imbedding of
R(W) in R(V), which is a finite field extension if W has the same dimension
as V (Appendix B.2.2). Set

(R :ROM] if dim(W) = dim (V)
deg (V/W) = 0 it dim (W) < dim (V)

where [R (V): R (W)] denotes the degree of the field extension. Define
J«[V]=deg(V/W)[W].
This extends linearly to a homomorphism
Je  Z X > Z, Y.

These homomorphisms are functorial: if g is a proper morphism from Y to Z,
then (g /)« = g« f+, as follows from the multiplicativity of degrees of field
extensions. In the complex case, if dim W= dim V, ¥V is generically a covering
of W with deg(V/W) sheets, and the push-forward agrees with the push-
forward in topology (cf. § 19.1).

Theorem 1.4. If f: X > Y is a proper morphism, and o is a k-cycle on X
which is rationally equivalent to zero, then fy o is rationally equivalent to zero
onY.
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There is therefore an induced homomorphism
fe i Ak X > ALY,
so that A4, is a covariant functor for proper morphisms.

Proof. We may assume o = [div(r)], where r is a rational function on a
subvariety of X. We may replace X by this subvariety, and we may replace Y
by f(X), so we may assume Y is a variety and fis surjective. The theorem then
follows from the following more explicit proposition.

Proposition 1.4. Let f: X — Y be a proper, surjective morphism of varieties,
and let r € R(X)*. Then

@) fiu[div()]=0 if dim(Y) < dim(X).
(®) feldiv(n]=[div(N ()] if dim(Y)=dim(X).

In (b), R(X) is a finite extension of R(Y), and N (r) is the norm of r, i.e.,
the determinant of the R(Y)-linear endomorphism of R (X) given by multipli-
cation by r.

Proof. Case I: Y= Spec(K), K a field, X =Pk. Then R(X)= K(t), with
t = x1/xy. Since the order functions are homomorphisms, we may assume r is
an irreducible polynomial, of degree d, in K[7]. Then r generates a prime ideal
p in K[t] corresponding to a point P in X with ordp(r) = 1. The only other
point along which r has non-zero order is the point P, =(0:1) at infinity,
where s=1/r is a uniformizing parameter. Then s%r is a unit at P, so
ordp_(r) = — d. Therefore

[div(n]=[P] - d[Ps].
Now R(P)=K[t]/p is an extension of K of degree d, while R(P,) =K.
Therefore
Jildiv(n]=d[Y] - d[Y]=0.

Case 2: fis finite. Let K= R(Y), L = R(X). Let W be a subvariety of Y of
codimension one, 4 =Ow,y, # =#y,y. There is a domain B, finite over 4, with
quotient field L, B ® 4K = L, so that the subvarieties V; of X mapping onto W
correspond to the maximal ideals .#; of B, with B, =72y, x. (To see this, one
may assume Y and X are affine, with coordinate rings I" and A respectively;
then A is the localization of I" at the prime ideal corresponding to W, and
B=4®rA.) To prove part (b) we must show that

Z ordy, (r) - [R(V;): R(W)] = ord (N (r)).

Since N and the order functions are homomorphisms, it is enough to prove
this when r € B. By Lemmas A.2.3 and A.2.2 of Appendix A, the left side of
this equation is /,(Coker (p)), where ¢ is the endomorphism of B induced by
multiplication by r. The norm N (r) is by definition det (9x), where gk is the
induced endomorphism of L. The required equality

L4(Coker (¢)) = ordy (det(¢y))

is a special case of Lemma A.3.
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The general case of (b) can be proved in the same way, since there is
always a B as in Case 2 (Appendix B.2.4). For a more elementary proof, one
may let X — X, ¥ — Y be the normalizations of X and Y in their function
fields; the morphism f induces a morphism f: X —7. By functoriality and the
case proved for the (finite) normalization maps, we may assume X and Y are
normal. If 4 is the local ring of W on Y, A4 is a discrete valuation ring. Let B be
the integral closure of A4 in L=R(X). By the valuative criterion for
properness, for each maximal ideal p, in B, B, dominates a local ring Oy, y; the V,
thus obtained are distinct since proper maps are assumed to be separated
Since 4y, x is one-dimensional and normal, Oy, x= B,,, and one concludes as in
Case 2.

For the general case of (a), we may assume dim(Y) = dim(X) — 1. Let
K= R(Y). The coefficient of Y in f, [div(r)] is

2 ordy(n) [R(V): K],

the sum over all codimension one subvarieties ¥ of X which map onto Y. We
may replace Y by Spec(K), and X by the base extension Xx = X x ySpec (K), so
we may assume X is a curve over Y =Spec(K). Let h: X —» X be the
normalization of X, and choose a finite morphism g: X — IP}. Let p be the
projection from P} to Y, $0foh=pog,andletrFe R(X) be the image of r by
the isomorphism R (X) = R (X). By functoriality, and Case 2 for A,

S [div(N] = fi hy [div ()] = px g« [div (F)] .
The latter is zero by an application of Case 2to g and Case 1 top. O

Definition 1.4. If X is a complete scheme, i.e., X is proper over S = Spec(K),
K the ground field, and a =3, np[P] is a zero-cycle on X, the degree of «,
denoted deg(), or [y a, is defined by

deg(e®) = [« =Y n,[R(P): K].

Equivalently, deg(a) = p« (®), where p is the structure morphism from X to S,
and A4yS =Z[S] 1s identified with Z. By the theorem, rationally equivalent
cycles have the same degree. We extend the degree homomorphism to all of
A X,

[:AX->Z

X
by defining [y o = 0 if « € 4, X, k > 0. For any morphism f: X — Y of complete
schemes, and any a € 4, X,

fa=] f@,

a special case of functoriality. We often write | in place of f.

Convention 1.4. Let Y, ..., Y, be closed subschemes of a scheme X. Let ¥
be a closed subscheme of X which contains all the Y,. Given o; € A4Y;,
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i=1,..,r, and Be A,Y, we will usually write “f=37_, « ?n A.Y” .in place
of the precise equation = X", ¢, («;) where g, is the inclusion of ¥, in Y.

Example 1.4.1. Theorem 1.4 implies Bézout’s theorem for plane curves
over an algebraically closed field (see Chapters 8 and 12 for generalizations):
if F and G are projective plane curves of degrees m, n, with no common
components, then

> i(P,F-Gy=mn.
PeP?
(One may assume F is irreducible. If G and G’ both have degree n, then G/G’
defines a rational function r on the curve F, and

Y i(P,F-G)—=Y i(P,F-G)=Y ordp(r)=0,

the last equation by Theorem 1.4. Taking G’ = L” for L linear, one is reduced
to the case where G is linear. Similarly, one reduces to the case where F is also
linear, where it is obvious.) Bézout’s theorem may also be proved via
resultants, using Example 1.2.2.

Example 1.4.2. The fact that proper morphisms are separated is crucial for
the truth of the theorem. If X is constructed by identifying two copies of Pk
except at (1:0), and f is the projection from X to Spec(K), and r = x,/x,, then
Seldiv(r)] # 0.

Example 1.4.3. Let X be a non-singular projective curve of genus g over an
algebraically closed field. Then 4yX is the Picard group Pic(X) of divisor
classes on X. The kernel of the degree homomorphism is the Jacobian variety
of X, an abelian variety of dimension g. If g > 0, 4, X is not finitely generated.

Example 1.4.4. Let X be an abelian variety over an algebraically closed
field. If a zero-cycle D n;[P;] on X is rationally equivalent to zero, then the sum
Z n; P; is zero in X. This determines a homomorphism

S:4X - X.

More generally, if X is any non-singular variety, and ¢ : X — Alb(X) is the
universal mapping to the Albanese variety of X, then there is a homomorphism

S: Ay X — Alb(X)

taking >, m;[P] to 3 m; ¢ (P). (Let =Y n;[P}]. By the definition of rational
equivalence, there are non-singular curves Cj, finite morphisms f;: C; > X
mapping C; birationally onto their images, and r; € R(C)*, so that o=
> S [div(r)). Each f; induces a morphism from Alb (C)) to Alb(X), com-
patible with S. The conclusion follows by the identification of Alb (Cp) with
the Jacobian of C;. See Roitman (1) or Murthy-Swan (1) for details.)
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1.5 Cycles of Subschemes

Let X be any scheme, and let X, ..., X, be the irreducible components of X.
The local rings #y, x are all zero-dimensional (Artinian). The geometric
multiplicity m; of X; in X is defined to be the length of #y, y:

m;= lllxhx (ﬁx‘,x) .

The (fundamental) cycle [X] of X is the cycle
I3
[X]= Z,l m;[Xi] .

This is regarded as an element of Z, X. By abuse of notation we also write [X]
for its image in A, X. If X is purely k-dimensional, i.e., dim X;= k for all i,
then [X]e Z,X. In this case Z,X=A; X is the free abelian group on
(Xl ..., [X]

If X is a closed subscheme of a scheme Y, then Z, X < Z.Y, and we write
also [X] for the image of [X] in Z, Y, and for its image in 4, Y.

Example 1.5.1. Let 1 be a variety of dimension k+ 1, and f: V— P! a
dominant morphism. Let 0 =(1:0), oo =(0:1) be the zero and infinite points
of IP'. The inverse image schemes (cf. Appendix B.2.3) f~!(0) and f ' (c0) are
purely k-dimensional subschemes of ¥, and the cycle

O] = [/ (o0)]

is the cycle [div(f)] defined in § 1.2, where f also denotes the rational function
in R(V) determined by the morphism f. (This follows immediately from the
definitions givenin § 1.2, § 1.3, and § 1.5.)

1.6 Alternate Definition of Rational Equivalence

Let X be a scheme, and let X x P! be the Cartesian product of X with P Let p
be the projection from X x P! to X. Let ¥ be a (k + 1)-dimensional subvariety
of X x P! such that the projection to the second factor induces a dominant
morphism f from V to IP'. For any point P in IP' which is rational over the
ground field, the scheme-theoretic fibre f~'(P) is a subscheme of X x {P},
which p maps isomorphically onto a subscheme of X; we denote this
subscheme by V(P). Note in particular that p, [/~ (P)]=[V (P)]in Z; X.

The morphism f: V' — P! determines a rational function f' € R(¥)*. From
Example 1.5.1 it follows that

O] = [ (e0)] = [div ()],

where 0=(1:0) and oo =(0:1) are the usual zero and infinity points of P
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Therefore
[V(0)] = [V(0)] = p«[div()],

which is rationally equivalent to zero on X by Theorem 1.4.

Proposition 1.6. A4 cycle o in Z, X is rationally equivalent to zero if and only
if there are (k + 1)-dimensional subvarieties V\, ..., V, of X x P\, such that the
projections from V; to P' are dominant, with

t
oa=2 [Vi(0)] = [Vi(e0)]
inZ;X. i=1
Proof. Let a=[div(r)], r€ R(W)*, W a (k + 1)-dimensional subvariety of
X. Then r defines a rational mapping from W to P!, i.e., a morphism from
some open U < Wto P'. Let V be the closure of the graph of this morphism in
X xP'. The projection p maps V birationally and properly onto W. Let f be the
induced morphism from ¥V to IP. Then

[div (r)] = p«[div (f)] by Proposition 1.4 (b)
=[V(O)]—[V(0)].
The proposition follows from this and the preceding remarks. [

With more intersection theory at our disposal, we will see that two cycles
are rationally equivalent if they are members of a family of cycles parametrized
by any rational or unirational variety (cf. Example 10.1.7).

Example 1.6.1. A k-cycle o on a scheme X is rationally equivalent to zero if
and only if there are a finite number of normal varieties V;, with rational
functions f; on V; determined by morphisms from V; to P!, and proper
morphisms p; from V; to X, with o= py ([div( /D). (Replace the V; of
Proposition 1.6 by their normalizations.)

Example 1.6.2. Say that a cycle Z =, n;[V;] on X x P! projects dominantly
to P! if each variety ¥; which appears with non-zero coefficient in Z projects
dominantly to IP'; in this case set Z(0) = Y, 1 [Vi(0)], Z(0) = Y n;[Vi(o0)).

Two k-cycles o, o’ on a scheme X are rationally equivalent if and only if
there is a positive (k + 1)-cycle Z on X x IP! projecting dominantly to P!, and a
positive k-cycle f on X, with

ZO)=a+pf and Z(o)=o+4.

(If a —a’=2"(0) — Z’'(c0) for some positive Z’, choose a positive cycle £ so
that the cycle y=o—Z’(0)+ £ is positive. Write y=2.[Vi], and set
Z=Z"+Y [VixP'])

Example 1.6.3. Let X be a projective scheme over an algebraically closed
field. Let S”X be the n™ symmetric product of X, whose points are identified
with positive O-cycles of degree n on X. Two O-cycles a, o’ are rationally
equivalent if and only if there is a morphism f: P! — S" X, for some n, and a
positive 0-cycle g on X with

SO =a+p and f(oo)=o +§.
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(If X is a smooth curve, this follows from the existence of the universal 0-cycle
on XxS"X; in general, f:P' — S"X factors through S”C for some smooth
(possibly disconnected) curve C which maps finitely to X.)

This result may be generalized to k-cycles, k > 0, with the varieties S”X
replaced by Chow varieties parametrizing positive k-cycles on X (cf. Samuel
(3) Thm. 3).

Even if o and o are positive, the criterion fails if £ is omitted. (Let X be
the blow-up of Cx P! at P x 0, C a non-singular, non-rational curve, P € C; let

a =[P x oo}, and let o’ be any point on the exceptional divisor except the one
determined by the line P x P1)

Example 1.6.4. Let ¢ be a category of algebraic schemes over a fixed field.
Assume that all morphisms in £ are proper, and that for any projective
morphism from X’ to X, if X € ¢, then X’ € 4. Let H be a covariant functor
from ¢ to the category of abelian groups. Assume that every variety ¥ in # has
aclass c/(V) in H (V). Assume

(i) iff: V- Wis a surjective morphism of varieties in ¢, then

H(f)(c [(V)) =deg(V/W) c (W) .

This determines a natural transformation ¢/: Z, — H of covariant functors.
Assume also
(ii) if X is a normal variety in ¢ and f: X — P! is a dominant morphism,
then
IO =c I f ().

Then ¢/ passes to rational equivalence, inducing a natural transformation
cl: Ay —» H of covariant functors. Thus 44 is the finest theory satisfying (i)
and (i1). '

Example 1.6.5. The Grothendiek group K X of coherent sheaves on X has
a filtration F K. X, with FK X generated by shecaves whose support has
dimension at most k. If f is a proper morphism, the higher direct image
functors induce a map from K_X to K.Y which preserves this filtration
(cf. Example 15.1.5). The associated graded groups Gr, K,X therefore become
covariant for proper morphisms. A reader familiar with this machinery may
prefer to use Gr, K, in place of 4. The homomorphism from Z X to Gr K, X
which takes [V] to the class of the structure sheaf @, satisfies the conditions of
Example 1.6.4. This gives a natural transformation 4, — Gr K. In Chapter 18
we will see that this becomes an isomorphism after tensoring with @Q.

Example 1.6.6. Let X be a complete scheme, and let
Ao (X) = Ker (4o (X) 5 Z) .
If the ground field is algebraically closed, and X is irreducible, the Ao(X) is a
divisible group. (4,(X) is generated by zero-cycles of the form fi ([P] - [Q]),
f:C— X, C a non-singular projective curve, P, Q € C. 4,(C) is the Jacoblgn
variety of C, and any abelian variety over an algebraically closed field is
divisible (cf. Mumford (4) p. 62).)
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1.7 Flat Pull-back of Cycles

Let f: X — Y be a flat morphism of relative dimension (cf. Appendix B2.5).

The examples of primary importance for us will be:

(i) an open imbedding (n=0).

(i1) the projection of a vector bundle or A™bundle (cf. §1.9), or a projective
bundle, to its base.

(iii) the projection from a Cartesian product X =Y x Z to the first factor,
where Z is a purely n-dimensional scheme.

(iv) any dominant morphism from an (n + 1)-dimensional variety to a non-
singular curve.

Convention. In this book, a flat morphism is always assumed to have relative
dimension »n for some integer 7.
For such f: X — Y, and any subvariety Vof Y, set
M= ml.

Here /7' (V) is the inverse image scheme (cf. Appendix B.2.3), a subscheme of
X of pure dimension dim (¥) + n, and [f~! (V)] is its cycle (§ 1.5). This extends
by linearity to pull-back homomorphisms

f*IZk Y — Zk+,,X.

Lemma 1.7.1. Iff: X — Y is flat, then for any subscheme Z of Y,

2 =1"@).

Proof. Let W be an irreducible component of f~! (Z), let V be the closure
of f(W). The first assertion of Lemma A.4.1 implies that V is an irreducible
component of Z. The second assertion of Lemma A.4.1, applied to 4 =2, 5,
B =0y -z, implies the required equality of multiplicities. O

It follows from this lemma that flat pull-backs are functorial: if f: X > Y
and g: Y — Z are flat, then g f is flat, and (g f)*=f*g* For if Vis a
subvariety of Z, then

@H*M=1@ N MI=U"g" N=f*Ig7' MN]=,*g*[V].

Proposition 1.7. Let

x%x
ryu
Y2V
be a fibre square, with g flat and f proper. Then g’ is flat, f’ is proper, and for all
ae X,
Sy g*o=g*fia
inZz.Y'.
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Proof. Since flatness and properness are preserved by base change, we may
assume X and Y are varieties, fis surjective, and o = [X]. Let f [X] = d[Y]. We
must show that f§ [X"] = d[Y’]. This is a local calculation involving local rings
of irreducible components, so we may assume X = Spec(L), Y =Spec(K),
with K, L fields, Y’ = Spec(4), with 4 local Artinian, and X’ = Spec(B),
B=A®gL. Then the result follows from Lemma A.1.3. O

Theorem 1.7. Let f: X — Y be a flat morphism of relative dimension n, and o
a k-cycle on Y which is rationally equivalent to zero. Then f*a is rationally
equivalent to zero in Zy , X.

There are therefore induced homomorphisms, the flat puil-backs,
ALY > A X,
so that 4, becomes a contravariant functor for flat morphisms.
Proof. By Proposition 1.6 we may assume o = [V(0)] — [V ()], where V is
a subvariety of Y x P! and the projection g from V to P! is dominant, hence

flat. Let W=(fx 1)"'(V), a closed subscheme of X x P', and let #: W — P! be
the morphism induced by the projection to IP.

Letp: XxP' - X, g: YxP' - Y be the projections. Then

fro=1*qx (g7 (O] —[g7" (c0)])
=P« (fx D* (g7 (O] = [g7' (0)])
by Proposition 1.7, and this equals

P+ (h(0)] = [ (o))

by Lemma 1.7.1. Let Wy, ..., W, be the irreducible components of W, h; the
restriction of & to W;. Let [W]= Y m;[W)]. Since

(471 (0)] = [A7! (00)] = [div (h)] .,
and py4 preserves cycles rationally equivalent to zero, it suffices to verify that
[~ (P)] = 2 milh7 (P)],

for P=0and P = cc. This is a special case of the following general lemma.

Lemma 1.7.2. Let X be a purely n-dimensional scheme, with irreducible com-
ponents X1, ..., X,, and geometric multiplicities my, ..., m,. Let D be an effective
Cartier divisor on X, i.e., a closed subscheme of X whose ideal sheaf is locally gen-
erated by one non-zero-divisor. Let D; = D\ X, be the restriction of D to X;. Then

r

[D]= 2 mi[D]

i=1
in Zn—l (X)

Proof. It must be checked that each codimension one subvariety V of X
appears with the same multiplicity in both sides of the equation..L'et A be.the
local ring of X along V, a a local equation for D in A. The m1n1.mal prime
ideals p; in A4 correspond to the irreducible components X; of X which contain
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V. The multiplicity m; of [X;] in [X] is the length /g, (A',,'.). The multiplicity of
[V] in [D] is l4(4/aA). The multiplicity of [V] in [D/] is Ly (A/p; + aA). The
required equality

IA (A/aA) = Z m; lA/pi (A/p, + aA)

is given by Lemma A.2.7; the fact that a is a non-zero-divisor is used to know
that /, (4/a A) is the multiplicity e4(a, 4) of §A.2. O

Example 1.7.1. Theorem 1.7 may fail if f is not assumed to have constant
relative dimension. Lemma 1.7.2 may fail if X is not pure-dimensional. (For
example, let X be the subscheme of A® defined by the ideal (zx, zy), and E the
Cartier divisor defined by the function z — x.) In Fulton (2) § 1.5, Prop. 3, this
assumption was mistakenly omitted.

Example 1.7.2. Lemma 1.7.2 is also valid for Cartier divisors which are not
effective.

Example 1.7.3. Let D be an effective Cartier divisor on an n-dimensional
scheme X. Let [X], =Y{_, m;[X,] denote the n-dimensional component of the
cycle [X], and let D; = D X;. Then (by the proof of Lemma 1.7.2)

s

[Dl.-1 =Y, mi[D]].

i=1

Example 1.7.4. Let f: X' — X be a finite and flat morphism; each point of
X has an affine neighborhood U such that the coordinate ring of f~'(U) is a
finitely generated free module over the coordinate ring of U. One says that f
has degree d if the rank of this module is d, for all such U. Then for all
subvarieties Vof X, f f* [V] = d[V] in Z4(X). The composite

A X5 4.x B ax
is multiplication by d.
Example 1.7.5. If a subgroup R,X of Z,X is specified for all algebraic
schemes X over a given field, which is preserved under proper push-forward

and flat pull-back, and R,P' contains [0] — [00], then R, X contains all cycles
rationally equivalent to zero, for any X.

Example 1.7.6. Suppose a finite group G acts on a variety Y, with quotient
variety X =Y/G. (Such X exists if Y is quasi-projective, cf. Mumford (4)
p- 111.) Then there is a canonical isomorphism

A*XQ - (A* YQ)G

Here A4,Xq denotes 4,X ®zQ; G acts on A,Y by covariance (§ 1.4), and
(A4 Y)¢ denotes the G-invariant subgroup of A, Yq. (Let m: Y — X be the
quotient map. For any subvariety W of Y, let

IW={g€G 1 g‘W=ldw}
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be the inertia group, and let
ew = card (Iy)/deg;(W/V),

where V=n(W) and deg,(W/V) is the degree of inseparability of R(W) over
R(V). For a subvariety V of X set

T (V=2 ew[W],

t.he sum over all irreducible components W of n~'(V). This determines an
isomorphism Z,Xq=(ZYg)? and (4,Yg)°® is the quotient of (Z,Yg)°
modulo the subspace generated by

S guldivlr e ROV, W ¥} )
geG
Note that the composite

X5 (A4 Yo)° © Ay Yo =5 AuXg
1s multiplication by card (G).

1.8 An Exact Sequence

Proposition 1.8. Le: Y be a closed subscheme of a scheme X, and let U= X ~-Y.
Leti: Y — X, j:U— X be the inclusions. Then the sequence

AY 25 4x D 4,00
is exact for all k.

Proof. Since any subvariety V of U extends to a subvariety V of X, the
sequence

Z Y5>z x5 zu-o
is exact. If o € Z, X and j* « ~ 0, then
J* o= [div(r)]
for r; € R(W))*, W, subvarieties of U. Since R(W;) = R(W,), r; corresponds to
a rational function 7; on W;, and
J*(a= 2 [div(FR)]) =0
in Z, U. Therefore
o — 3 [div(F)] = ixp

for some f € Z, Y, which implies the proposition. [
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Example 1.8.1. Let

Y/i)X/
al |r
Y—7X
be a fibre square, with i a closed imbedding, p proper, such that p induces an
isomorphism of X" — Y” onto X — Y. Then the sequence
Y S5 4LYOA4X D 4X >0

is exact, where a(a) = (g, o, —j, &), b(a, f) = iy + p, B. (Use the definition of
§ 1.3 to show that Ker () surjects onto Ker (iy).)

1.9 Affine Bundles

A scheme E, together with a morphism p: E — X, is an affine bundle of rank n
over X if X has an open covering by U,, and there are isomorphisms

P (U = Uyx b

such that p restricted to p~'(U,) corresponds to the projection from U, x A”
to U,.

Proposition 1.9. Let p: E — X be an affine bundle of rank n. Then the flat
pull-back

P*iAX > Agyn E
is surjective for all k.
Proof. Choose a closed subscheme Y of X so that U= X — Y is an affine

open set over which E'is trivial. There is a commutative diagram

Ay Y —— A X > A, U -0

l I

Ax(p7'Y) = ALE - Ax(p7'U) > 0

where the vertical maps are flat pull-backs, and the rows are exact by
Proposition 1.8. By a diagram chase it suffices to prove the assertion for the
restrictions of E to U and to Y. By Noetherian induction, i.e., repeating the
process on Y, it suffices to prove it for X = U. Thus we may assume
E = X x A" The projection factors

XxA"— Xx A" ' > X,

SO we may assume n = 1,
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We must show that [ V] is in p* 4, X for any (k + 1)-dimensional subvariety
V of E. We may replace X by the closure of p (V) (cf. Proposition 1.7), so we
may assume X is a variety and p maps V dominantly to X. Let 4 be the
coordinate ring of X, K = R(X) the quotient field of 4, and let ¢ be the prime
ideal in A{t] corresponding to V. If dim X = k, then V= E, so V=p*[X]. So we
may assume dim X = k + 1. Since V dominates X and V # E, the prime ideal
g K [r]1s non-trivial; let » € K (] generate q K [7]. Then

V- [div(n]= 2 n{V],
for some (k + 1)-dimensional subvarieties V; of E whose projections to X are
not dominant. Therefore V;= p~! (W), with W, = p(V)), so
. [V1=[div(n]+ X mp* (W1,
asrequired. O
In particular, A, (A") is zero for k < n, while 4, (A") = Z.

When E is a vector bundle over X, we will see in Chap. 3 that p* is an
1somorphism.

Example 1.9.1 (cf. Chow (2)). Let X be a scheme with a “cellular decomposi-
tion”,ie., X hasafiltration X = X, > X,_, = ... 2 X, 2 X_,; = ¢ by closed sub-
schemes, with each X; — X, _, a disjoint union of schemes U;; isomorphic to affine
spaces A". Then A, X is (finitely) generated by {[V;]}, where V}; is the closure
of U;; in X. Using homology (cf. Example 19.1.11 (b)) one can show that the [V;]

form a basis for 4,X. The Grassmann and flag varieties are examples (cf.
Chap. 14).

Example 1.9.2. The conclusion of Proposition 1.9 holds for any locally trivial
fibre bundle whose fibre is isomorphic to an open subscheme of an affine
space A" (cf. Grothendieck (1) § 6).

Example 1.9.3. Let L* be a k-dimensional linear subspace of P, k=0 ... n.

(a) A4,(P") is generated by [L*]. (Apply Proposition 1.8 with X =P",
Y=L""U=A")

(b) A, (P)y=Z[L*]=7Z. (For k=n—1 this follows from the form of
rational functions on P”. For k < n— 1, if d[L¥= D, n[div(r)], r; € R(V)*,
let Z be the union of the V;, and let f: Z — IP¥*! be projection from a linear
(n— k — 2)-dimensional subspace disjoint from Z; apply Theorem 1.4 to /) A
more general theorem will be proved in Chap. 3.

Example 1.9.4. Let H be a (reduced) hypersurface of degree d in IP". Then
[H]=d[L], for L a hyperplane, and

A,_,(P"— H)=7/dZ.

Example 1.9.5. (a) Let f: X’ — X be a finite, birational morphism of
n-dimensional varieties. For each codimension one subvariety V of X, let d(V)
be the greatest common divisor of the degrees of all field extensioqs R(W) of
R(V), for all subvarieties W of X’ such that f(W)=V. There is an exact
sequence

Ay X > A4, X > DZ/AV)Z—0.
v
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(b) Let X = A3 be the Whitney umbrella: x2=yz% Then 4, X =Z/2Z,
generated by the class of the y-axis. (Apply (a) to f: A2 > X, f(s, 1) = (st,5%1).)

(c) Let X be the quotient of A obtained by identifying (s, 0) and (u s, 0)
for all n'® roots of unity u; equivalently,

X = Spec(K[s", s 1, s%¢t,...,5"" 11, 1]) .
Then A X =0, A1 X=Z/nZ, A, X=1.

Example 1.9.6. (cf. Fulton (2) p. 166). Let H(X) = A (X)g= 44 (X) ® @,
regarded as a covariant functor from the category of complete schemes over a
fixed field, to abelian groups. Suppose 7: H — H is a natural transformation
such that T'[P"]=[P"]+ B, for some class B, of dimension <n on IP*
n=0,1,2,.... Then T must be the identity. (Show first that §, = 0, by choosing
fiP" > P" with fi[P"]=d[P"), fu[L¥]=d[L*], L* a k-plane in P", k < n,
dy* d, comparing f,T[IP"] to T f,[IP"] shows that the coefficient of [L*] in B,
must be zero. To show that T[X]=[X] for all varieties X, by Chow’s lemma
(IEGA]IL5.6) one may assume X is projective. Replacing X by a variety that
maps finitely to X, one may assume a finite group G acts on X with X/G ~ P~.
Let T[X]=[X]+ f. Applying the covariance with respect to the projection f
from X to IP", and the preceding case for P", one derives fyf=0. By the
covariance with respect to the automorphisms in G, f € H(X)° By Example
1.7.6, f = 0, as desired.)

Similarly on the category of all algebraic schemes over a fixed field, if
T:H — H is covariant with respect to proper morphisms, and contravariant
with respect to open imbeddings of quasi-projective schemes, and T [P"]
=[P"] + B,, dim(f,) < n, then T is the identity.

1.10 Exterior Products

For algebraic schemes X, Y over a field, X x Y denotes the Cartesian (fibre)
product of X and Y over the ground field.
The exterior product
ZiIX®ZIYS Ziyy(Xx Y)
is defined by the formula
VIx[W]=[Vx W]

for V, W subvarieties of X, Y, and extending bilinearly to general cycles. (If the
ground field is not algebraically closed, ¥ x W may not be irreducible; its cycle
[V'x W]is defined by the prescription of § 1.5.)

Proposition 1.10. (a) If a ~ 0 or  ~ 0, then o.x § ~ 0.

(b) Let f: X' > X, g: Y — Y be morphisms, fxg the induced morphism
fromX' x Y to X x Y.
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) If fand g are proper, so is fx g, and

(fx@slaxf)=feox g

forall cycles xon X', fon Y.

(i1) If f and g are flat of relative dimensions m and n, then fx g is flat of
relative dimension m + n, and

(fxg)*(axp)=f*axg*p
forall cyclesoon X, Bon Y.

Proof. For (b), factoring fx g into (fxidy) ° (idy x g) reduces one to the
easy cases where f or g is the identity; cf. Proposition 1.7 for (i). For (a), if a ~0,
we may assume f=[W], W a subvariety of Y, and then assume W= Y by (b)
(i). In this case o x = p*(«), where p: X x W — X is the projection, and the
assertion is a special case of Theorem 1.7. O

It follows that there are exterior products

AX®AYS 4 (X x Y)
satisfying the formulas of Proposition 1.10(b).
Example 1.10.1. The exterior product is associative:
(ax B xy=ax(fxy) for aedX, feA,Y, ye A Z.

Example 1.10.2. If X has a cellular decomposition as in Example 1.9.1, then,
for all schemes Y, the product maps

@ AXRALYS A, (XxY)

k+i=m

are surjective.

Notes and References

For divisors on a non-singular variety, rational equivalence coincides with
linear equivalence, a subject which has long been central in algebraic
geometry. For zero-cycles on a curve this is the study of the Jacobian variety.
Much of the Italian school of algebraic geometry was devoted to the study of
linear systems of curves on a surface.

The notion of rational equivalence for cycles of codimension greater than
one was originated by Severi. The canonical divisor class had been a vital
classical tool. In his seminal 1932 paper (Severi (6)), he revealed that — to use
modern language — the second Chern class of a surface was not just a number,
but was a well-defined rational equivalence of zero-cycles. Much of the
subsequent work of Severi, as well as B. Segre, Eger and Todd, was devoted to
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developing the idea of rational equivalence for cycles of arbitrary dimension,
and constructing “canonical” classes in all dimensions.

Crucial to these developments was the construction of an intersection
product for two cycle classes on a non-singular variety. For example,
intersecting canonical classes would lead to numerical invariants, generalizing
the self-intersection number of a canonical divisor on a surface. These related
problems will be discussed in later chapters.

Several definitions of rational equivalence were proposed by Severi. One
difficulty at first was caused by the desire to phrase everything in terms of
rational families of positive cycles (cf. Examples 1.6.2, 1.6.3). Evidently
motivated by Lefschetz’s ideas in topology, Todd (2) explicitly introduced the
notion of the group of virtual cycles, and the subgroup of cycles rationally
equivalent to zero; this simple artifact led to considerable clarification.
Definitions generating rational equivalence by intersecting families of ratio-
nally equivalent divisors were also proposed. Discussions of these ideas may
be found in Severi (14), (19), and Baldassarri (1). Attempts to reconcile
competing definitions and develop a satisfactory theory of rational equivalence
with intersections led to considerable debate among Severi, Van der Waerden,
Samuel, and Weil (cf. Van der Waerden (5), (6)).

Weil (5), Samuel (3), and Chow (1) began a systematic study of
equivalence relations on cycles, based on the new foundations of Weil (2).
Many of Severi’s intuitive geometric notions about families of cycles were
replaced by a precise algebraic language of specialization, and a more
axiomatic approach to equivalence relations on cycles was developed. The
paper of Chow gave an accepted proof that rational equivalence classes (on a
non-singular projective variety) determine a well-defined intersection class; his
proof used a “moving lemma” which was based on a construction of Severi’s.

In 1958 Chevalley’s seminar focused on rational equivalence. In the notes
‘(Chevalley (2)) the theory is developed from first principles, with no reference
to, or even mention of, previous work on the subject; there the ring of rational
equivalence classes was named the “Chow ring”. The fact that a general
foundational crisis was taking place in algebraic geometry helps to explain this
break with the past. Indeed, rational equivalence and intersection theory were
used as a major testing ground for the new foundations. It would be
unfortunate, however, if Severi’s pioneering work in this area were forgotten;
and if incompleteness or the presence of errors are grounds for ignoring

Severi’s work, few of the subsequent papers on rational equivalence would
survive.

Although most work on rational equivalence assumed a non-singular
ambient variety, Chevalley (2) and Grothendieck (1) pointed out that the
notion of rational equivalence, and several basic properties, can be extended to
singular varieties. These ideas were worked out in the first part of Fulton (2),
on which the present Chap. 1 is based. The proof that rational equivalence
pushes forward follows Chevalley (2); the exact sequence of § 1.8 and
Proposition 1.9 are found in Grothendieck (1). The direct proof (Example
1.2.2) of the agreement of modern and resultant definitions of intersection
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multiplicities for plane curves is apparently new. The alternative in Example
1.6.5 was proposed by S. Kleiman. R. Lazarsfeld suggested Example 1.9.5.

In spite of the formal analogy with homology groups, the groups A4, X are
much more difficult to calculate. Some of the literature on this is discussed in
Chap. 19. On the other hand, an equation in A, X is much finer than the
corresponding equation in homology. For zero-cycles on a curve, this dif-
ference amounts to knowing a point on the Jacobian; for an application of this
principle, see Example 14.4.6. In addition, the exact sequence of § 1.8 may be
more useful than the analogous long exact homology sequence. For applica-
tions to affine and projective surfaces, see Murthy-Swan (1). Collino (1) has
calculated A, (X) when X is a symmetric product of a non-singular curve, as a
module over the Chow ring of the Jacobian of the curve.
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Summary

If D is a Cartier divisor on a scheme X, and « is a k-cycle on X, we construct
an intersection class

D-aed,_(ID|N]al)

where |D|', |a| are the supports of D and a. For a=[V], V a subvariety,
D-[V] is defined by one of two procedures: (i) if V' & |D|, D restricts to a
Cartier divisor on ¥, and D - [V] is defined to be the associated Weil divisor of
this restriction; (ii) if ¥ < | D|, the restriction of the line bundle #y (D) to V is
the line bundle of a well-defined linear equivalence class of Cartier divisors on
V, and D - [V] is represented by the associated Weil divisor of any such Cartier
divisor.

We prove that if a is rationally equivalent to zero on X, then D - o is zero in
Ar-1 (| D|); there are therefore induced homomorphisms

A X = A (D)) .

In the special but important case where D is the inverse image of a point for a
morphism from X to a smooth curve, D -« is the specialization of «; in this
case (or whenever D is principal) D - o can be well-defined as a cycle, setting
D-[V}=0 if V= D. The above fact therefore includes the assertion that
rational equivalence is preserved under specialization.

If D and D’ are Cartier divisors on a scheme X, and o is a k-cycle on X, a
crucial property is the commutative law

D-(D-a)y=D"-(D-a)

in 4, ,(ID|N|D’| N]a|). Consider, for example, the case where f:X - A2
is a morphism, and D and D’ are the inverse images of the two axes. One may
specialize a cycle first to the part of X over the x-axis, and then specialize the
resulting cycle to f~'(0); or one may first specialize over the y-axis, then over
the origin. The resulting cycles one arrives at by these two routes may well be
different? but the above says they are rationally equivalent.

1 This shorthand for Supp (D) should not be confused with a notation for complete linear
systems, which do not occur in this chapter.

2 This corresponds to the fact that a family of cycles parametrized by a smooth parameter
variety has a unique limiting cycle over a missing point when the parameter variety is a
curve, but not when it has dimension two or more.
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Both of the above facts follow from the identity (Theorem 2.4):
D-[D}=D"-[D] in A, ,(DINID|)

for Cartier divisors D, D’ on an n-dimensional variety X, with [D], [D’] their
associated Weil divisors.

A Cartier divisor D on a scheme X determines a line bundle L = #y (D) and
a trivialization of L over X—|D|. Only the line bundle, the support, and the
trivialization are needed to carry out the above intersection construction?,
These concepts are formalized in the notation of a pseudo-divisor (§ 2.2); there
is the added advantage that a pseudo-divisor, unlike the stricter notion of a
Cartier divisor, pulls back under arbitrary morphisms.

Intersecting with divisors is used to construct homomorphisms

AkX—’Ak_lX, o — Cl(L) no,
for a line bundle L on X, and to construct Gysin homomorphisms
i*: AkX - Ak_lD

when i is the inclusion of an effective Cartier divisor D in X. These operations
will be generalized to higher codimension in subsequent chapters.

2.1 Cartier Divisors and Weil Divisors

Let X be an n-dimensional variety. A Weil divisor on X is an (n — 1)-cycle on
X. The Weil divisors form the group Z,.; X of § 1.3.

A Cartier divisor on X is defined by data (U,, f,), where the U, form an
open covering of X and the f, are non-zero functions in R(U,) = R (X), subject
to the condition that f,/f; is a unit (i.e., a regular, nowhere vanishing function)
on U,NUg. The rational functions f, are called local equations of D; they are
determined up to multiplication by units on U, (see Appendix B4).

If D is a Cartier divisor on X, and ¥ is a subvariety of X of codimension
one, write

ordyD = ordy(f3)

3 Over the complex numbers, a model for these constructions is available from topology. A
complex line bundle L on X has a first Chern class ¢, (L) € H*(X). If L=0x(D), L is
trivialized on X — | D/, so ¢, (L) comes from a class we may call ¢(D) in H*(X, X —|D|)
(cf. Example 19.2.6). For Y closed in X there are cap products (cf. § 19.1)

H?(X,X —|D)®H,Y 5 H,_ (YD)
In particular, capping with ¢(D) gives homomorphisms from H wY to H 2,‘AZ(YﬂIDI)I. If
D, D' are Cartier divisors, then c¢(D)u c¢(D")=c(D)uc(D) in H*(X, X —(IPIUID']),

* c(D)n (c(D)na)y=c(D')n (c(D) 0 a)

in Hy, _,(YN|D|N|D']) for «€ Hy, Y — which motivates the commutativity law. Other
properties such as the projection formula are also familiar in topelogy.
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where ord, is the order function on R(X) defined by V in §1.2, ar}d . f is a
local equation for D on any affine open set U, with U,NV =% §; thlS. is 'W.ell-
defined since f, is well-defined up to units. Define the associated Weil divisor

b ;
[D] of D by setting [D]= Z ordy D [V]

the sum over all codimension one subvarieties V of X; as in § 1.2, there are
only finitely many ¥V with ord, D * 0 (Appendix B.4.3).

The Cartier divisors form an abelian group Div(X): if D and E are given
by data (U,,f,) and (U,, g,), the sum D+ E is given by (U,, f, g,)- By the
additivity of the order functions, the mapping D — [D] is a homomorphism

Div(X) = Z,_ (X) .

Any fin R(X)* determines a principal Cartier divisor div (), by taking all
local equations equal to f. Note that the Weil divisor associated to div(f) is
the cycle [div (/)] defined in § 1.3.

Two divisors D, D’ are linearly equivalent if they differ by a principal
divisor: D’= D + div(f). From the definition of rational equivalence, it
follows that [D] and [D’] are rationally equivalent cycles. If Pic (X) denotes the
group of linear equivalence classes of Cartier divisors, there is an induced

homomorphism
Pic(X) — 4, (X) .

This homomorphism is in general neither injective nor surjective (see
Examples 2.1.1-2.1.3).

We shall see that Cartier divisors can be intersected with arbitrary cycles,
corresponding to the fact that elements of Pic(X) define cohomology classes.
Weil divisors in general do not have this ability — they determine homology
classes (see Example 2.4.5).

The support of a Cartier divisor D, denoted by Supp (D), or | D], is the
union of all subvarieties Z of X such that a local equation for D in the local
ring #z x is not a unit. This is a closed algebraic subset of X.

On a general scheme X, an effective Cartier divisor is a subscheme which is
locally defined by one equation, which is required to be a non-zero-divisor.
The notion of Cartier divisor also extends to schemes which are not varieties
(Appendix B.4), but this is not required for present purposes.

Example 2.1.1 (cf. [EGA]IV.21.6). If X is normal (resp. locally factorial)
then Div(X) - Z,,(X) and Pic(X) - 4,_;(X) are injective (resp. iso-
morphisms). It follows for example that Pic (P”) = Z, with generator £ (1) (cf.
Example 1.9.3).

Example 2.1.2. Let X be the projective plane curve over € defined by the
homogeneous equation y*z=x% Then AyX ~Z, and the homomorphism

Pic(X) — 4,(X) is surjective, with kernel the additive group €. In case X is
the curve y2z = x%z + x3, the kernel is C*.

Example 2.1.3. Let X be the surface in A® defined by the equation z2 = x y.
The line V:x =z =0 (a generator for the cone) defines a Weil divisor which is
not a Cartier divisor. In this case Pic(X) =0, and 4, (X) = Z/2Z.
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Example 2.1.4. Let X be a projective scheme, and let L be an ample line
bundle on X. For a (k + 1)-dimensional subvariety V of X, and non-zero
sections sy, s, of the restriction of L®” to V, with divisors of zeros D,, D,, [D1]
is rationally equivalent to [D;]. The group Rat, X is generated by cycles
[DY—=1[D,], as V, n, sy, s, vary. (If » € R(V)*, there is, for large n, a section s,
so that D, + div (r) is an effective divisor on V)

2.2 Line Bundles and Pseudo-divisors

If Dis a Cartier divisor on X and /: X’ — X is a morphism, a pull-back Cartier
divisor f*D is defined only under certain assumptions (cf. [EGA]IV.21.4). If
X’ is a variety, for example, /*D is defined by pulling back local equations for
D provided f(X’) & [D|, but no Cartier divisor pull-back is defined if
f(X") < | D|. We will introduce a simple generalization of the notion of Cartier
divisor, which will not have this defect, but will still carry enough information
to determine intersection operations on cycle classes.

Definition 2.2.1. A pseudo-divisor on a scheme X is a triple (L, Z, 5), where
L is a line bundle on X, Z is a closed subset of X, and s is a nowhere vanishing
section of L on X — Z (equivalently, s is a trivialization of the restriction of L
to X — Z). We call L the line bundle, Z the support, and s the section, of the
pseudo-divisor. Data (L', Z’, s’} define the same pseudo-divisor if Z =27’ and
there is an isomorphism ¢ of L with L’ such that the restriction of g to X — Z
takes s to §. Note that a pseudo-divisor with support X is simply an
isomorphism class of line bundles on X.

Any Cartier divisor D on a scheme X determines a pseudo-divisor* (£x (D),
|D|, sp) on X, where #x(D) is the line bundle of D, | D] is the support of D,
and sp is the canonical section of Zyx(D) (Appendix B.4.5). We say that a
Cartier divisor D represents a pseudo-divisor (L, Z, s} if | D| = Z, and there is
an isomorphism from #y (D) to L which, off Z, takes sp to 5. Note that we
allow Z to be larger than |DJ; for example, if Z =X, all linearly equivalent
Cartier divisors represent the same pseudo-divisor.

A general pseudo-divisor will often be denoted by a single letter D, and we
write £y (D) for its line bundle, | D| for its support, sp for its section. This
agrees with the notation for Cartier divisors, except that a Cartier divisor may
have smaller support than a pseudo-divisor it represents.

Lemma 2.2. If X is a variety, any pseudo-divisor (L, Z, s) on X is represented by
some Cartier divisor D on X. Moreover,

4 A Cartier divisor is a line bundle together with a “regular meromorphic” section, up to
isomorphism (cf. [EGA]IV.21.1.4). More generally, a line bundle together with any
“meromorphic” section ([EGA]IV.20.1) determines a pseudo-divisor in our sense. Both
these definitions require conditions on the section over the support, for which we have no
need.
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(@) If Z=* X, D is uniquely determined.
(b) If Z= X, D is determined up to linear equivalence.

Proof. Let g,4 be transition functions for L, for some affine open covering
{U,} of X. Fix one index og, and set f, = gaq,. Then f./fp=gap, sO tl.le Qata
(Uy, f,) define a Cartier divisor D with #x(D) = L. In case Z = X, this gives
the existence of D.

If Z=+ X, let U= X— Z. The section s is given by a collection of regular
functions s, on UNU, such that s,=g,5s5. (The functions f, give the
canonical section sp.) Since s,/f, = s5/fs, there is a rational function r € R(X)*
with r=s,/f, for all a. Set D’= D + div(r). The local equations for D’ are
fi=fy"r=35,, sO the canonical section sp corresponds to s. This proves the
existence of D in case Z + X.

For the uniqueness, if D and D’, with local equations f, and f,, both
determine (L, Z, s), then there is an f € R(X)* with f}, = f, f for all a. If U * 0,
and s, =, f, and f, must agree on UNU,, so f=1o0n U, ie, f=1 and
D=D. [J

Definition 2.2.2. If D is a pseudo-divisor on an n-dimensional variety X,
and | D| is its support, define the Weil divisor class

[D] € 4,1 (| D))

of D as follows. Take a Cartier divisor which represents D, and let [D] be the
class in 4,_; (| D|) of the associated Weil divisor. In case | D| =+ X, this Cartier
divisor is unique (Lemma 2.1) and then [D] is a well-defined (n—1)-cycle
on |D|, as reflected in the fact that Z,_,(|D|) is 4,_,(|D|). In case |D|= X,
the Cartier divisor is only determined up to linear equivalence, but its
associated Weil divisor is well-defined in 4, (X) (§ 2.1).

If D=(L,Z,s) and D’'= (L, Z’, s") are pseudo-divisors on X, the sum
D + D’ is the pseudo-divisor

D+D=(L®L,Z\)Z, s®5).

(This agrees with the sum for Cartier divisors, except that the sum of two
Cartier divisors may have smaller support than the union of their supports.)
Similarly define

—-D=(L",Z 1/s).

For fixed Z < X closed, the pseudo-divisors with support Z form an abelian
group.

If f: X’ - X is a morphism and D =(L, Z, s) is a pseudo-divisor on X, the
pull-back f*D is the pseudo-divisor (f*L, f~(Z), f*s) on X’. This pull-back is
functorial, and agrees with pull-backs of representing Cartier divisors when
those pull-backs are defined, and takes sums to sums.

Example 2.2.1. Let DivzX be the group of pseudo-divisors on X with
support Z. If f: X" - X is a morphism, pull-back determines a homomorphism
J*:DivzX = Divz X', Z'=f""(Z). If X is an n-dimensional variety, the
mapping D — [D] determines a homomorphism from Div, X to A4,_, Z.
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2.3 Intersecting with Divisors

Definition 2.3. Let D be a pseudo-divisor on a scheme X, and let ¥ be a k-
dimensional subvariety of X. Define a class, denoted D-[V] or DV, in
A,_,(ID|NV) as follows: Let j be the inclusion of V in X. The restriction
(pull-back) j*D is a pseudo-divisor on V whose support is |D|[NV. Define
D - [V] to be the Weil divisor class (Definition 2.2.2) of j*D:

D-[V]=[*D].
When D is a Cartier divisor, this may be rephrased-as follows: if V¢ |D}{, D
restricts to a Cartier divisor j*D on V, and D-{V] is its associated Weil
divisor; if V= |D|, D-[V] is the class in 4,_; (V) represented by [C], for any
Cartier divisor C on ¥ whose line bundle #,(C) is isomorphic to j* £y (D).

In line with the convention in § 1.4, we will write D - [V] also for the image
of the above class in 4,_, (Y), for any closed subscheme Y of X which contains
IDINV.

For any k-cycle = n,[V] on X, the support of o, written |a|, is the
union of the subvarieties V appearing with non-zero coefficient in o. For a
pseudo-divisor D on X, each D-[V] is a class in A,_,(|D|N]|a]), and we
define the intersection class D - o in A, _,(|D|N}a|) by setting

D-a=Y nyD-[V].
|4

As above, we also regard D - o in 4,_,(Y) for any |[D|Na|]c Y = X.

These intersection classes will be used for two important constructions:

(1) f L=¢ (D) is a line bundle on X, and |D| = X, D - a will be ¢, (L) N «,
the action of the first Chern class of L on a (§ 2.5).

(2) If D is an effective Cartier divisor on X, and i is the inclusion of D in X,
D - o will be the Gysin pull-back i* («) (§ 2.6).

Remark 2.3. In one important case, intersecting with D is defined on the
cycle level. If the restriction of 6x(D) to |D| is a trivial line bundle, then D
determines a homomorphism

Zi(X) > Zi-1 (1D,

also denoted a — D - o. As before, set D - [V}=[j*D], with j the inclusion of V
inX,if V& |D|,butset D-[V]=0if V< |D|.

This condition holds when D is a principal Cartier divisor on X, or on a
neighborhood of D in X. For example if a variety X is mapped dominantly to
a curve C, and P is a simple point of C, then the inverse image X (P) of P
satisfies this condition. The resulting homomorphisms from Z,(X) to
Zi_1 (X (P)) are called specialization homomorphisms (cf. § 10.1).

Proposition 2.3. (a) If D is a pseudo-divisor on X, and o, o are k-cycles on X,

then
D-(a+a)y=D-a+D-o

in A (IDIN(lac| Ul ])).
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(b) If D, D’ are pseudo-divisors on X, and 0. is a k-cycle on X, then
D+D)y a=D-a+D -«

in A (IDIUID )N ]a]).

(c) (Projection formula) Let D be a pseudo-divisor on X, - X' - X a proper
morphism, o a k-cycle on X', and g the morphism from f~'(|D|)N|«| to
ID|0 f (|a|) induced by f. Then

g« (f*D-0)=D"fi (1)

in Ay (1D f (Ja])).

(d) Let D be a pseudo-divisor on X, f-X' — X a flat morphism of relative
dimension n, « a k-cycle on X, and g the induced morphism from f~1(|D{N|a|)
to |D|N|e|. Then

S*D - fra=g*(D-a)
in Agyn (S 1UDINa]).

(e) If D is a pseudo-divisor on X whose line bundle ¢y (D) is trivial, and o is a
k-cycle on X, then

D -a=0
in Ay (o).

Proof. (a) follows directly from the definition. For (b)—(e), there is
therefore no loss of generality in assuming o« =[V], V a variety. (b) follows
from the fact that restricting to ¥ and forming associated Weil divisor classes
is compatible with sums. For (c), by functoriality of pull-back and push-
forward we may assume a=[V], V=X’ and f(V)=X; D is represented by

a Cartier divisor, which we also denote D, and the content of (c) is the identity
of cycles on X:

J (f*D]) = deg (X"/X)[D] .

This identity is a local assertion on X, so we may assume D = div (r) for some

rational function on X. Then from Proposition 1.4, with d = deg (X’/X), one
has

Sldiv(f*n] = [div (N (f*r)] = div () = d [div (9],
as required.

For assertion (d) we may also also assume V= X, so D is represented by a
Cartier divisor. The identity to prove is that

[f*D]=/*[D]

as cycles on X’. This too is local on X, so we may assume D is the difference
of two effective divisors. Since both sides are additive, it suffices to prove the
identity when D is effective. This case is a special case of Lemma 1.7.1.

For (¢), we may assume a=[V], V=X, and D is represented by a Cartier
divisor on X. The assertion is then that [D] = 0 in 4, _, (X) when D is principal,
which we have seen (§ 2.1). O
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Example 2.3.1. Let o be a k-cycle on X, 8 and /-cycle on Y, let D be a
pseudo-divisor on X, and let p be the projection from X x Y to X. Then

(p*D) (ax ) =(D ) x B

in Ay, (1D[N]a]) x | B]). (Reduce to the case f =[Y], Y a variety, and apply
Proposition 2.3 (d).)

2.4 Commutativity of Intersection Classes

If D and D’ are Cartier divisors on a variety X, with associated Weil divisors
[D] and [D’], one may form the intersection classes D - [D’] and D’ - [ D], both of
which are well-defined classes in A, (|D|N|D’|). When D and D’ intersect
properly, ie., no codimension one subvariety of X is contained in |D|N|D’|,
the equality of these classes is quite straightforward. The “classical” method of
moving D or D’ to linearly equivalent divisors that intersect properly may be
used — when such moving is possible — to show that the two classes agree in
A,(ID']) or A,(|D]), but this does not prove their equality in 4,(|D|N|D’]),
which we shall need. Instead we proceed by blowing up along subschemes of X
to achieve the situation where D and D’ are sums of divisors, each pair of

which either intersect properly, or are equal (the other case where commuta-
tivity is obvious!).

Theorem 2.4. Let D and D’ be Cartier divisors on an n-dimensional variety X.
Then
D-[D']=D'-[D]
in 4,_,(1DIN|D'))

Proof. Case 1: D and D’ are effective and intersect properly. Let W be any
codimension two subvariety of X, let 4 =#y, x, and let a, @’ be local equations
for D, D’ in A. The subvarieties ¥ of X of codimension one which contain W
correspond to height one primes p in 4. The coefficient of [V] in [D'] is
Ly, (A,/d’ Ap). The coefficient of [W] in D -[V] is [y, (4/p + ad). The coef-
ficient of [W]in D - [D’] is therefore

; L (Ap/a Ay) Ly (A/p + aA) .
By Lemma A.2.7 applied to the ring 4/a’ A, this coefficient is
eq (a, A/a’ A) .
By Lemma A.2.8.
eq(a, A/d’A) = eq(a’, A/aA),

which by the same argument is the coefficient of [W] in D’ [D]. (Ir} short, the
coefficient of [W] in both sides is the multiplicity e,(a, a’, A) discussed in
Example A.5.2.) [
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Some preparation is needed before proving the general case of the theorem.
If D and D’ are effective Cartier divisors on a variety X, define the excess
of intersection ¢(D, D) by the formula

e(D, D'y = max {ord (D) - ordy(D’)|codim (V, X) = 1},

the maximum over all codimension one subvarieties ¥ of X. Thus D and D’
meet properly precisely when ¢(D, D") = 0.

Let DN D’ be the intersection scheme of D and D'. This is the subscheme
of X which on an affine open set U is defined by the ideal (a, '), where a and
a’ are local equations for D and D’ in U. Let

XX
be the blow-up of X along DND', and let E=n"1(DND’) be the

exceptional divisor. The local equations for 7* D and n* D’ are divisible by the
local equations for E, so

*D=E+C, n*D'=FE+

for effective Cartier divisors C, C’ on X.

Lemma 2.4. With the above notation,

(a) C and C' are disjoint.

(b) If e(D,D)>0, then &(C,E) and ¢(C',E) are strictly smaller than
e(D, D).

Proof. The assertions are local on X, so we assume X = Spec(4), and
D =div(a), D’=div(a’) are principal divisors. Then X = Proj (® I"), where
I =(a, ). The surjective graded homomorphism

A[S, T]-® I

given by sending S to a, T to o, determines a closed imbedding of X in
Proj (A[S, T]) = X x P':

Xo XxP!
o
X .

In fact, X is contained in the subscheme of X x P! where @’ S — aT vanishes.
Let #(1) be the pull-back of the standard line bundle on P! to X ,and let s, ¢ be
the sections of #(1) induced by S, 7. Then C is the zero-scheme Z (s) of s, and
C'= Z(1). Indeed, the equation @’ =(t/s) a shows that 7*D agrees with E on
the open set where s+ 0, and the equation a = (s/t) @’ shows that 7*D agrees
with E + Z(s) on the open set where t + 0. Since Z (5)NZ () = 0, this proves
that
*D=E+Z(s),

as desired, and (a) follows.

We also see from this description that C < X x {0} and C’ < X x {oo} map
isomorphically by = into subschemes of D and D’ respectively. Therefore if
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Vis any codimension one subvariety of X contained in CNE or C'NE, then
V=n(V) is a codimension one subvariety of X contained in D\ D’. Since
[D] = n{E + C] (by Proposition 2.3 (c)),

ordyD = ordpE + ord;yC,

and similarly for D’. Suppose &(C, E) = e(D, D) >0, and V< CNE is chosen
with ordyC - ordpE = &(C, E). Then
e(D,D"Y=ordyD - ordy D’
= (ordpE + ordpC) (ord p E + ord 5 C)
= (ordpE)’ + ¢(C, E);
since ord yE > 0, this is a contradiction. O

To prove Theorem 2.4 we will also need the following fact:

(*) If D, D’ are Cartier divisors on X,n:X — X is a proper birational
morphism  of varieties, n*D=Bx C, n*D’'=B x ', for Cartier divisors
B, C, B, C' on X with |B|U|C|c =z~ (|D]), |B'|U|C'| cn”'(|D']), and the
theorem holds for each of the pairs (B, B’), (B, C"), (C, B), and (C, C’) on X,
then the theorem holds for (D, D) on X.

Indeed, by Proposition 2.3, if g is the induced morphism from
7~ '(ID|N{D’]) to | DIN| D],

D [D]=g«((BLC) [BEC))
=g«(B-[B1LB-[C1+C [B]+C-[C])
=g«(B - [B] C'-[B] £ B"-[C]+ C"-[C])
=gx (B C)-[BEC)
=D -[D].

We return to the proof of Theorem 2.4. Case 2: D and D’ are effective. This
is proved by induction on &(D, D’), the start ¢ = 0 being Case 1 proved above.
If ¢(D,D') >0, blow up X along DND’ as in the lemma. By assertion (b) of
the lemma, and the inductive hypothesis, the theorem holds for (E, C') and
(C, E). The theorem is trivially true for (E, E), and it is true for (C, C') since
CNC' = 0. An application of (*) completes the proof.

Case 3- One of D, D’ is effective. Suppose D’ is effective. Let # be the ideal
sheaf of denominators for D: on an open affine U = Spec(4) where D has local
equation d, # is determined by the ideal

{acA|ade 4}.

Let 7: X — X be the blowup of X along the subscheme defined by 7, and let E
be the exceptional divisor. Then

m*D=C—E
for an effective divisor C on X. Since |C|U|E| ==~ '(|D}), and Case 2 covers
the pairs (C, 7* D’) and (E, n* D), an application of (*) completes the proof.
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Case 4: D, D’ arbitrary. Let n: ¥ — X be the blowup along the denomi-
nators of D as in Case 3. Then the pairs (C, n*D’) and (E, n* D’) are covered
by Case 3, and we conclude by another application of (*). [

Corollary 2.4.1. Let D be a pseudo-divisor on a scheme X, a a k-cycle on X
which is rationally equivalent to zero. Then

D-a=0
in A1 (| D).
Proof. If o= [div (r)], r € R(V)*, V a subvariety of X, we may replace X by
V, and D by a representing Cartier divisor. Then
D -[div(r)]=div(r) - [D]=0
in A4, (| D), by Theorem 2.4 and Proposition 2.3 (e) respectively. O

Definition 2.4.1. If D is a pseudo-divisor on a scheme X, and Y is a closed
subscheme of X, the mapping o — D - o determines homomorphisms

Z,Y > A,_(|DINY).

By Corollary 2.4.1 (applied to the restriction of D to Y), D-a=0if « ~ 0 on
Y, so these homomorphisms pass to rational equivalence, defining homo-
morphisms

AY > A, (ID|INY),
also denoted « — D - «, and called intersecting with D.
Corollary 2.4.2. Let D and D’ be pseudo-divisors on a scheme X. Then for
any k-cycle « on X,
D-(D'-a)y=D"-(D-a)
in A,_,(ID|ND"[N]ea]).
Proof. Note that- D’'-ae A, ,(|D'|(|«|), and intersecting with D takes

A (ID'[Na]) to A,_,(IDIN|D'|N|«l). Taking o« =[V], and restricting
D and D’ to V, one is reduced to Theorem 2.4. []

Definition 2.4.2. Let D,, ..., D, be pseudo-divisors on a scheme X. For any
aeZ,X,define D, -...- D, ain A,_,(|D,|N...N|D,|N|al]) by induction:

Dy ...:D,-o=D, (Dy...- D, ).

From Corollary 2.4.2 this is independent of the ordering of the D;, and from
Proposition 2.3 it is linear in each variable Dy, ..., D,, and o. More generally,
for any homogeneous polynomial P(T, ..., T,) of degree d with integer coeffi-
cients, and any closed subscheme Z of X containing (|D,|U...U|D,|)N|«|,
the class

P(Dy,...,D,) a € A_q(2Z)

is defined by adding terms in the preceding definition. This is additive in P
and in a.
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Ifn=k and Y=|D,|N...N|D,|N|a| is complete, we define an intersection
number (D,-...- D, - o), by

(Dy.c.oDp-o)y={Dy-...- D, .
Y

Similarly if Z = (|D|U... U|D,|)N|a] is complete, k = d, and P is a polynomial
as above, define

(P(Dl,...,D,,)-oc)x=£P(D,,...,D,,)-oc.

If Vis a pure k-dimensional subscheme of X, we may write P(Dy,...,D,)- V
in place of P(D,,...,D,) [V]. If X is pure dimensional, we may abbreviate
this further, writing simply P(D,, ..., D,) in place of P(Dy,..., D,) - [X]. For
example, we may write D' € A,_;(| D|) in place of D'-[X], if X is purely k-di-
mensional. Similarly if X is purely k-dimensional, and P is homogeneous of
degree k, we write (P(Dy, ..., D,))y in place of (P(D,, ..., D,) - [XDx-

Example 2.4.1. Let 7n: X — A? be the blow-up of A? at the origin. Let D
and D’ be the inverse images of the x-axis and y-axis. Then D and D’ are
principal divisors on X, so D-[D’] and D’-[D] are well-defined cycles on
D ﬂ D' = E, the exceptional divisor (cf. Remark 2.3). These cycles are not
equal, although they are rationally equivalent in £ =~ P'.

Example 2.4.2. The operations of Definition 2.4.2 are compatible with
proper push-forward and flat pull-back, as in Proposition 2.3(c), (d). In
particular, the construction is /ocal, in the following sense. If U is an open
subscheme of X which contains |D,|N...N|D,|N|«|, and DY, a¥ denote re-
strictions of D;, « to U, then

Dy ...oDy-a=DY-...-DY-aY
in A, (1D [N...NOD, I N]a)).
Example 2.4.3. If /: X’ — X is a proper morphism, D, ..., D, are pseudo-

divisors on X, P a polynomial of degree d, and o is a d-cycle on X’ with
D, N ... D,|N f(Je|) complete, then

(P(f*Dla"'af*Dn)'a)X'=(P(D1""’Dn).f*a))(‘

Example 2.4.4. Let V be an irreducible surface, P a singular point of V,
and let 7: X — V be a proper morphism, E=7n"'(P). Assume that X is
regular, that # maps X — E isomorphically onto ¥V— P, and E is connected.
Then (cf. Mumford (1))

(D-D)y<0

for any effective, non-zero, divisor D on X which is supported in E. (To see
this (cf. Deligne-Katz (1) X), let E, ..., E, be the irreducible components of
E. Choose a rational function f on V, so that

div(n*f)=>, mE;+ Z,
i=1
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with m; >0, Z a divisor not containing any E;, (Z -E,-),f >0 for all i, some
(Z-E;)yx > 0. Set D, = m; E;. Replacing D by a positive multiple, one may assume
D=3'_,a;D, Then

(D-D)x =% a,~<D,- Ta Dj)x =3 a,-<D,- : (g a; D, — a;(div(n* f))))x

=3 ai(a— a)(D;* D)x— 2, @ (D; Z)x

i*j
=—3 (- a)*(Di- D)x— >, a3 (D;- Z)x < 0.
i<j

Corollary 2.4.1 was used for the second equality.)

Example 2.4.5. Let (x:y:z:t) be homogeneous on IP3, and let X be the
singular cone defined by the equation z2= x y. Let D be the Cartier divisor on
X defined by the equation x =0. Let / be the line x=2z=0, /' the line
y=z=0, Pthepoint (0:0:0:1). Then[D]= 2[/]and D - [/’] = [P]. It follows from
Theorem 2.4 that there cannot be a Cartier divisor D’ on X with [D']=[/],
either as cycles or as classes in 4; (X).

Example 2.4.6. In the construction in the proof of Lemma 2.4, the sub-
scheme of X x P! defined by the equation a’S=aT may not be reduced; in
particular, it may not be equal to X. (Let X = V(xw —yz) =« At a=x,a =y.)

Example 2.4.7. Let f: X — C be a dominant morphism from a variety X to
a curve C, P a simple point on C, D =f""(P). Then D is an effective Cartier
divisor on X, and D? - « = 0 in A4,_,(|D|N]«]) for any k-cycle « on X. (Shrink C,
so D becomes principal.)

Example 2.4.8. Let D,,..., D, be effective divisors on an n-dimensional
variety X, which intersect in a finite set. Assume that for each point P in the

intersection, local equations for D,,..., D, form a regular sequence in &p y.
Then

(Dy-...-D,)y=deg[D,N...N\ D,].

This is the case whenever X is Cohen-Macaulay (Lemma A7.1). For more on
this intersection number, see Example 12.4.8, and Lomadze (1).

Example 2.4.9 (cf. Mumford (2), Deligne-Katz (1)X). Let X be a non-singular
surface, D, E Cartier divisors on X, with |D|N|E| complete, so that the inter-
section number (D - E), is defined.

(@) If D and E are effective and meet properly, then

(D-E)y =deg[DNE].
(b) If D is effective and complete, then
(D E)x=deg(@(E)|p).
(c) If D and E are effective, then
(D E)x=x(@p®E) — y(Torf (¢p, %)) .
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(d) If X is complete, then

(D E)x=x@x) — x(0 (- D)) = x(¢(=E)) + x(¢(— D— E)).

In (c) and (d), y denotes the Euler characteristic (cf. § 15.1). (The formulas
(b)—(d) are bilinear in D and E, so one is reduced to the case where D and E
are effective and either meet properly or are equal.)

2.5 Chern Class of a Line Bundle

Let L be a line bundle on a scheme X. For any k-dimensional subvariety ¥ of
X, the restriction L|, of L to V¥ is isomorphic to #,(C) for some Cartier divisor
C on V, determined up to linear equivalence (§2.2). The Weil divisor [C]
determines a well-defined element in A,_,(X), which we denote by
¢ (L) n[V]:
¢, (L) n[V]=[C].
This is extended by linearity to define a homomorphism a — ¢, (L) » « from
Zi(X) to Ay (X). If L =6x(D) for a pseudo-divisor D on X, it follows from
the definition of the intersection class (§ 2.3) that
a@x(D)na=D-a
in A, (X).
Proposition 2.5. (a) If o is rationally equivalent to zero on X, then ¢, (L)no
= 0. There is therefore an induced homomorphism
Ci (L) N__: AkX“) Ak._lX.
(b) (Commutativity). If L, L’ are line bundles on X, o a k-cycle on X, then
al) n(e (L) na)y=c (L) n(c (L) na)

in Ax-2(X).
(c) (Projection formula). If f: X’ — X is a proper morphism, L a line bundle
on X, o a k-cycle on X', then

Seler(F*L) na)y =1 (L) N fa (@)

in Ax_y (X). .
(d) (Flat pull-back). If f: X’ — X is flat of relative dimension n, L a line
bundle on X, o a k-cycle on X, then

a(f*L) N froa=f*(ci (L) n )
in Ak+n—l (X,)
(e) (Additivity). If L, L’ are line bundles on X, o. a k-cycle on X, then

aL®L)Yna=alL)ynat+te(l)na
and
alMyna=—c(L)yna
inAk_|X.
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Proof. Since a line bundle on X determines a pseudo-divisor on X with
support X, the assertions follow from the corresponding facts for pseudo-
divisors, i.e., Corollaries 2.4.1, 2.4.2, and Proposition 2.3 (c), (d), and (b). [

Definition 2.5. From (a), (b), and (e) of the Proposition, it follows that
arbitrary polynomials in Chern classes of line bundles act on A.X. If
L,,..., L, are line bundles on X, « € 4, X, and P(T), ..., T,) is a homogeneous
polynomial of degree d with integer coefficients, then

P(ci(Ly),...,ci(Ly) 0o
is defined in 4;_4(X). In particular, for a line bundle L on X, a € 4, (X)
(L) N«

is the element in 4,_,X defined inductively by ¢, (L) no=c;(L) N (c;(L)* na).

Example 2.5.1. Let L* be a k-dimensional linear subspace of P", k=0, ..., n.
Then

a@() n[LY]=[LF1,

for k=1,...,n. This gives another proof that 4,P"=7Z [L*|=~Z for
k=0,...,n(cf. Example 1.9.3 (b)).

The degree deg(x) of a k-cycle o on P” is defined to be the integer d such
that & ~ d [L*]. Equivalently,

deg(@) = | ¢, (O N «.
Pr

Example 2.5.2. Let X be a closed subscheme of P” of dimension = k, and
let I' (X) be the homogeneous coordinate ring of X.

(a) For ¢ sufficiently large, the dimension of the ™ graded piece I' (X), is a
polynomial in ¢ of degree = k called the Hilbert polynomial (cf. Hartshorne
(5)17.5). Define dj (X) to be the coefficient of t*/k! in this polynomial.

(b) If Xy, ..., X, are the irreducible components of X, m; the multiplicity of
X;in X, then dy (X) = >, m;di (X).

(¢) If X is an irreducible variety, and H is a hypersurface of degree m not
containing X, then d,_,(XNH)=md,(X). (Here XNH is the scheme-
theoretic intersection, so there are exact sequences

0->TI(X),_,->TX),->IXNH),->0 fort>> 0.)
(d) For any purely k-dimensional subscheme X of P,

d(X) = deg[X]= [ ¢, (@) ~ [X].

Pn

(For X a subvariety, ¢,(0(1)) n [X]=[X NH], where H is a hyperplane not
containing X.)

Example 2.5.3. If a, f are cycles on X, Y, L a line bundle on X, p the projec-
tion from X x Y to X, then (cf. Example 2.3.1)

a@*L)yn@xp)=(@L)yna)xp.
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Example 2.5.4. The operation ¢, (L) ~_ is uniquely determined by proper-
ties (c), (e) of Proposition 2.5, and the normalization that

a @ (D)) n[X]=[D]

for D an effective Cartier divisor on a normal variety X. (Argue as in the proof
of Theorem 2.4, Case 3.)

Example 2.5.5. If D is an effective Cartier divisor on a variety X, the
restriction of #x (D) to D is the normal bundle Np X, and

[D]= ¢ (@x(D)) N [X].

If L is another line bundle on X whose restriction to D is NpX, however,
¢1 (L) m [X]need not be represented by [D]; cf. Proposition 2.6 (c).

Example 2.5.6. Pliicker formulas. Let C be a non-singular projective curve
of genus g, and let C(r) © C x C be the subscheme defined by the ideal sheaf
#*1, where .# is the ideal sheaf of the diagonal; let p and g be the first and
second projections from C(r) to C. For a line bundle L on C, the bundle of
principal parts P*(L) is the sheaf on C defined by:

P(L)=p+q*L.
Then P°(L) = L, and for r > 0 there is an exact sequence
0->QH*"@L - P(Ly—> P ' (L)—>0.
Therefore P"(L) is locally free of rank r + 1, and
U@ P (L) =(r+ 1) i (L) +(3) e (QY) .

If V< H°(C, L) is a subspace, there are canonical homomorphisms of
vector bundles on C,

g:CxV—P'(L).
If dim V'=r+ 1, i.e., the linear system determined by V has dimension r, then

det (o) is a section of A"*! P"(L), well-defined up to scalars. If det (o) * 0, its
divisor of zeros, denoted d,, measures the osculation of the linear system. Then

deg(dy) =(r+ 1) deg(L) +('3) 29— 2) .

For a sample of applications see Piene (1), Laksov (4), Eisenbud-Harris (1).

2.6 Gysin Map for Divisors

Let D be an effective Cartier divisor on a scheme X, and let i: D — X be the
inclusion. There are Gysin homomorphisms

i*: ZkX - Ak_lD
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defined by the formula
i*(0)=D -«
where D - o is the intersection class in 4;_, D defined in § 2.3.

Proposition 2.6. (a) If a is rationally equivalent to zero on X, then i*a = 0.
There are therefore induced homomorphisms

i*: AkX - Ak_lD .
(b) If wis a k-cycle on X, then
iyi* (@) =1 (@x(D) N .
(¢) If wis a k-cycle on D, then
Fix(@)=c1(N) na,
where N = i*&x (D).
(d) If X is purely n-dimensional, then
*[X]=[D]
in An—l D.
(e) If L is a line bundle on X, then
*(e) (L) mna)y=c¢; (i*L) n i*(a)
in Ax-2(D) for any k-cycle a. on X.
Proof. (a) and (e) are special cases of Corollary 2.4.1 and 2.4.2 respectively.
(b) and (c) follow from the definitions: in both cases, both sides are

represented by the intersection class D - a. (d) says that [D] = D - [X], which is
arestatement of Lemma 1.7.2. O

Example 2.6.1. Let L be a line bundle on X, p: L — X the projection,
i: X — L the imbedding of X in L by the zero section. Then i* (p* o) = o for all
o € A X. One concludes from Proposition 1.9 that

P*iAX > A L

is an isomorphism (see § 3.3 for generalizations).

Example 2.6.2. Let X be a closed subscheme of P", and let X’ be a cone
over X in IP"*!. Then 4y (X’) = Z, and A, (X)) = A4 (X) for k> 0. (If P is the
vertex of the cone, the complement of P in X is a line bundle over X. Use
Proposition 1.8 and Example 2.6.1.)

Example 2.6.3. (a) Let L be a line bundle on X, let L—{0} be the

complement of the zero section, and let 4 be the projection from L — {0} to X.
Then for all k= 0, the sequence

ca(L)n— *
Apy X 2803 A4X D A (L—-{0) -0

is exact.
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(b) Let X be a closed subscheme of PP, with canonical line bundle #(1).
Let V< A" be the affine cone over X. Then 4, ¥V =0, and for k > 0 there is
an exact sequence

a@(1)n—
AkX'——>Ak_1X—> AkV'—’ 0.

Example 2.6.4. Pure-dimensionality is needed in Proposition 2.6(d). Let
X=V(zx,zy)< P’ D the Cartier divisor on X defined by the equation
z—x=0. Let i be the inclusion of D in X. Then (cf. Example 1.7.1)

D-[X]=i*[X]*[D], c(@(D))n[X]+[D].

Example 2.6.5. Let D be an effective Cartier divisor on a scheme X, i the
inclusion of D in X. Let Y be a closed subscheme of X. Assume that Y is
purely n-dimensional and DNY has dimension n—1. Let V,,...,V, be the
(reduced) irreducible components of D\Y. Let A; be the local ring of Y
along V,, and let a; be a local equation for D in 4;. Then

r

*[Y]=D-[Y]=3 e4(ai, 4)[V]

f==

where e, (a;, A;) is the multiplicity defined in Appendix A.2. More generally, if
one assumes only that dim Y<n and dimDNY<n—1, and V,,..., V, are
the components of DY of dimension n— 1, then the right side of this
equation gives a formula for i*([Y],), where [Y], is the n-dimensional

component of the cycle of Y. (These formulas follow from Lemma A.2.7.)

Example 2.6.6. Let X be a scheme, and let a be a k-cycle on X x IP!. Let i,
and i,, be the imbeddings of X in X x P! at 0 and co respectively. Then

ifoa=ita

in Ay X. (If & = [V], and the projection of ¥ to P! is not dominant, both sides
are zero. If the projection is dominant, the equation says [V(0)] =[V(c0)])
More generally, for any ¢ € P!, rational over the ground field, if i, is the
imbedding of X in X x IP! at 7, then i*% = i} = i%.

Notes and References

Generalities on Cartier divisors and Weil divisors, including the material of
§ 2.1, may be found in [EGA]IV.21 (Many otherwise standard sources discuss
one or both kinds of divisors only on normal or locally factorial varieties.)

The intersection class constructed in § 2.3 has not appeared before, either
for Cartier divisors or the pseudo-divisors introduced here; its construction
was implicit in Fulton-MacPherson (1), however. The statement and proof of
the fundamental Theorem 2.4 follow Fulton (6). A special case of Corollary
24.1 — that rational equivalence specializes — had been conjectured by
Grothendieck ([SGA6]X.7) in the non-singular case; this case was proved in
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Fulton (2), by a method similar to that used in Baum-Fulton-MacPherson (1)
I1.2.5, to prove a Riemann-Roch theorem. Conversely, having Theorem 2.4 will
simplify the proof of the Riemann-Roch theorem (cf. § 18.1).

It has long been understood (cf. Hirzebruch (1), Grothendieck (1), (2)) that
a good knowledge of first Chern classes for line bundles determines higher
Chern classes for vector bundles. The development followed in the present text
may be seen as a corresponding principle in intersection theory: a good
knowledge of how divisors intersect determines intersections in arbitrary
codimension. An important case of this principle was given by Verdier (5),
who constructed Gysin maps in arbitrary codimension from the case of
divisors.
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Summary

We will construct, for any vector bundle E on a scheme X, Chern class
operations

G(EYNn_i Ay X = A X,

satisfying properties expected from topology. From the special case of line
bundles done in § 2.5, we first construct inverse Chern classes, or Segre classes,
which are then inverted to produce Chern classes. The first Chern class
operations are also used to describe 4, F and A, P (E) in terms of A, X.

Chern classes will be used later for one of the constructions of general
intersection products. Although Chern classes are not absolutely needed for
intersection theory, they are used in most applications. For the quickest route
to intersection theory proper, the reader will need only Proposition 3.1(a) and
Theorem 3.3.

For vector bundles, Chern classes and Segre classes determine each other;
Chern classes are preferred since they vanish beyond the rank of the bundle.
We will see in the next chapter that for cones — “singular vector bundles” —
there is a natural analogue of Segre classes, but not Chern classes. Segre classes

for normal cones have other remarkable properties not shared by Chern classes
(cf. §4.2).

3.1 Segre Classes of Vector Bundles

Let E be a vector bundie of rank e + 1 on an algebraic scheme X. Let P = P(£E)
be the projective bundle of lines in E, p = pg the projection from P to X, and
let # (1) = #£(1) denote the canonical line bundle on P, i.e., its dual £ (— 1) is
the tautological subbundle of p*E (see Appendix B.5).

Define homomorphisms a — 5;(E) na from 4; X to A;_;X by the formula

si(E) na=px (/@ (1) 0 p*a).

Here p* is the flat pull-back from A; X to Ag+. P (§ 1.7), ¢, (¢ (1))°* N _is the
iterated first Chern class homomorphism from Ay..P to A,_; P (§ 2.5), and py
is the push-forward from 4, _; P to A,_; X (§ 1.4).
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Proposition 3.1. (a) Forall o € 4; X,

1) si(E)yna=0 for i<0;

(i1) so(E) na=o. o
(b) If E, F are vector bundles on X, o € Ay X, then, for all i, j,

si(E) n(s;(F) na)=5;(F) n(s:(E) n ) .
(¢) Iff: X' — X is proper, E a vector bundle on X, o. € Ay X', then, for all i,
S (i (f¥E) 0 o) = si(E)N fu (@) -
(d) Iff: X' = X is flat, E a vector bundle on X, o. € Ay X, then, for all i,
Si(f*E) nf*a=f*(si(E) na).
(e) If E is a line bundle on X, a € Ay X, then
Si(Eyna=—c(E)noa.

Proof. We first prove (c) and (d). Given f: X’ — X, and a vector bundle E
on X, there is a fibre square

P(*E) L P(E)
p’l l”
x5y

Oe(1) =g (1). If fis proper, a € A, X’, then

Jx i (f*E) 0 o) = fypx (e @pp (1)) 0 p'* a)
=pxfilar (f* ()T np*a)  (§1.4)

=px (1 (@e(1))™ N fy p'* o) (Proposition 2.5(c))
=ps (1 @e(1))** N p*fia) (Proposition 1.7)
=s5(E) N fya.

The proof of (d) is similar, using the corresponding fact (Proposition 2.5(d))
for line bundles, and is left to the reader.

To prove (a), we may assume o = [V], with V a k-dimensional subvariety of
X. By (), we may assume X = V. Then A4,_; X is zero for i < 0, which proves

(1). Also,
So(E) 0 o= py (1 (@e(1))* N [P]) = m [X]
for some integer m. To check that m = 1, by (d) we may restrict to an open set

of X, so we may assume E is trivial. Then P(E)= X xIP,, and # (1) has
sections whose zero scheme is X x P*"!. Then

@) N [Xx P =[Xx P]

by definition of the Chern class of a line bundle. Repeating this e times shows
that m must be 1.
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To prove (b), form the fibre square

o
q v
P (l( \P\(F )

N A

where p and ¢ are the projections. Let £+ 1 be the rank of F. Then

$i(E) 0 (5 (F) 0 o) = pu (1 (@ (1) 0 p* (g4 (€1 @ (1)) A g* 1))
=P+ (1 @)™ A qip™ (1 @ (1)) A g* )
(Proposition 1.7)
=Psqx (et (@* g (1)) 0 (ey " * O (1)) p'* g* )
Proposition 2.5 (¢), (d))
= qxPa (L (P *Or (1) N (e (¢"* 06 (1)) N g'* p* 1))

by Proposition 2.5 (b) and the functoriality of push-forward and pull-back. The
steps may now be reversed, to arrive at

SS(F)nsi(E)na).

For (e), note that P(E)= X and #z(— 1) = E in this case, so #z(1) = EY,
and

siEyna=c,(O;))na=—c(E)na

by Proposition 2.5(e). O

Corollary 3.1. The flat pull-back
p* A X = Ags e (P(E))
is a split monomorphism.
Proof By (a) (ii), aninverse is f — py (¢, (@ (1)) n ). O

For a geometric appearance of Segre classes, see Example 3.2.22.

Example 3.1.1. Let E be a vector bundle of rank e+ 1, L a line bundle.
Then

SE®L)= Y, (— 1y~ C) 5 (B) ey (LY.
i=0

(Identify P(E) with P(E ® L), with universal subbundle #¢(— 1) ® p* L. Then
5,(E® L) na=py ((cy @e(1)) — ct(p* L))" 0 p* a).)
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3.2 Chern Classes

Let E be a vector bundle on a scheme X. Consider the formal power series

0

s(E)=2, si(E)ti=1+5(E)t+5(E)*+....

i=0
Define the Chern polynomial

2]

a(E)=Y ci(E)t'=1+c (E)t+c(E) 2+ ...

i=

to be the inverse power series (which will be shown to be a polynomial):

¢ (E)=s(E)".
Explicitly,

oE)=1, c(E)=-s1(E),
2(E) = 51 (E)* — 52(E), ...
¢,(E) = = 5,(E) ¢y (E) = 5,(E) ¢, (E) — ... — 5,(E).

Here the s;(E) are regarded as endomorphisms of A,X, with products
denoting composition; since all such endomorphisms commute (Proposi-
tion 3.1 (b)), there is no ambiguity. We write, for o € 4, X,

C,‘(E) N o

for the element in A;_.; X obtained by applying the endomorphism c;(E) to a.
The total Chern class ¢ (E) is the sum

c(Ey=1+c(E)+...+c.(E), r=rank(E).

In other words, c(E) na=37_, ¢,(E) na for all xe 4, X. Similarly, the total
Segre class is

S(EY=1+s(E)+s53(E)+....

Although an infinite number of terms appear in this formal sum, when applied

to ae A,X, s(E)na=3,,,5/(E) na, only a finite number of non-zero terms
appear.

Theorem 3.2. The Chern classes satisfy the following properties:
(a) (Vanishing) For all vector bundles E on X, all i > rank (E),
¢,(E)=0.

(b) (Commutativity) For all vector bundles E, F on X, integers i, j, and cycles o
on X e (E) 0 (6 (F) n 2 = 6 (F) (e (E) A )

(c) (Projection formula) Let E be a vector bundle on X, = X' — X a proper
morphism. Then

Jx(€i(f*E) v o) = ¢i(E) N fi (@)

for all cycles o on X', all i.
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(d) (Pull-back) Ler E be a vector bundle on X, f: X' — X a flat morphism.

Then
G(f*E) nf*o=f*(ci(E) 0 o)

Jforall cycles won X, all i.

(e) (Whitney sum) For any exact sequence
0—-EFE —-E—->E'—>0
of vector bundles on X, then
c(E)=c (E) c(E"),
iLe.,
cx(E)= 2 ci(E) ¢(E”).
i+j=k

(f) (Normalization) If E is a line bundle on a variety X, D a Cartier divisor
on X with# (D) = E, then

a(E) n[X]=[D].

Note that from (c) and (f) it follows that the first Chern class for a line
bundle defined here agrees with the definition given in § 2.5. Formula (f) will
be generalized to bundles of arbitrary rank in Chap. 14.

Proof. Properties (b), (c), (d), and (f) follow directly from corresponding
facts proved for Segre classes in Proposition 3.1. There are several proofs of (a)
and (e). The following proof is based on the splitting construction, which will
be useful later. Two shorter proofs are sketched in Examples 3.2.9 and 3.2.10.

Splitting construction. Given a finite collection . of vector bundles on a
scheme X, there is a flat morphism f: X’ — X such that

(1) f*: A+ X — A4 X' is injective, and

(2) for each E in .7, f*E has a filtration by subbundles

f*E=E,DEr_1D...DE|DEO=O

with line bundle quotients L;= E,/E;_,.

For one bundie E, f is constructed by induction n the rank of E. Let
P=P(E), p: P — X the projection. Then p* is injective by Corollary 3.1, and
p*E has a subbundle #z(—1) of rank one. If E’ is the quotient bundle
p*E/f:(— 1), inductively we construct ¢: X’ — P with g* injective and g*E’
filtered. Then /= p ¢ has f* injective, and an induced filtration on f*E. The
process may be repeated for any finite collection .~ of bundles.

To prove (a), it suffices by the splitting construction to prove that

*) mm=gu+mmo

when E has a filtration by subbundles
E=E,DE,_| [ DE():O



52 Chapter 3. Vector Bundles and Chern Classes

with quotient line bundles L;= E/E;_;. For then if f: X" = X is as in the
splitting construction,

fHeE)yna)=c(f*E)nf*a=0

for i > r=rank (F), and (a) follows since f* is injective.

Lemma 3.2. Assume that E is filtered as above, with line bundle quotients
L,,...,L,. Lets be a section of E, and let Z be the closed subset of X where s
vanishes. Then for any k-cycle o on X, there is a (k — r)-cycle f on Z with

ECI(Lz)ﬁOFﬁ

in A, _,(X). In particular, if s is nowhere zero, then [ ]i-, ¢, (L;) = 0.

Proof. The section s determines a section § of the quotient bundle L,. If Y
is the zero-scheme of §, then (L,, Y, 5) determines a pseudo-divisor D, on X
(§ 2.2). Intersecting with D, gives a class D, - a in A, (Y) such that

Cy (Lr) N =j* (Dr a) >

where j is the inclusion of Y in X. By the projection formula (Proposition
2.5(c)),

r r—1

H (L) na=jy (H a(*L) N (D, )] .

i=1 i=1
The bundle j*E,_, has a section, induced by s, whose zero set is Z. By
induction on r the term in parenthesis on the right side of the preceeding
formula is represented by a cycle on Z, which concludes the proof. O

We return to the proof of (*). Let p: P(E) — X be the associated projective
bundle. The universal subbundle #(—1) of p*E corresponds to a trivial line
subbundle of p*E®#(1), i.e., to a nowhere vanishing section of p*E ®#(1).
Since p*E ® # (1) has a filtration with quotient line bundles p*L; ® # (1),
Lemma 3.2 implies that ,

[TaprL®say=o0.

i=

Let {=c;(# (1)), and let o, (resp. &;) be the i™ elementary symmetric function
of ¢i(Ly),...,ai(L,) (resp. ¢i(p*Ly),...,ci(p*Ly). Then c;(p*L;® & (1))
= ¢,(p* L;) + { by Proposition 2.5(¢), so the above displayed equation may be
written

F+60'+...+6=0.
Therefore, withe=r—1,
(M6 T+ +6,07'=0
forall / = 1. It follows that for all & € 4, X,
Px(CT AP )+ py (61 T A pra) o+ pu (6,0 N pra) = 0.
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From the definition of Segre classes, and the projection formula, this says

siEynatasii(Eyna+...+a85-.(EYna=0,
which means that
Q+aot+.. . +o s (E)=1,

and this is equivalent to (*).

The Whitney sum formula (e) also follows readily from (*). Given an exact
sequence of vector bundles as in (e), apply the splitting construction to find
f:X — X, with f* injective, so that f*E’ filters with line bundle quotients L,
and f*E” filters with line bundle quotients L;. Then f*E has an induced
filtration with line bundle quotients L} and L}. The formula

a(f*E)=c(f*E") c.(f*E")
follows from (*), and the required formula on X follows from the injectivity of
f* 0O
Remark 3.2.1. Uniqueness. The Chern classes are uniquely determined by
properties (d), (¢) and (f) of the theorem, together with the property that

¢o(E) = 1. This follows from the splitting construction as in the preceding para-
graph.

Remark 3.2.2. Notation and conventions. By the commutative law (b), any
polynomial in the Chern classes of vector bundles on X operates on A4, X. If

p=Pc,(ED), ..., ci,(E)
for vector bundles E,, ..., E,, on X, and « € A, X, we write
pna=P(c,(E),...,c..(Ep)) na

for the result of applying this polynomial to a. If p is isobaric of weight d, i.e.,
homogeneous of degree d, where c;(£) has weight i, and o € A, X, then
pPNAE Ap—g X.

Notation is often abused by writing simply p in place of p N [X]. When X is
non-singular, we will see in Chap. 8 that one may recover the action of p on
any o from the class p n [X], so there is no loss of information in this case. In
any case, we may write

jp =jP(cil(E1)"“’cim(Em))
X X
in place of [, p n [X], the degree of the zero-dimensional component of p n [X].

Another shorthand is quite useful. If p is a polynomial in Chern classes on
X, as above, and a morphism f: X’ — X is specified, then for any o € A4, X", we
may write p N « for the result of pulling back the bundles to X” and operating
on 2 by the same polynomial in the pull-back bundles, i.e.,

p o= Pe,(f*ED, ... i (f*Em) N 2.

If g: X" —> X’ is a proper morphism, the projection formula (c) then reads
simpl
i gx(p ) =pngs(®)
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for o € A, X”. Similarly, if g is flat,

g*(pnay=png* (@)
fora e Ay X", .
In Chap. 17, we will define contravariant functors 4*, with cap products

AXQA4X D A X.

Then a polynomial in Chern classes of bundles on X will be an element of
A*X. The convention introduced in the previous paragraph will become part of
a general notation.

Remark 3.2.3. Splitting principle. Suppose one wants to prove a universal
formula involving Chern classes of a finite number of vector bundles in a
certain relation with each other. If the formula is true whenever the bundles
have filtrations with line bundle quotients, and the relation among the bundles
is preserved by flat pull-back, then the formula holds in general. This follows
from the splitting construction and the pull-back property (d).

If the Chern polynomial of a bundle E of rank r is factored

Cr(E)=fI(1+<xit),
i=1

then oy, ..., «, are called Chern roots of E. This factorization may be regarded
as purely formal: the Chern classes of E are the elementary symmetric

functions of «;,..., .. Or one may use the splitting construction: if f*E is
filtered with line bundle quotients L;, then

Cz(f*E)=gl (I+01)

with a;= ¢, (L;). Any symmetric polynomial in the Chern roots of E has a
definite expression as a polynomial in the Chern classes of E. The Whitney
sum formula says that for an exact sequence as in (d), Chern roots for £’ and
E” taken together give Chern roots for E. We give some other applications.

(a) Dual bundles. The Chern classes of the dual bundle EY are given by the
formula

G(EY)=(=1'c;(E).
We have seen this when E is a line bundle (Proposition 2.5(e)). If E has a
filtration with quotients L;, then E¥ has a filtration with quotients LY ;. Thus

if a,,...,0, are Chern roots for E, —0y,...,—d, are Chern roots for EV,
which gives the displayed formula.

(b) Tensor products. The formula for Chern classes of a tensor product
E ® F has a simple expression in terms of Chern roots. If «,, ..., «, are Chern
roots for E, and f3y, ..., B, are Chern roots for F, then the sums

oGP, 1=isr, 1=j=s

are Chern roots for E ® F. This follows from the splitting principle and the
corresponding result for line bundles (Proposition 2.5(e)). Thus ¢, (E ® F) is
the k™ elementary symmetric function of o, + Sy, ..., o, + f;, which may be
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written as a universal polynomial in the symmetric functions of «y, ..., a, and
fi,..., B, i.e., as a polynomial in the Chern classes of E and F. In general
explicit formulas for these polynomials are rather complicated (see Example
14.5.2). In case F = L is a line bundle, however, there is the useful formula

r

c(E®L)= 2 ai(L) ¢,-i(E)

i=0
for the top Chern class. More generally,

r

c(E®L)=3 t'e,(L) " ¢i(E),

=0
which follows from the identity

IVI((1 +ﬂt)+ait):i (I+B0) et
i=1 i=0

where ¢; is the i"™ elementary symmetric function of a,...,a,. For a
reformulation see Example 3.2.2.
(c) Exterior powers. Similarly, if «), ..., a, are the Chern roots of E, then
¢,(APE)= (1+(oc,~l+...+oc,~p)t).
h<..<ip

In particular
¢ (NE)=c,(E).

For this one uses the fact that if there is an exact sequence
0—-L—>E—->E -0
with L a line bundle, then there are exact sequences
0> AP'EE® L— APE - APE' -0
(cf. Hirzebruch (1) 4.13).

Remark 3.2.4. In the course of the proof of Theorem 3.2 the identity
U+ o (p*EY '+ ..+ ¢, (p*E)=0

was proved. Here E is a bundle of rank r on a scheme X, p is the projection
from P(E) to X, and (= c¢;(#:(1)). Alternatively, this follows from the fact
that p*(E) ® #g(1) has a nowhere vanishing section; then by the Whitney
formula, ¢,(p*(E) ® (1)) =0, which gives the displayed formula by Re-
mark 3.2.3(b).

Additional identities for Chern classes are given in Chap. 14, as well as in
the examples.

Example 3.2.1. Letp: P(E) - X beasin § 3.1,and let Lg=4#¢(— 1). Then
s(E) no=pu(s(Lg) N p*o)
forall o € A, X, and c(E) na=s(E) ' no.
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Example 3.2.2. Let E be a vector bundle of rank r, L a line bundle. Then,
forall p = 0,

,(E® L) = go (= ci(E) e (LY.

(Equate coefficients of /” in the formula for ¢,(E ® L) in Remark 3.2.3.)
Another equivalent formulation is

G(E® LYy=(1+x1t) ¢, (E)
with x=c¢;(L)and t=t/(1 + x 1).

Example 3.2.3. The Chern character ch (E) of a bundle E is defined by the
formula

ch(E) = Zr: exp (o)

where exp(x) =e* =Y, x"/n!, and a,,...,«, are the Chern roots of E. The
first few terms are

Ch(E) = r+ ¢, + 3 (e} —2¢;) + ¢ (e] — 3e, ¢ + 3¢y)
1
+a—(c‘|‘—4c%cz+4clc3+2c§—4c4)+...

where ¢; = ¢;(E). Then n™ term is p,/n!, where p, is determined inductively by
Newton’s formula:

Pr=CiPurtCppa— ...+ (=1 e pr+(—1)"nec,=0.
For any exact sequence of vector bundles as in Theorem 3.2 (e),
ch(E£)=ch(E’)+ch(E"),
while for tensor products
ch(E®E’)=ch(E)-ch(E)

Example 3.2.4. The Todd class td (E) of a vector bundle E is defined by the
formula

td(E) = Izll Q(x)

where
x 1 e B
= =14+ —x+ )12k 2k
Q=1 2 kz;,( AT TR
(B the Bernoulli numbers), and a4, ..., «, are the Chern roots of E. The first

few terms are

1 1 1
td(E)=1+—2~c1+E(C%+Cz)+§(Cl c2)

g Cdrddatidtan—a)+...
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For an exact sequence of vector bundles as in Theorem 3.2 (),
td(E) =td () - td (E”) .

Example 3.2.5 (cf. Borel-Serre (1) Lemma 18). Let E be a vector bundle of
rank r. Then

> (= 1Y ch(A#EV)=c,(E) td(E)™".

=0
(If oy, ..., o, are Chern roots for E, the left side is
21y 3 exp-o—..—a) = [ —exp(- o)
p= h<..<ip i=1

=0y .o [ (1= exp(=w))/ay),
which equals the right side.) i=1
Example 3.2.6. If «,,...,®, are Chern roots for E, then the sums
my oy +...+m,q,, for all r-tuples of non-negative integers m,, ..., m, adding
to m, are the Chern roots for the m' symmetric power Sym” (E) of E. For
m = 2, explicit formulas are given in Example 14.5.1.

Example 3.2.7. (a) For bundles E, F on X write
c(F—E)y=c(F)/c(E)=c(F)s(E)
=1+(c; (F) — c1(E)) +(c2(F) — 1 (F) 1 (E) + e1 (E)* — c2(E)) + ..

and let ¢, (F—E) be the k™ term in this expansion. If rank E=r and
rank F = s, then

¢smrir (F = E) 0 = pa(cs (p*F ® #5(1)) N p*a)
for all o € 4, X, where p projects P(E) to X. Generalizations of this formula
will be given in Chap. 14.

{b) For any element ¢ in the Grothendieck group K°X of vector bundles
on X (cf. §15.1), there is a well-defined Chern class ¢ (&), and power series

ci(&). 1 &= 3 [F] = 2 [E] then
c@=[leE/Ile@E), a@=1lcE)/Ilec(E).
7 ! J i
It follows from the Whitney formula that these are well-defined on K°X.

Example 3.2.8. Let X, Y be schemes, p and ¢ the projections from X' x ¥ to
X and Y, E and F vector bundles on X and Y, a € 4,X, f € A,Y. Then (cf.
Example 2.5.3)
(ci(E) nayx B=ci(p*E) n(ax f5)
and
(c(E) na) x(c(F) n )= c(p*E ® ¢*F) n(ax f) .

Example 3.2.9. The vanishing property (a) of Chern classes follows from
the Whitney sum formula (e) and the splitting principle.

Example 3.2.10. There are other simple proofs of the Whitney sum
formula (e):
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Case I: rank E” = 1. It suffices to show that s(E') na=c(E")s(E)na,
fora=[V], V= X. Let Lg=¢#5(— 1). Consider the diagram

P=PE)S PE)=P

p’\ /p
X .

On P, the composite Ly p*E — p*E” determines a section of p*E” ® LY
whose zero-scheme is P’. So

ix[P']=(c1 (P*E”) — ¢\ (L)) N [P].
Now
c(E") s(E) n o= px(c(p*E”) s(Lg) N [P))
=Px (s(Lg) N [PD) + pu(ci (p*E”) s(Lg) N [P]),
and
S(E') N o= puds(s (*Lg) O [P']) = pa(s(Lg) 0 ix[P])
=p+(s(Lg) c1 (P*E”) N [P]) — pu(s(Le) 1 (Lp) N [P)) .
Therefore, when rank (E) > 1,

(c(E") s(E) = s(E") na=pa(s(Lg) c(Lg) O [P]) = p«[P]=0.

General case. Let Q= P(E”V), q: Q — X the projection, and let L be the
universal line bundle quotient of g*E”. Construct a commutative diagram of
vector bundles on Q with exact rows and columns:

0 0

) !
O0—-¢*E"> G - F -0

I " !

00— g*E’ — q*E — g*E” —>

O — NN«
Il
(=2 i

Then ¢(q*E) = ¢(G) c(L), c(¢*E”) = ¢(F) ¢ (L), and ¢(G) = c(¢*E’) ¢ (F), by
Case 1 and induction. Combining these gives

c(@*E)ngra=c(q*E’) c(¢*E”) ng*u

for all « € 4, X, which suffices since g* is one-to-one.
One may also deduce the general case from Case 1 by realizing the blow-up

of P(E) along P(E’) as a projective bundle P(H) over P(E”), where H fits
into an exact sequence

0—p'*E" > H— Lg.— 0.
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One has a commutative diagram
P (H)
7 q
P(E) P(E”)
P P’
X
with n*L;= Ly. Then
S(E) 0 [X]= pu(s(Le) N [P(E))) = pama(s (L) N [P (H)])
=psx(s(H) N [P(E")]) =pi(s(p"*E") ¢ (L) N [P(E)))
=s(E) n(s(E”) n[X]) .

Example 3.2.11. From the exact sequence
0— Opr — ﬁlpn(l)@("ﬂ) - Tp— 0
on P" (Appendix B.5.8),
c(Tpr) =(1 + H)"+!

where H=c;(#p=(1)) is the class of a hyperplane. More generally, if E is a
vector bundle on a non-singular variety X, p: P(E) — X the projection, then

¢(Tey) = ¢.(p*Tx) - e (p*E ® Op(1)) = c,(p*Tx) (1 + x 1) ¢: (p* (E)),
where x=c¢(#e(1)), r=rank E, t=1t/(1 + xt). (From Appendix B.2.7 and
B.5.8, there is an exact sequence

0 *ﬁp(b‘) -‘*p*E ®ﬁ£(l) hd TP(E) —>p*T}( -0 )

Example 3.2.12. Adjunction formula. Let i: X — Y be a closed imbedding
of codimension d of non-singular varieties with normal bundle N. From the
exact sequence (Appendix B.7.2)

0—- TX—’I*TY_’N—*O
one has
c(Ty)=c(*Ty)/c(N).

If X is an intersection of divisors Dy, ..., Dy, then
d

c(N) =11+ (*oy (D)) .

i=1

From the projection formula one deduces
d
ix(c(Tx) N [XD=c(Ty)- [[(D;— D}+ DI-..).
i=1
For example, if Y =P, and deg D; = n,, then

d
c(Tx) =1+ hy" YT (1 + nih),
=1
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h = ¢, (i*¢ (1)). In particular,

d
c,(TX)=(m+l—Zn,-)h.

i=1

Example 3.2.13. Let X be a non-singular n-dimensional variety with tangent
bundle Ty. The total Chern class of X is ¢(Ty) n [X]. The Euler characteristic is
{x €.(Ty). For example, if n = 1, the Euler characteristic is 2 — 2 g, where g is the
genus of the curve X (see § 15 for other definitions). The Todd class of X is td (T).
The Todd genus of X is [y td(Ty). When n = 1, the Todd genus is 1 —g.

Example 3.2.14. If C is an effective Cartier divisor on a complete surface
X, then
(CHy=[ (V)
C

where N is the normal bundle to C in X. If C and X are non-singular, and i is
the inclusion of Cin X, then N = i*Ty/T¢, so

€y = ¢, (*Ty) — ¢, (Ty).

Equivalently,
(C(C+K)x=2g9-2,

where K = — ¢, (T) is the canonical divisor class of X, and g is the genus of C.
In case X is a non-singular surface of degree d in IP3,

(CHx=2g—-2+(4—d) deg(C).

Example 3.2.15. (a) Let X be an n-dimensional abelian variety, i: X — P™ a
closed imbedding, with normal bundle N. Then

c(N)=(1+ h)m*!
where h = ¢, (i*0O (1))

It follows that there can be no such imbedding if m < 2n. If m = 2n, such an
imbedding is possible only if (cf. Corollary 6.3)

deg(X) = (")

For example, if n =2, m =4, X must have degree 10; Horrocks and Mumford
(1) have constructed such an example.

(b) Let i be the d-fold Veronese imbedding of P in P™ m=("}9) — 1,
i*@pn (1) = Op+ (d). Then

c(N)=(+dh)™1/(1 + hy"+!,
where h = ¢; (#p-(1)) . For the Veronese surface P2 & IP?,

c(N)=1+9h+ 3012,
S(N)=1—9h+51h2.
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(c) Let i be the Segre imbedding of X =P"x...xP* in P"
m=]]i., (n;+1)— 1. Then
s(N) =TT A+ Y+ +h, +...+ k)",

i=1
where h; = ¢ (pr’#p« (1)), pr; the projection from X to the i™ factor.
Example 3.2.16. Let E be a vector bundle of rank r on X, s a section of E,
Z the zero-scheme of s.

(i) For any o € A4, X, there is a class f§ in 4;-,(Z) whose image in A;._,(X)
is ¢, (E) n o In particular, if Z=0, ¢,(E) = 0. (Use the splitting principle and
Lemma 3.2.)

(i1) If X is purely #-dimensional, and s is a regular section of E, then Z is
purely (n — r)-dimensional, and

¢/ (E) n[X1=[2].

These facts will be reproved and generalized in § 14.1. (cf. Grothendieck (2)
§ 5 in the projective non-singular case).

Example 3.2.17. Let F be a subbundle of a vector bundle E, with quotient
bundle G. There is a regular section of p*G ® #¢(1) on P(E), whose zero-
scheme is P(F) (Appendix B.5.6). By the preceeding example,

[P(F)]=c(p*G® (1)) N[P(E)]= ;061 @e(1)' 0 p*(c,-i(G) N [X])

in Ay P(F), where r is the rank of G. In the non-singular projective case this
formula may be found in Ilori-Ingleton-Lascu (1).

Example 3.2.18. Let Y™ be a smooth subvariety of codimension d of a
smooth variety X, with normal bundle N. Applying the preceding example to

Y=P(Ty) & P(Tx|y) © P(Ty) =X

7| /|

Y < X
one has J

[71=ca(q*N @ 7 (1) A [P(Tx| D] = 2, &' 0 g*(ca-s(N) N [Y])
in Ay, 1 (P(Tx| v)), with { = ¢1(# (1)). Therefore,
d
[Y1= ;Ci A prix(ca-i(N) N [Y])

in Asm_1 (X), a formula of D. B. Scott (1).

Example 3.2.19. Let X be a non-singular variety. Let X =P (Ty) be the
projective bundle of tangent directions, p: X — X the projection, L < p*Ty the
universal line sub-bundle. Let f: X — IP" be a morphism, i.e., a linear system
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without base points, and let df: Ty — f*Tp be the induced differential. On X
there is a composite
L < p*Ty = p*f*Typ:.

The locus where this composite is zero is the set of tangent lines at points
x € X which are tangent to every member of the linear system passing through
x. The vanishing of the composite corresponds to the vanishing of the
corresponding section of p*f*Tp- ® LY, and the set is given a scheme structure
Z as the zero scheme of this section. If codim (Z, X) = r, then (cf. Example 3.2.16
and Lemma A.7.1)

[Z]= ¢, (p*/ *Tp ® L¥)  [X]

= ;0 (L) p*(ei(f*Tp) 0 [X])
— go(rlﬂ) Cr—ip*(hi) A [YJ,

where {=c¢| (L") = ¢, (@r,(1)), and h = ¢; (f*Fp- (1)) is the divisor class of any
member of the linear system.

If a linear system has a base locus B, the above applies on X — B. If
codim (B, X) = r +1, then the restriction from 4, X to A,(X —p~'(B)) is an
isomorphism for k=dim Z, so the above formula holds for the closure of [Z]
in 4,(X) (cf. Vainsencher (1)). When r = 1, this gives the formula

(Z]={+2p*(h)
which is useful for giving a geometric interpretation of ¢ (cf. Example 16.2.4).

Example 3.2.20. Ramification. Let f: X" —> Y" be a morphism of non-
singular varieties. Let R(f) be the subset of points of X where the induced
map of tangent spaces is not an isomorphism. A scheme structure on R (f) is

given locally by the vanishing of the Jacobian determinant, i.e., R (f) 1s the
zero scheme of the map

A"df: A" Ty — A" f*T,,

or the zero scheme of a section of the line bundle A" f*T, ® A" Ty. If
R(f)# X, then

[RDI=(c1 (f*Ty) — i (Tx) N [X].
If n =1, taking degrees of both sides yields the Riemann-Hurwitz formula
2gx—2=deg(f)(2gy—2) + degR(/)

where gy(resp. gy) is the genus of X (resp. Y). (See Examples 9.3.12 and
14.4.8 for generalizations.)

Example 3.2.21. Dual varieties (cf. Deligne-Katz (1) X VII).

(a) Let X" be a non-singular subvariety of IP". Let P be the projective
space of hyperplanes in P, and let

X={(P,H e XxP"|TpX < H)
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where T» X is the tangent n-plane to X at P in P™. The projection 7 : X-X
identifies X with P(NY), where N is the normal bundle to X in P™. The image
of X by the projection f: X — P™ is the dual variety to X, denoted XV. Then

deg £, 81 = (— 17 | X0,

where /1 = ¢, (@x(1)). In particular, XV is a hypersurface if and only if the right
side is non-zero; in this case

vy (=1 C(Tx)
deg(X") = 4o @XT) £ A+ h?

(The inclusion of X in X x P comes from the inclusion
NY < (Tpn)Y |y < Ox (- 1D,

sof*¢ (1) = On- (1) ® n*¢x (— 1). Therefore,

deg f4[X] = )f?cx (f*o ()" N [X]

m—1
= ZO "= 1) )g a1 @x (1)) ma(er @n- (1))~ A [X])

m—1
= 2 T E D A s W)
i=0 X
=(=D"{(1+ ™" s(N).
X

And ¢(Ty) =(1 + h)"*'s(N) by Examples 3.2.11, 3.2.12.)’

(b) (cf. Kleiman (8) p. 364) Let X be a non-singular plane curve of degree
d. Imbed X in P™, m =("}2) — 1, by the r-fold Veronese imbedding of IP? in P™.
The dual variety to X in IP™ is the variety of plane curves of degree » which are
tangent to X. Using (a), the degree of this variety is seen to be d{(d + 2r — 3).

Example 3.2.22. Regard IP? as the Grassmannian of 2-planes in IP°, with
universal rank 3 subbundle S and quotient line bundle Q. The variety Y of
conics in IP* may be identified with the projective bundle of Sym*SY, or with
P(E), E = Sym?(S¥ ® Q). With this description, the variety of conics meeting a
given line is given by the vanishing of a section of ¢(1). (Since this concerns
divisors, it suffices to verify it on the complement of the set of planes containing
the line.) Thus the locus of conics meeting n given lines is represented by ¢, (O (1))
Computing the Segre class of E,

S(E)Y=1+8h+34h*+92h°
where h = ¢, (Q), one sees in particular that

[ eu(@s))° = | 55(B) =92,
Y 3
the number of conics meeting 8 general lines. Similarly there are

fe (@p) h={ s,(Eyh=34

]‘PS
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conics meeting 7 general lines, whose planes pass through a given genfzral
point, and | s, (E) 4= 8 conics meeting 6 general lines, whose planes contain a
given general line (cf. Schubert (1) § 20).

3.3 Rational Equivalence on Bundles

Let E be a vector bundle of rank r=¢+ 1 on a scheme X, with pfojection
n: E — X. Let P(F) be the associated projective bundle, p the projection from
P(E)to X, and Z (1) or #g(1) the canonical line bundle on P (E).

Theorem 3.3. (a) The flat pull-back
* Ak_.,X i AkE

is an isomorphism for all k.
(b) Each element (8 in A, P (E) is uniquely expressible in the form

B= ;)Cl @ () N p*a;,

Jor o€ A, _ . (X). Thus there are canonical isomorphisms
@ Ap-esi(X) = AL P(E) .
i=0

Proof. The surjectivity of n* was proved in § 1.9. Let 6, be the canonical
homomorphism from @®¢_, 4, X to A, P(E) defined in (b):

e
0s(® ) = Y 1 (2 (1)) N p*a,.
To see that 6 is surjective, the same Noetherian induction argument used in
the proof of Proposition 1.9 reduces it to the case when E is trivial, By
induction on the rank, it suffices to prove that 6y is surjective when 0 is
known to be surjective, where F= E @ 1 is the direct sum of £ and a trivial
line bundle.
Let P=P(E), Q=P(F)=P(E® 1), g:Q — X the projection. We have a
commutative diagram ] )
PS50LE
NI

X

identifying Q as the projective completion of E, P as the “hyperplane at
infinity” (see Appendix B.5). By Proposition 1.8, the row in the following
commutative diagram is exact:

AP35 4,05 4,E—0

1

Ap, X
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Lemma 3.3. Forallx € A X,
a@r (1) N gra=ip*a.

Proof. It suffices to prove this for a = [V], V a subvariety of X. Since £-(1)
has a section vanishing precisely on P (Appendix B.5), the fact that
c1@r(1)) 0 [q™' V] =[p~' V] follows from the definition of Chern classes. O

Now if f € 4,0, write j* f = n*a for some a in A, X. Then § — g*a is in the

kernel of j*. Since Ker(j*) = Im(ix), and inductively we are assuming 0z is
surjective,

B—qro=iyx (Zb ¢ @e(1))' n p*fx,-)

for some o; € A, X. Since i*#r(1) =#x(1), the projection formula rewrites the
right side as

e

2 1 @r(1)) M igp*a.

i=

Now apply the lemma, obtaining

B=g*a+ 3 ci@r (D))" 0 g*u,
i=0

which shows that 0 is surjective.
To show that the expression in (b) is unique, suppose there is a nontrivial
relation R
B=72, ci(@()) np*a,=0.
i=0
Let [ be the largest integer with o; & 0. Then

Pile, (O N =0

by Proposition 3.1 (a), a contradiction.
Finally, to see that #* is injective, let F=E ® 1, Q = P(F), with other
notation as before. If n*a = 0, o + 0, then j*g*o = 0, so

e e

q*o= z*(Z a@e(D)) o pra| =Y, ci@r (1)) g*o

i= i=

using Lemma 3.3 again. But this contradicts the uniqueness assertion of (b) for
thebundle E® 1. O

Definition 3.3. Let s = s, denote the zero section of a vector bundie E; s is a
morphism from X to E with w0 s=idy. The result of Theorem 3.3 (a) allows
us to define Gysin homomorphisms

S* :AkE hd Ak—rXa
r=rank E, by the formula
s*(B) = ()" (B) -

This Gysin homomorphism is an important intersection operation: given any
subvariety of E, or k-cycle f on E, no matter how it meets the zero section,
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there is a well-defined cycle class s*(f) in 4;_,X. By the surjectivity of 7*, s*
is determined by the fact that s*[z~1 (V)] =[V] for all V< X, and the fact that
s* preserves rational equivalence.

This ability to intersect with zero sections of vector bundles will be the
basis for the construction of general Gysin homomorphisms and intersection
products in later chapters.

Note that Theorem 3.3 was proved without using the higher Chern classes
constructed in § 3.2. Only Chern classes of line bundles, and Proposition 3.1 (a)
were used.

The following proposition gives a somewhat more constructive formula for
s*, using higher Chern classes.

Proposition 3.3. Let e AcE, and let § be any element of A, (P(E @ 1))
which restricts to B in Ay E. Then

s*(B) = qx(c; (&) N B)

where q is the projection from P(E @ 1) to X, and & is the universal rank r
quotient bundle of g*(E ® 1).

If f=) n,[V], one may take § to be Y m[V], V; the closure of V; in
P(E ®1). Note that the composite g*1 = g*(E ® 1) — & gives a section of ¢
which vanishes precisely on the zero section s (X).

Proof. Let F =E @ 1, Q= P(F), i the inclusion of P=P(E) in Q, j the
inclusion of E in Q. We must show that

m*qx (¢, (&) N B =j*B
for all fe A, Q. By Theorem 3.3(b) and Lemma 3.3, we may write
B=q* () +ix (9)

for some classes y € 4, X, 6 € A4 P. Since j*¢* = n* and j*iy = 0, the required
formula follows from the two formulas

1) gx (&) ng*y) =y
(1) ¢ (&) Nixd=0.

To prove (i), since & is a quotient of g*E @ 1 by #x(—1), the Whitney sum
formula gives

() = 2601 @r(1)) c,-i(q*E) .
By Proposition 3.1(a), (d), -
qx (¢ (O) N g*) = gu (a1 (@r (1)) N g*y) = 7.

For (ii), since i*¢ has a nowhere vanishing section, i.e., a trivial subbundle,
¢ (i*&) = 0 by the Whitney formula. Therefore,

() Nixd=ix(c,(*) nd=0. O

Example 3.3.1. When L is a line bundle on X, the zero section s imbeds X
as a Cartier divisor on L. In this case the Gysin homomorphism of Definition
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3.3 agrees with the Gysin homomorphism s* defined in § 2.6. (It suffices to
observe that the homomorphism of § 2.6 takes [z~ (V)] to [V].)

Example 3.3.2. If s is the zero section of a bundle E of rank » on X, then
s*se () = ¢, (E) N

for all aedyX. (If f=s4.(2), take B=35,(ax) in Proposition 3.3, where
§: X — Qs the section induced by s, i.e., 5= o 5.) This is a special case of the
excess intersection formula (§ 6.3).

Example 3.3.3. If E has rank e +1, and # is the universal rank e quotient
bundle of p* E on P (E), then for all o € 4, X,

A N [ if i=e
Px (ci() N p*a) 0 if ite.

(Argue as in the proof of (i) in the proof of Proposition 3.3, or as in the proof
of Proposition 3.1 (a).)

Example 3.3.4. Let X be a non-singular subvariety of a non-singular n-di-
mensional variety Y, and let N be the normal bundle. Let ¥ be the blow-up of
Y along X, X = P(N) the exceptional divisor, 7 : X — X the projection. Let X*
denote the self-intersection of the divisor X with itself k times:

k
———

Xk=X-...-X-[V],
which by the construction of § 2.4 is a well-defined class in 4,_(X). Since
#7(X) restricts to @y (— 1) on X, we also have

Xe= (= DF e on (1)) [X].
It follows that

kgl (=D e (X9 = 5(N) 0 [X]

in A, X, where s (N) is the total Segre class of N.

The left side of this formula was used by B. Segre (4) to construct in-
variants (or “covariants”) of the imbedding of X in Y. For example, if
Y=XxX, and X is diagonally imbedded in Y, this class is the total inverse
Chern class of Ty. Segre inverted these, much as in § 3.2, to give a new and
intrinsic construction of the canonical classes of X, which had been constructed
earlier by Severi, Segre, Eger and Todd, and are now known as Chern classes
of X (up to sign). _

From the results in Chapter 2, the classes (— 1)¥~! 5, (X*) make sense for an
arbitrary closed subscheme X of an arbitrary variety Y, X+ Y. If X is regularly
imbedded in Y, they are Segre classes of the normal bundle. In general they
live only in A, X, not as operators; they will play an important role in our con-
struction and calculation of intersection products.

Note also that if Segre’s construction is applied to the case Y=F or
Y=P(E ®@1), with X imbedded by the zero-section, the Segre classes of an
arbitrary bundle E result.
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Example 3.3.5. Let E be a vector bundle of rank n on a scheme X, and let F
be the flag manifold of complete flags in E, with projection p:F— X, and
universal flag of bundles 0 « E,c E; ... < E,=p*E on F;, F may be con-
structed by the splitting construction of § 3.2. Let x;= ¢, (Ei/E;-;). Then every
element of A, F can be written as a polynomial in x,, ..., x,, with coefficients
in A, (X); this expression is unique modulo the relations

oi—p¥ci(E)=0, 1=i=n,

where o; is the i elementary symmetric function of x,,..., x,. (Factor p into
F— P(EY)— X and induct; for details and a generalization to arbitrary flags,
see Grothendieck (1) § 3. Example 3.2.17 also generalizes to flag bundles (cf.
Tlori-Ingleton-Lascu (1).)

Example 3.3.6. The assertion of Example 2.6.6, that the Gysin map
¥ A (XxP') = 4, (X)

is independent of ¢ € P!, is also a consequence of Theorem 3.3 (b), and the fact
that i*# (1) is trivial.

Notes and References

Although the appearance of numerical invariants and canonical classes of
varieties in algebraic geometry often anticipated their discovery in topology,
the reverse is true for characteristic classes of vector bundles. Stiefel-Whitney
classes in topology were constructed in the 1930’s. Until the new foundations of
Weil and Serre, which included flexible notions of abstract algebraic varieties,
general vector bundles were not a natural object of study in algebraic ge-
ometry.

With those new foundations, Grothendieck (2) constructed Chern classes,
in the rational equivalence ring, for an algebraic vector bundle on a non-
singular quasi-projective variety. His method was to compute the intersection
ring of the associated projective bundle as an extension of the intersection ring
of the base, and to define the Chern classes by the formula of Remark 3.2.4.
For this, intersection theory on such varieties had to be developed first. In
Fulton (2), Chern classes were defined for vector bundles on singular quasi-
projective varieties by using Grothendieck’s theorem and the fact that such
bundles are restrictions of bundles on suitable non-singular varieties.

The present treatment is considerably simpler, and requires no quasi-pro-
jective hypotheses. No intersection theory beyond the facts proved in Chapter 2
for divisors is needed. In fact, Grothendieck’s procedure will be quite reversed,
in that the results proved here about vector bundles will be used in later
chapters to construct general intersection products.

The formula giving inverse Chern classes of E in terms of pushing forward
powers of the first Chern class of the canonical line bundle on P (E) appears in
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Washnitzer (1); it has been rediscovered by almost everyone who has written
about Chern classes. Although Segre (4) didn’t work with bundles, he did
construct higher codimension classes by a similar construction (cf. Example
3.3.4) which explains the naming of Segre classes of bundles. We shall see that
Segre’s fundamental construction has far wider application.

Theorems 3.2 and 3.3 appear in Grothendieck (1), (2) in the non-singular
quasi-projective case. Grothendieck (1) showed that Theorem 3.3(a) is true
when E is an affine bundle, with transition functions in the group of affine
automorphisms. I. Vainsencher has also proved Theorem 3.3 in the singular
quasi-projective case. Example 3.2.22 was suggested by J. Harris.

For the study of Chern classes in topology the reader is referred to Milnor-
Stasheff (1) or Bott-Tu (1). The compatibility of the algebraic and topological
constructions will be verified in Chapter 19.
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Summary

If X is a proper subvariety of a variety Y, the Segre class s(X,Y) of X in Y is
the class in A4 X defined as follows: let C = Cy Y be the normal cone to X in Y,
P (C) the projectivized normal cone, p the projection from P (C) to X. Then

s(X,Y) = Z()p* (@) n[PO).

When X is regularly imbedded in Y, C= N is a vector bundle, and
s(X,Y)=c(N)'n[X].

These Segre classes have a fundamental birational invariance: if /: Y’ = Y
is a birational proper morphism, and X’=f"!'(X), then s(X’,Y’) pushes
forward to s (X, Y).

The coefficient of [X]in 5 (X, ¥) is the multiplicity of ¥ along X.

Segre classes will be used in one of our later constructions of intersection
products, and in several intersection formulas.

This chapter contains the construction of Segre classes for general cones,
and for general closed subschemes of a scheme. The birational invariance is a
special case of a general proposition describing the behavior of Segre classes
under proper push-forward and flat pull-back.

Segre classes arise naturally in many areas of algebraic geometry. Some of
these occurrences are discussed in the examples and in the last two sections,
which are not required for later chapters.

4.1 Segre Class of a Cone

Let C be a cone over a scheme X, i.e., C = Spec(S"), where S° is a sheaf of
graded #x-algebras; we assume @y — S° is surjective, S' is coherent, and S is
generated by S'. Let

P(C®1)=Proj(S’[z])
be the projective completion of C, with projection ¢: P (C & 1)— X, and let

#(1) be the canonical line bundle on P(C @ 1). For more about cones, see
Appendix B.5.1-5.4.
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The Segre class of C, denoted s(C), is the class in 4, X defined by the
formula

$(C)=gx( X @) N [P(C D).

i=0
Proposition 4.1. (a) If E is a vecior bundle on X, then
s(E)=c(E)"' n[X],

where ¢(E) =1+ ¢, (E)+ ... + ¢,(E) is the total Chern class of E, r = rank (E).
(b) Let Cy, ..., C, be the irreducible components of C, m; the geometric multi-
plicity of C;in C. Then

s(C)=;m,-s(C,»).

Proof. (a) Since [P (E ® 1)] = g*[X], the above definition of s(E) agrees
with the definition of ¢c(E@® 1) [X] in § 3.2. And c(E ® 1) = c(E) by the
Whitney sum formula.

(b) Since each C; is open and dense in P(C;® 1) (cf. Appendix B.5.3),

[P(COD)] =;mi[P(Ci® D,

from which the assertion follows. Note that each s(C}) is a cycle class on the

support of C;, and the equality in (b) is understood in the sense of Convention
1.4 O

Example 4.1.1. For any cone C, s (C ® 1) = s (C).

Example 4.1.2. Assume C is a purely n-dimensional cone, and P (C)) is not
empty for each irreducible component C; of C. Then

s(C)= gop* (i@ n PO,

where p: P(C) — X is the projection. (Use Lemma 1.7.2 with Proposition
4.1(b); by Appendix B.5.2, ¢; (Z (1)) n [P(C @ 1)]=[P(O)])

Example 4.1.3. Although one looks for components of a normal cone Cy Y
over “special” subvarieties of X (cf. Example 4.2.2), such components need not
be present. For example, if Y=A2" and X is the union of two n-planes
meeting transversally at the origin, then CyY has two (reduced) irreducible
components, and the fibre of P(CyY) over the origin is isomorphic to
]P"_‘X]P"_l.

Example 4.1.4. Let Y=A"" the space of linear maps from A™ to A", with
coordinates (x;), 1=i=n, 1=j=m, with m = n. Let X< Y be the subspace
of maps of rank <n (cf. Lemma A.7.2), and let C=CyY. For each
D=0(,...,0), 1=i<...<i,=m, let ¢y be a variable, and let §; be the
corresponding minor of (x;). Sending 7; to J; imbeds P(C) in Xx PV,
N = (7) —1. The graded ring of C is reduced. By the Plucker relations, P (C) is
contained in X x G, where G is the Grassmannian of n-planes in A™. In fact,

P(C)={(p,L) | Image (p) = L}.
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Example 4.1.5. If C and D are cones on X defined by sheaves of a.lgebras S
and T", the cone CxyD is defined by S'®,, T". If C is a cone and E is a vector
bundle, we write C @ E in place of C xy E. In this case

S(C®RE)y=c(E)'ns(0).
(Reduce to the case where C is irreducible and P(C) =+ @. Let p be the projec-
tion from P(C@® E) to X. There is a regular section of p*E®#(1) on

P(C® E), whose zero-scheme may be identified with P(C). By Example
3.2.16, if r = rank (F),

[P(O]=c.(p*E®@ (1)) n[P(C O E)]
=2 ¢i(p*E) c1(¢(1))'n [P(C @ E)].

Therefore

$(C) =2 pa (i (P*E) e (1) " [P(C @ E)))
—c(E)ns(C®E).)

Example 4.1.6. Exact sequences of cones. Consider cones C = Spec(S"),
C’'=Spec(S”) on a scheme X, with S®=SY=2#y. A morphism ¢:C — C' is
given by a homomorphism ¢: S” — S° of sheaves of graded #y-algebras. Let F
be a vector bundle on X, E = Spec(Symé&), # locally free. Given morphisms
p:C— C,y: E— C,wecall the sequence

(%) 0-EScSc-o0

exact if ¢: 87— S is injective, : S"— Sym & is surjective, and if, locally on
X, there is a locally free subsheaf # of S' that maps onto # by i, such that the
induced map

S"®0x Sym(gﬁ) - §°

is an isomorphism.

(a) Basic properties of this concept are: (i) The last condition in the defini-
tion is independent of the choice of #. (ii) Exactness pulls back under flat base
extensions X" — X. (iii) If ¢ and w are given, and (*) becomes exact under a
faithfully flat base extension, then (*) is exact. In particular, it suffices to
verify exactness after base extension to Spec (4 x) for all x € X.

(b) If € is a cone over X x A' which is flat over A' and C, is the restriction
of € to X x {t},t=0, 1, then

5(Co) = 5(C)) €44 (X) .
(c) For an exact sequence (*) of cones,
S(C)=c(E)ns(C) ed,(X).

(The proof of (a) is straightforward. (b) follows from the fact that i* s(¢) =
s(C,) for t=0,1, i, the inclusion of X in XxA' at t; for a more general
statement see Example 10.1.10. For (c), it suffices by (b) and Example 4.1.5 to
show that there is a cone # on XxA!, flat over A!, with C,=C and
Co=C®E. Let p: XxA'—> X be the projection. Define ¢ to be the closed
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subscheme of p*(C xy (') locally defined by the homogeneous ideal in
p* (8" ®,,S") generated by

GG RI-TUI®s)|seS"}.
Using the local splitting of (*) one verifies that # is flat over A'))

Example 4.1.7 (cf. Fulton-Johnson (1)). A coherent sheaf.# on a scheme X
determines a cone

C(¥) = Spec (Sym (¥)) .

One may define the Segre class of %, 5(¥), to be the Segre class of its cone
C). If
0->95">5% >0

is an exact sequence of sheaves, with & locally free, then
S(F)=c(E)ns(¥)

where E = Spec(Sym (£)) is the vector bundle whose sheaf of sections is .
(The corresponding sequence of cones is exact in the sense of Example 4.1.6.)

Example 4.1.8. Let C be a purely k-dimensional closed subcone of a vector
bundle E of rank r on X. Let sz be the zero section of E, s the corresponding
Gysin homomorphism (§ 3.3). Then

r

SE(ICD = (¢ (E) N $(O)k—r= 2. ¢i(E) N $k—r4:(C)

i=

in 4;_,(X). (Use Proposition 3.3, with =[P (C ® 1)].) See Proposition 6.1 for
generalizations.

When X is non-singular and E =TY is the cotangent bundle, such cones,
with k = r, appear as characteristic varieties of holonomic Z-modules, and the
intersection with the zero section s%([C]) is an important invariant (cf.
Brylinski-Kashiwara (1)).

4.2 Segre Class of a Subscheme

Let X be a closed subscheme of a scheme Y. Let C = Cx Y be the normal cone
toXinY:

o«
C = Spec (Zf"//"“)

n=0

where .7 is the ideal sheaf defining X in Y. The Segre class of X in ¥, denoted
s(X, Y), is defined to be the Segre class of the normal cone C:

S(X,Y)=s5(CyY) €44 X .
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In case X is regularly imbedded in Y, so the normal cone is a vector bundle,
it follows from Proposition 4.1 that s(X,Y) is the cap product of the total
inverse Chern class of the normal bundle with [X].

Lemma4.2. Let Y be a pure-dimensional scheme, Yy, ..., Y, the irreducible
components of 'Y, m; the geometric multiplicity of Y; in Y. If X is a closed sub-
scheme of Y, and X; = X ﬂ Y;, then

s(X,Y) =2 ms(X,, Y)
in Ay (X).

Proof. Let MyY denote the blow-up of YxA! along Xx{0!. Since X is
nowhere dense in YxA', the varieties My, Y; are the irreducible components of
My Y, with multiplicities m;:

[MyY]=2 miMyY].

The exceptional divisor in My Y restricts to the exceptional divisor in My,Y,,
50, by Lemma 1.7.2,

[P(CxY® )] =3 m[P(Cx,Yi®1)].

Capping by D, ¢;(#(1)Y and pushing forward to X gives the asserted equal-
ity. O

Proposition4.2. Let f:Y'— Y be a morphism of pure-dimensional schemes,
X <Y a closed subscheme, X'= f~'(X) the inverse image scheme, g : X' — X the
induced morphism.

(a) If f is proper, Y irreducible, and f maps each irreducible component of Y’
onto Y, then

gu (5(X, Y)) = deg (Y/Y) s (X, Y).

(b) If f is flat, then
g*((X,Y)) =s(X",Y).

Proof. In (a), deg (Y'/Y) is defined to be 3°7_, m; deg(Y,’/Y), where Y,...,Y
are the irreducible components of Y’, m, the geometric multiplicity of Y. By
Lemma 4.2, we may assume Y’ is also irreducible.

Let M be the blow-up of YxA' along the subscheme X x{0}. The
exceptional divisor is P(C®1). Similarly let M’ be the blow-up of Y’ x A!
along X’x{0}. There is an induced morphism F from M’ to M, with
F*P(C®1)=P(C’'®1) as Cartier divisors. Let G be the induced morphism
from P(C'®1) to P(C®1), and let g (resp. ¢’) be the projection from
P(C®1) (resp. P(C'®1)) to X (resp. X’). If #(1) is the canonical line bundle
on P(C®1), G*#(1) is the canonical line bundle on P (C'®1).

In the situation of (a), Fx[M'] = d[M], d = deg(Y’/Y), so

G4[P(C'®1)]=d[P(CO)]



4.2 Segre Class of a Subscheme 75

by Proposition 2.3 (c). Therefore
G5 (X', Y') = gsqx (2 e (G*e () N [P(C'® 1)])
= q*G*(Z a(G*a (1)) n[P(C'® 1)])

= q*(z @) nd[P(C® 1)])
=ds(X,Y),
making use of the projection formula (Proposition 2.5 (c)).

Similarly for (b),
grs(X,Y)= g*q*(z a@) n[P(CS® 1)])

= q;G*(Z @) n[P(CO 1)])
= q;(z ci(G*4(1))' N G*[P(C® 1)])
=s(X,,Y). O

Corollary 4.2.1. With the assumptions of Proposition 4.2(a), if X’ is regularly
imbedded in Y’, with normal bundle N’, then

gx(c(N) 1A X)) =deg(Y/Y)s(X, Y).
If X < Y is also regularly imbedded, with normal bundle N, then
gx(c(N)' N [X']) = deg (Y'/Y) (c(N) ' n [X]).
Proof. Apply Proposition 4.1 (a). O
Corollary 4.2.2. Let X be a proper closed subscheme of a variety Y. Let Y be

the blow-up of Y along X, X = P(C) the exceptional divisor, n X > X the
projection. Then

SEY)= B D (8
= % me @) n PO,

Proof. The self-intersection class X* is meant in the sense of Defini-
tion 2.4.2. The first formula follows from the fact that the normal bundle to X
in ¥ is the restriction of #3(X) to X, and the fact that multiplication by the
first Chern class of the normal bundle is the same as intersecting with the
divisor X (Proposition 2.6(c)). The second follows from the fact that, when X
is identified with P(C), the normal bundle is dual to #(1); or one may apply
Example 4.1.2. 0O
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Remarks. When f is birational, i.e. deg (Y’/Y) =1, Proposition 4.2 (a)
asserts the birational invariance of Segre classes: the Segre class of X’ in Y’
pushes forward to the Segre class of X in Y. In case X = Y and X" < Y’ are
regular imbeddings — for example, if all four schemes are non-singular —
Corollary 4.2.1 gives a remarkable relation among the Chern classes of the
normal bundles.

Consider the situation of Corollary 4.2.1 when X is a non-singular point on
Y. A formula for the degree of fresults:

deg(Y'/Y) = [ c(N) ' n[X].
3
This can be used in a situation where the general fibre of d is difficult to
describe, but a particular degenerate fibre is known very well. A procedure
like this was carried out by R. Donagi and R. Smith (1) to calculate the degree
of a Prym map.

The first formula of Corollary 4.2.1 is useful also when X = P is a singular
point on Y. We will see in the next section that s (P, Y) is the multiplicity e ¥
of Y at P. For example, if fis birational, one has

e,(V)= [ c(N) ' n[X7].
This is essentially the procedure used by G. Kempf (2) to calculate the
multiplicity of varieties of special divisors (cf. Example 4.3.2).

For X = 7Y,Y non-singular, the Segre class s(X,Y), after correction by

¢(Ty), is independent of the imbedding (Example 4.2.6).

Example 4.2.1. Corollary 4.2.2 is valid for any purely n-dimensional scheme
Y and any closed subscheme X of dimension less than n. This may also be
deduced from the fact that P(C) is a Cartier divisor on P(C @ 1),

a@) nP(CO®D]I=[PO)],
7x[P(COD]=0.

Example 4.2.2. Let 4, B and D be effective Cartier divisors on a surface Y.
Let =4+ D, B=B+ D, and let X be the scheme-theoretic intersection of
A4’ and B’ on Y. Assume that 4 and B meet only at one point P, which is non-
singular on Y, and that 4 and B meet transversally at P. Then

s(X, Y)=[D]+((P]-D-[D]).

(To see this, let f: Y - Y be the blow-up of Y at P, E the exceptional divisor.
Then X =/~'(X) = f*D + E . Therefore

s (X, Y)=g*[)?l—g*()?'[)?])=[D]—g*(f*D'[f*D]+2f*D'[E]+E'[E])
=[D]-D-[D]+[P].)

and

One may also calculate the normal cone to X in Y; it contains a component
which lies over P.

Similarly if 4 and B have the same multiplicity m at P, and no common
tangents at P, then

$(X, Y) =[D]+(m*[P]1- D - [D]).
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For arbitrary intersections of 4 and B, the answer depends also on how 4 and
B meet D (cf. Example 6.1.4).

Example 4.2.3. Under the hypotheses of Proposition 4.2(a), if X is regular-
ly imbedded in Y with normal bundle N, then

gx(c(g* N) ns(X', Y")) = deg(Y'/Y) - [X].

Example 4.2.4. Lemma 4.2 may fail if Y is not pure-dimensional (cf.
Example 1.7.1).

Example 4.2.5. Let X, be a closed subscheme of a scheme Y;fori=1,...,r.
Then
s xX, YVix...xY)=s(X,Y) x...xs(X,,Y,) .
(Reduce to the case where X; is a Cartier divisor in Y;, and use Example 3.2.8.)
Example 4.2.6. Canonical classes of singular varieties.

(a) Let X be a scheme which can be imbedded as a closed subscheme of a
non-singular variety M. Then the class

cx(X) = ¢ (Tuly) A s (X, M)

in A4(X) is independent of the choice of imbedding. If X is a local complete
intersection, then

ex(X) = ¢(Tulx) c(NxM)™ A [X] = c(Ty)  [X].

Here Ty = T,/|x — Ny M is the virtual tangent bundle to X, a well-defined
element of the Grothendieck group of vector bundles on X (cf. §15.1 and
Appendix B.7.6). (Two imbeddings are dominated by the diagonal, so it
suffices to compare i : X — M with j: X — P, M, P non-singular, when there is
a smooth g:P — M with ¢j=i By Example 4.1.6, it suffices to show that
there is an exact sequence of cones

*) 0-j*T, > C;—>C;—>0
with C;, C; the normal cones to X c M, X = P, and T, the relative tangent
bundle to ¢. Let Y = X x,, P, and consider the diagram

Yy -5 p
7
X—M
with 7, ¢’ induced by i, o, and k=(1,/). Then k is a regular imbedding with

Cy=k*Ty=j*T,. Since g is flat, C; = ¢* C;, so k*C; = C;. The factoring of j
into i’ ° k determines morphisms

JTe=Cc~ G, G k*Cr=Ci.

To see that the resulting sequence (*) is exact, use Example 4.1.6(a) to reduce
to the case where M = Spec(4), 4 a complete local ring and P = Spec(B), B a
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formal power series ring over 4; in this case the local splitting can be verified
directly.)

(b) If X is a plane curve of degree d, then

deg(co(X)) = [ c (X)=3d—d>=2y(X, Oy).
X

We know no simple general formula for deg co(X) for a general curve. The
examples X = V(x?, xy,y?) or X = V(x? xy, z°) in IP? show that deg(cy(X)) is
not always 2 y (X, fx). .

(c) (cf. Fulton-Johnson (1)) If X = M as in (a), and 4y M =.#/9? is the
conormal sheaf to X in M, the class

c(Tulx) N sy M)

in A4 X is also independent of the imbedding, where s(#y M) is the Segre class
of the sheaf 4% M. (This follows similarly from Example 4.1.7.) This agrees
with the canonical class in (a) for local complete intersections, but not in
general.

Example 4.2.7. Let X be a closed subscheme of Y, E a vector bundle on
Y, with Y imbedded in E by the zero section. Then

s(X,Y)=c(Ely) ns(X, E).
(Reduce to the case where Y'is a variety and X is a Cartier divisor on Y.)

Example4.2.8. (a) If XS Y Z, and j is a regular imbedding with
normal bundle N, s(X,Y) is not always equal to c(i*N)n s(X, Z). For
example, let Z =P, Y a curve, and X a singular point on Y.

(b) If X <% Y Z, and i imbeds X as a Cartier divisor on Y, with normal
bundle N, i*s(Y, Z) is not always equal to c(N) n s(X, Z). For example, let
Z be the cone x*+y?=2z% in A% Y the line x=z—y=0, and X the point
0, 0, 0).

Example 4.2.9. (a) Local Euler obstruction. Let X be an n-dimensional

variety. Let v: X > X be a proper birational morphism such that there is a
surjection of sheaves

QL » QO

with Q locally free of rank n on X. For example, X could be the Nash blow-up

of X. Let T=Q". For any point P in X, define the local Euler obstruction
Eup X by the formula

Eu,X= [ o(Tl-ip) s (P), X).
v (P)

This integer is independent of the choice of X. (Since two such X are
dominated by a third, this follows from the birational invariance of Segre
classes.) This definition was made by Gonzalez-Sprinberg (1) and Verdier, who
proved that it agrees with the original transcendental definition of MacPherson

().
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(b) Mather Chern class. With v: ¥ — X as in (a), the Mather Chern class
em(X) = vale(T) N [X])

in A, X is independent of the choice of X. (Use the projection formula.)

4.3 Multiplicity Along a Subvariety

For an irreducible subvariety X of a variety Y, the coefficient of [X] in the
class s(X, Y) is called the multiplicity of Y along X, or the algebraic multiplicity
of Xon Y, and is denoted ey Y. If codim (X, Y) = n > 0, then

ex Y[X]=gqx(c (@(1))" n[P(CO D))

=Pl @(1))" A [P(O)

== D""pa(X") .
Here C= Cy Y, p and g are the projections from P(C) and P(C®1) to X, Y is
the blow-up of Y along X, with exceptional divisor X = P(C). This defi-
nition is equivalent to the definition of the multiplicity of the local ring #y y
given by Samuel (1) (cf. Example 4.3.1).

If X = P is a point, C = C, Y is the tangent cone to P in Y, and

epY={ c;(@(1))" N [P(C)] = deg[P(C)].
P(C)

In this case e, Y is called the multiplicity of Y at P.

Example 4.3.1. Let 4 be the local ring of Y along X, .# the maximal ideal
of A, A/.# = k. Then

!

dim, (Z Mi_]//i) = 1 (Al4")

i=1

is a polynomial of degree n = codim (X, Y) in ¢ for ¢ > 0, whose leading term is
et"/nl, where e = ey Y (cf. Example 2.5.2).

Example 4.3.2. In this example C is a projective non-singular curve of
genus g; C¥ is the ™ symmetric product of C, parametrizing effective divisors
of degree d on C; Py is a fixed point of C; J is the Jacobian of C; u, is the
morphism from C“ to J which takes a divisor D to the divisor class of D — d P;.
The following facts are assumed: (i) the (scheme-theoretic) fibres of u, are
the linear systems |D|~P"; (ii) if d>2g — 2, u; makes C a projective
bundle over J; (iii) if 1 = d = g, u; maps C@ birationally onto its image W.

(a) Ifdeg D = d, dim | D| = r, then

s(ID], CY = +he= " [ D]

where /4 is the first Chern class of the canonical line bundle on {D|=IP". (This
follows from (ii) if d is large. For smaller d consider C“¥ < C“*9 by
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E — E + s P,; the normal bundle to this imbedding restricts to a bundle on | D|
whose Chern class is (1 + 4)*.)

(b) From (a) and Proposition 4.2(a) follows the Riemann-Kempf formula
(cf. Kempf (2): the multiplicity of W, at u,(D) is

( g—-d+ r) ,
where r = dim | D|. !

R. Smith has shown how a similar procedure can be used to prove an
assertion of Mumford (cf. Beauville (3)) that a theta divisor in the inter-
mediate Jacobian of a non-singular cubic three-fold in IP* has a singular point
of multiplicity 3. If F is the Fano variety of lines in the cubic three-fold, there
is a morphism of degree 6 from F x F onto the theta divisor, so that the inverse

image of the singular point is the diagonal in F x F; calculating (Clemens-
Griffiths (1), p. 326) that

[ :(Tp) = [ e (T)? — c(Ty) =45 — 27 =18,

F
it follows that the multiplicity is 18/6 = 3.

Example 4.3.3. (a) (Schwarzenberger (1)) With the notation of the previous
example, for d > 2g — 2 there is a vector bundle E; on J with P(E,) = C9,
and whose canonical line bundle #g, (1) is the line bundle of the divisor C¢“-D,
This gives a geometric realization of the Segre classes of E;:

$i(Eq) O [J] = ua«[CO™ = [W,_].

Let 6 be the involution of J which takes the class of a divisor D to the class of

K—(2g—2)Py— D, with K a canonical divisor on C. There is an exact
sequence

0—>FE,—» M- 6*E) >0
for n large, with M a successive extension of trivial line bundles. Therefore

$i(En) = ci(*EY) = (= 1)'¢;(3*E,) ,
SO
¢i(En) 0 [JT= (= 1)0x(si(En) N D) = (= 1) [6(W,-)].

If w; represents [W,_], and u; represents [6(W,_)], this explains Mattuck’s

formula
W)~ Diuy=1.

(b) (cf. Mattuck (3)) The Chern class of the d™ symmetric product C@ of a
non-singular projective curve C of genus g is given by the formula:

ci(Tew) =1+ x )9 Ut w(t/(1 + x 1)) .

Here x is the class of C“Y, imbedded in C® by D — D+ Py, and w(r)
=> wt (If d>2g—2, CP=P(E,), with ¢,(E)=w(r)"!, and Example
3.2.11 applies. If the formula is known for C, imbed C“~V in C@ as above,

with 1+ x¢ the Chern polynomial of the normal bundle, to deduce it for
CcEé=n)
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Example 4.3.4. For any closed subscheme X of a pure-dimensional scheme
Y, and any irreducible component V of X, the multiplicity of Y along X at V,
denoted (ex Y)y, may be defined as the coefficient of [V] in the class s(X, Y).
If V=X, we write simply ey Y. This multiplicity is the same as Samuel’s
multiplicity e(g) of the primary ideal ¢ determined by X in the local ring
A=7yy,ie.,if n=dim(4) = codim (¥, Y), then

1(4/q¢") = e(q) - t"/n! + lower terms

for 1> 0. In general, if Y,,..., Y, are the irreducible components of Y which
contain ¥, with geometric multiplicities m,, ..., m,, then, by Lemma 4.2,

(exY)y =2, mi(exny,Y))y.
=1

Example 4.3.5. Continue the notations of the preceding example.
(a) If the residue field R(V) of A is infinite, Samuel (1) has shown that

there are ay, ..., a, € ¢, generating an ideal ¢’ =(a, ..., a,) with dim A/¢)=0
and ,
e(q’)=e(q).

If the ground field K is infinite, such a; may be found among K-linear
combinations of a given set of generators for g. (See Zariski-Samuel (1),
Vol. 1, p. 294 for a proof.)

(b)Ifay,..., a, € A generate an ideal ¢’ with dim (4/¢’) = 0, then

e(@)=ealar, ..., an)

where the right side is the alternating sum of the lengths of the Koszul
complex defined by a,, ..., a, (Appendix A.5). For the proof in this geometric
context, see Example 7.1.2. For an algebraic proof, see Serre (4), p. IV-12.

(c) If A is a Cohen-Macaulay local ring, then

e(q) = l(4/q) .

If K is infinite, equality holds if and only if ¢ can be generated by a regular
sequence of elements. (For ¢’ = (ay, ..., a,) < g as in (a), ay, ..., a, is a regular
sequence by Lemma A.7.1, so

eqar, ..., an) = 1(A/q') = 1(4/q)

with equality when ¢’ = ¢. If K is not infinite, make a base extension 4 @K’
with K infinite, e.g. K’ = K(7).)

(d) In this geometric context, e(q) =(ex Y)y=1 if and only if 4 is regular
and ¢ is the maximal ideal of 4. Assuming (a), this will follow from
Proposition 7.2; for algebraic proofs see Samuel (1) or Nagata (2). This
criterion is not valid for arbitrary Noetherian local rings A4, even if 4 is a
domain and g is the maximal ideal (Nagata (2) Appendix A.l).

Example 4.3.6. Let f/: Y — Y be a proper surjective homomorphism of
irreducible varieties, X a closed subscheme of Y, X’ =f"!(X). Let ¥ be an
irreducible component of X, and assume that each irreducible component V*
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of f~'(¥) has the same dimension as V. Then, by Proposition 4.2 (a),
deg (Y'/Y) (ex Y)y= D deg(V'/V) (ex Y')v
7

where the sum is over the irreducible components ¥ of f~' (V).

Example 4.3.7. Let f: Y’ — Y be a proper surjective homomorphism of
irreducible varieties. Let 1’ be a subvariety of Y’, V=f(V’). If V" is an
irreducible component of f~'(V), define the ramification index of f at V7,
e, (f), to be the multiplicity of Y’ along f ~'(V) at V' (cf. Example 4.3.4). If all
irreducible components ¥’ of f ~!(V) have the same dimension as V, then

(RgY7neVY=Zd%(VNO&Afy

For example, if Y is smooth over an algebraically closed field, and Q is a point
of Y such that £ (Q) is finite, then
2. ep(f)=deg(Y'/Y).
(=0
In particular, the sum of the ramification indices is independent of Q € Y.
For a notion of ramification index related to the separable degree of f, see

Gaffney-Lazarsfeld (1). For other geometric interpretations of multiplicity, see
Example 12.4.5 and Mumford (5).

Example 4.3.8. Assume X, and X, are two subschemes of Y, each contain-
ing V as an irreducible component. Suppose there is a proper birational
morphismf: Y’ — Yso that f~'(X;) =f~'(X3). Then (ex,Y)r=(ex, Y)y.

Example 4.3.9. Let X be a variety of dimension at least 2, P a simple point
of X, : X — X the blow-up of X at P, E the exceptional divisor, : E — P the
projection. Let D be an effective Cartier divisor on X, and let D be the blow-
up of D at P (the strict transform of D in X). If m is the greatest power of the
maximal ideal of @, , which contains a local equation for D, then

*D=D+mE.
Therefore

0= D 1y (E"™) = (B - E"™) + 1 (m E”)
=(=1D"?ep(D) + (= )" "'mep(X)
in Ay P = Z. This verifies the formula m = ep D.

Example 4.3.10. If X; is a subvariety of Y; for i=1, ..., r, then the multi-

plicity of X;x...x X, in Y;x...x Y, is the product of the multiplicities of X;
in Y;. (Use Example 4.2.5.)

4.4 Linear Systems

If a subscheme is the base locus of a linear system, its Segre class is related to
important invariants of the system.
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Let L be a line bundle on an n-dimensional variety X, and let V< HY(X, L)
be an (r + 1)-dimensional space of sections of L. For s € V, 5 % 0, let D, be the
zero-scheme of s, a Cartier divisor on X. Let

B= () D,

se v—{0}

be the base of the linear system. Let 7: X — X be the blow-up of X along B.
There is a morphism

[ X>PWVV) =P
extending the morphism X — B — P(VV) which takes x to the hyperplane of
divisors containing x. Indeed, if .# is the ideal sheaf of B in X, there is a

canonical surjection from the trivial bundle ¥y to .#® L. Therefore
Sym (Vy ® L™ ') surjects onto @ #", which gives an imbedding of X in

Proj (Sym (Vy ® L™1) = Proj(Sym (Vy)) = X x P(VV).

The morphism f is the projection to P(V). From this description it follows
that
fre()y=n*(L)®(-E),

where £ is the exceptional divisor on X. _

Define deg, X to be the degree of f,[X] as an n-dimensional cycle on
P(V¥), e,

deg, X = deg(X/f (X)) | c @)y n[f(X)]
PVY)

=[a(f*e )"
X

Proposition 4.4. With the above notation,

degs X ={ci(Ly"—fec(L)y"ns(B, X).
X B

Proof. By the above description of f*#(1),
deg X = [ (e (7" L) — et (C(E)))"

n

2 =Dk )5{ e (L) i (e (O (E))  [X])

i=0

= fq(L)"—g(l +e (L))" N s(B.X),

X

using the projection formula and Corollary 4.2.2. O

Example 4.4.1. Suppose that n divisors Dy, ..., D, in the linear system cut
out B scheme-theoretically, together with a finite set S disjoint from B. In this
case deg,-f’ may be interpreted as the weighted number of points in S, and
{xc,(L)" is the total intersection number (D, - ...- D,). The remgining term
j s c(L)" 0 s(B, X) therefore represents the contribution to this total intersection
number which is carried by B. This is a special case of a general formula to be
proved in Chap. 9.
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Example 4.4.2. Let B< P” be the rational normal curve. Let V< H° (1P, 7(2)
be the linear system of quadrics passing through B. Then deg, ]P_" =
2"—(n*— n+2). If n =4, f(P*) < P° may be identified with the Grassmannian
of lines in IP3.

Example 4.4.3. Let X be an irreducible hypersurface in P"*'= P (V)
defined by an equation F (X, ..., X,+1) of degree d. The singular, or Jacobian
subscheme of X is the scheme J of zeros of the partial derivatives
0F/dX,, ..., 0F/0X,4, . If X is the blow-up of X along J, we have morphisms

X
YN
X Pri=pY).
The image f(X) is called the dual variety of X and denoted XV. In

characteristic zero, biduality holds, i.e., (XV)¥ =X (cf. Kleiman (11)). In any
case, we call deg f,[X] the degree of the dual of X. Then

deg fulR) = d(d~ 1"~ 3. (7)(a~1) deg )
where s; is the i-dimensional component of s(J, X). For example, if X is non-
singular, its dual has degree d(d — 1)" (cf. Example 3.2.21).

Example 4.4.4. Let X < IP? be an irreducible plane curve of degree d. Then
the degree of the dual is

d(d— 1)—21:,(€JX)p

where (e;X)p is the multiplicity of X along J at P (cf. Example 4.3.4).
Equivalently, if o: X’ — X is the normalization of X in its function field, and
J' = ¢7'(J), then the degree of the dual is

d(d—1)=3 ordp(J').
e

(Use Proposition 4.2(a).) For example, a node counts for 2, an ordinary
m-fold point for m (m — 1), an ordinary cusp for 3; a higher cusp, of the form
y'=x with p < g, and p, g relatively prime (and not divisible by the charac-

teristic) counts for (p — 1) g (cf. Walker (1)IV.6). For an analogous result for
surfaces, see Example 9.3.8.

Example 4.4.5. Polar classes (cf. Piene (3)). Let X" = P"*! be an irreducible
hypersurface of degree d, over an algebraically closed ground field. For any
0=k=n,let W,c IP"*! be a linear subspace of dimension k — 1. The k™ polar
locus of X, with respect to W, denoted M,, is defined to be the closure of

(X € Xeeg| T X D W,

Here T\ X denotes the imbedded tangent space to X at x. For general W, M,
has pure codimension k in X, and the class [M,] € 4,_,(X) is independent of
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Wi. Indeed, with 1 = ¢; (#x (1)), 5;= 5;(J, X) as in Example 4.4.3,
k=1

(M =(d= DA A [X] =2, ()= O spepr
The k™ class of X, denoted gy, is defined to be the degree of [M,]. Therefore
a=d(d~1)k- g (D (d— 1)deg (spss) -
(Let X, m, fbe as in Example 4.4.3, L =#p(, (d — 1). Set
WY={(HeP(V)|H>W,.

Then [My] = mi[f/~ (WY)] = 7e(ci (f* #(1))* n [X]). The proof concludes as in
Proposition 4.4.)

Note that My=X. For k=1, if F is an equation for X, and W,=y=
Vo:--- 1 Vui1), let F, =312} y, 0F/0X,. The hypersurface defined by F,=01is the
cldsswal polar hypersurface of X with respect to y. A non-singular pomt xeX
lies in M, if and only if F,(x)=0. For the k" polar locus, X, may be
intersected with k polar hypersurfaces, choosing the points in general position.

For calculations of s and s,, and hence the polar classes, when X is a
surface in IP? with ordinary singularities, see Example 9.3.7. Generalizations to
higher codimension are discussed in Example 14.4.15.

Notes and References

The normal cone to a subvariety or subscheme, in the form of an associated
graded ring, was used by Samuel (1) to define the multiplicity of a subvariety.
Samuel used these multiplicities to define intersection numbers (cf. Chap. 7).

Normal cones were used explicitly by Verdier (5) for his construction of
Gysin maps. They were implicit in MacPherson’s graph construction (cf.
Baum-Fulton-MacPherson (1)).

Segre classes of cones and general subvarieties and subschemes were
defined in Fulton-MacPherson (1). At least in the non-singular case, these
classes had been studied by B. Segre (4) (cf. Example 3.3.4 and Corollary 4.2.2
above), and more recently by J. King (3) and Lascu-Scott (1).

A sheaf-theoretic version of the multiplicity formula of § 4.3, together with
results like Example 4.3.9, were given by Ramanujam (1).

Example 4.3.2, which gives a result of G. Kempf (2), was suggested by
J. Harris, and Examples 4.1.3, 4.1.4, 4.2.6 and 4.42 by R. Lazarsfeld.
Examples 4.1.6 and 4.2.6 were worked out jointly with A. Collino and R.
MacPherson.
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Summary

If X is a closed subscheme of Y, there is a family of imbeddings X< Y,,
parametrized by ¢ € IP!, such that for 7 = 0 (in fact for ¢ # 00) the imbedding is
the given imbedding of X in Y, and for = co one has the zero section
imbedding of X in the normal cone Cy Y. The existence of such a deformation,
together with the “principle of continuity” that intersection products should
vary nicely in families, explains the prominent role to be played by the normal
cone in constructing intersection products.

5.1 The Deformation

Let X be a closed subscheme of a scheme Y, and let C= Cy Y be the normal
cone to X in Y. We will construct a scheme M= MY, together with a closed
imbedding of Xx P! in M, and a flat morphism ¢ : M — P! so that

XxP'o M
o\, %
]Pl

commutes, and such that:
(1) Over P'—{oo} = A, o' (A") = YxA' and the imbedding is the trivial
imbedding:
XxA'G YxAl.

(2) Over oo, the divisor M,,= o' (0) is the sum of two effective Cartier
divisors: -
My,=P(C®1)+Y

where Y is the blow-up of Y along X. The imbedding of X=Xx{c0} in M, is
the zero-section imbedding of X in C, followed by the canonical open
imbedding of C in P(C @ 1). The divisors P(C ® 1) and Y intersect in the

scheme P (C), which is imbedded as the hyperplane at infinity in P(C ® 1),
and as the exceptional divisor in Y.
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In particular, the image of X in M,, is disjoint from Y. Letting M° = MY
be the complement of Y in M, one has a family of imbeddings of X:

XxP'o Mo

pr\ ./9°
IP]

which deforms the given imbedding of X in Y to the zero-section imbedding of
XinCyY.

To construct this deformation, let M be the blow-up of YxP' along the
subscheme Xx{oo}. Since the normal cone to Xx{co} in ¥YxP! is C ® 1, the
exceptional divisor in this blow-up is P(C @ 1).

From the sequence of imbeddings

X=Xx{o} S XxP'S Yx P,

the blow-up of Xx P! along Xx {0} is imbedded as a closed subscheme of M
(Appendix B.6.9); since Xx{oo} is a Cartier divisor on Xx P!, the blow-up of
XxP' along Xx{oo} may be identified with XxP' so we have a closed
imbedding
XxP'o M.
Similarly from

Xx{o0} S ¥Yx{w} S YxP!

the blow-up ¥ of ¥ along X is imbedded as a closed subscheme of M.
Since the projection from Yx P! to P! is flat, the.composite

o:M— P!

of the blow-down map from M to YxP' followed by the projection to P! is
flat (Appendix B.6.7).

Since M — ¥xPP' is an isomorphism away from Yx{oco}, assertion (1) is
clear. The description (2) of M, ="' (c0) as the sum of Cartier divisors will
follow from the explicit algebraic description given below; since we have
P(C®1) and ¥ globally imbedded in M, it suffices to examine their structure
locally on Y.

Assume Y= Spec(A4), and X is defined by the ideal I in 4. To study M near
oo, identify P'— {0} with A'= SpecK[T], where K is the ground field. The
blow-up of Yx A' along X x {0} is Proj (S°), with

S'=(IL,TY'=I"+I"""T+ ...+ AT+ AT+ ...
Proj (S°) is covered by affine open sets Spec(S(,), where S{, is the ring of
fractions Sty = ls/a"| s € 57,

and a runs through a set of generators for the ideal (/,T) in A[T]. For a € I,
the exceptional divisor P(C @1) is defined in Spec(S{,) by the equation
a/l, ae S° while ¥ is defined by T/a; since T= (a/1) - (T/a), the description
of M, as the sum of P(C @ 1) and Y follows.
The complement of Y in the blow-up of ¥YxA!' along X x {0} is Spec (S(r),
where
Sin=..®@IT"D..QIT"'@ADAT®...©AT"® ...
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This is the ring studied by Rees (2), and Gerstenhaber (1). The car}oni.cal
homomorphism from 4[T] to S{ry becomes an isomorphism after localization

at T, while ©
S(.T)/TS('T) = (‘D 1n/1n+] .
n=0

Remark 5.1.1. MacPherson’s description of this deformation, as a special
case of his graph construction, is particularly vivid. Assume E is a vector
bundle on Y, and s is a section of E whose zero-scheme is X. (If Y is quasi-
projective such E always exists, although its rank » may be larger than the
codimension of X on Y.) For each scalar 4, the graph of isis aline in £ ® L.
This gives an imbedding

YxA'S P(E® 1) x P!,

(y, 4) = (graph of is (y), (1:2)). The deformation space MyY is in fact the
closure of YxA! in this imbedding. We won’t need this description; the con-
struction given above is simpler because it relies only on standard properties of
blowing up. The graph construction is more powerful, however, in that it
generalizes to general vector bundle maps, or to complexes of vector bundles (cf.
§18.1).

P(C)

Remark 5.1.2. From the point of view of deformation theory of varieties,
this construction would be called a deformation firom the normal cone. This
terminology seems inappropriate here, since we always start with the im-
bedding X & Y. The alternative, “specialization” to the normal cone, is
reserved for the associated homomorphisms of cycles or cycle classes (§ 5.2).

Example 5.1.1. Assume Y is purely n-dimensional. Since M is flat over
P!, [o7'(0)] ~ o' (0)], ie., ~
ix[Y]=jx[P(C® )] + k«[Y]

in A,(M). Here i : Y > M is the imbedding of Y at =0, and j (resp. k) is the
canonical imbedding of P(C @ 1) (resp. Y) in M over t = .

Example 5.1.2. Assume X is regularly imbedded in Y so CxY=N is a
vector bundle. The imbedding of X in P(N @ 1) has several advantages over
the given imbedding of X in Y. For example:

(1) There is a retraction from P(N @ 1) to X.

(i) There is a vector bundle & on P(N @1) of rank equal to the
codimension of X, with a regular section whose zero-scheme is X. Thus, on
P (N @1), X is represented by the top Chern class of the bundle ¢.

There is usually no such retraction or bundle for the given imbedding, even
if Y is replaced by an open subscheme containing X. The deformation to the
normal bundle may be thought of as an analogue in algebraic geometry of the
tubular neighborhood construction in topology.
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5.2 Specialization to the Normal Cone

Let X be a closed subscheme of a scheme Y, and let C = C, Y be the normal
cone to X in Y. Define the specialization homomorphisms

ag. Zk Y— Zk C
by the formula

o [VI=I[CynxV]

for any k-dimensional subvariety V of Y, and extending linearly to all k-cycles;
note that Cy, xV is a purely k-dimensional scheme (Appendix B.6.6.), so it has a
fundamental cycle [Cyx V] by § 1.5.

Proposition 5.2. If a cycle x € Z, Y is rationally equivalent 10 zero on Y,
then g (%) is rationally equivalent to zero on C.

Therefore o passes to rational equivalence, defining specialization homo-
morphisms
(o3 ZAk Y— Ak C.

Proof. Let M° = M3 Y be the deformation space constructed in § 5.1, / the
inclusion of C'in M°, j the inclusion of YxA' in M. Consider the diagram

Ak €5 Ay M® 5 4, (YA - 0

| [

The row is the exact sequence of § 1.8, The map i* is the Gysin map for
divisors; the composite i*i, is zero since the normal bundle to C in M° is
trivial (Proposition 2.6 (c)); in fact, C is a principal divisor on M° — 7' (0).

There is therefore an induced morphism from Coker (iy) = Ag+ (Y xAY) to
A, C, and therefore a morphism from A4, Y to A4, C obtained by composing with
the flat pull-back from A4,Y to A4;. (YxA!). To prove the proposition, it
suffices to verify that this composite takes [V] to [CynxV]. First, pr*[V] =
[V x A']. The variety M, xV is a closed subvariety of MY which restricts to
V x AL, so

J* M5 xV1=pr*[V].

The Cartier divisor C = M°\g ™~ !(o0) intersects MPnxV in CynxV, so
*[MpnxV]1=I[CynxV],

which concludes the proof. [

The following example may provide a useful preview for the next few
chapters.

Example 5.2.1. Let i : X — Y be a regular imbedding of codimension d, with
normal bundle N = Ny Y. Define the Gysin homomorphism

i* :Ak Y- Ak—dX
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to be the composite i* = 5% ° o:
A Y S AN D A X,

where s% is the Gysin homomorphism of Definition 3.3.

(a) If d=1 (resp. i is the zero section of a vector bundle) this Gysin homo-
morphism agrees with that defined in § 2.6 (resp. § 3.3).

(b) If Y is purely n-dimensional, i*[Y] = [X].

(¢) Forall o € A4 X, i* iy () = ca(N) n a. (See § 6.3.)

(d) For any k-dimensional subvariety V of Y

*[V]={c(N) n s(VNX, V)},_a.

(e) If X is an n-dimensional variety which is smooth over the ground field,
the diagonal imbedding é of X in XxX is a regular imbedding of codimension
n. This defines an intersection product on A, X:

A X @A X S Aprg(XxX) D Apugn(X) .
(See Chap. 8.)

Notes and References

Deformation to the normal bundle, or cone, has an interesting history. It has
appeared in at least three places:

(1) For a non-singular subvariety X of a non-singular quasi-projective
variety Y, Mumford (unpublished, 1959), Jouanolou (2), Lascu and Scott (1),
(2), and Lascu, Mumford and Scott (1) used the blow-up of YxP! along
Xx{o0} to prove important formulas in intersection theory: the self-intersec-
tion and key formulas, Riemann-Roch without denominators, and the formula
for blowing up Chern classes.

(2) For an ideal I in a ring A4, Gerstenhaber (1) deformed A4 to the
associated graded ring @ I"/I"*!. The algebra for this deformation had
previously appeared in Rees (2).

(3) For a regularly imbedded subscheme X of a variety Y, and a section s
of a vector bundle on Y whose zero-scheme is X, MacPherson (cf. Baum-
Fulton-MacPherson (1), and Example 18.1.7) deformed the graph of 1s to
A= 00, and identified the normal bundle to X in Y at oo.

In (1) the deformation was not at first explicit. In fact, considerable
simplification occurred when the rational equivalence between [Y] at 0 and
[P(N @1)]+[Y] at co was used (cf. Lascu and Scott (2)). The deformation in
(2) had been used in algebraic geometry by Kleiman and Landolfi (1),
Mumford, and others, but not in intersection theory. The graph construction
(3) was used to solve problems of intersection theory. The identity of the three

approaches was established in the 1974/75 seminars of Kleiman and Douady-
Verdier (1).
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When one realizes the role of normal cones in Samuel’s construction of
intersection multiplicities in the case of proper intersections, and the role of
deformation to the normal bundle in proving excess intersection formulas, it
becomes reasonable to expect general intersection products to be constructed
using normal cones and bundles; this reasonable expectation, however, was ap-
parently not formulated before these products were constructed.

Verdier (5) used deformation to the normal cone, together with the Gysin
homomorphism for principal divisors constructed in Fulton (2), to construct
specialization homomorphisms to the normal cone. He used these specializa-
tion homomorphisms to construct Gysin homomorphisms for regular im-
beddings of arbitrary codimension. The present chapter follows Verdier’s
exposition closely. Except for (d) and (e) of Example 5.2.1, all the results
appear in Verdier (5), at least in the quasi-projective case.

Gau and Lipman (1) have recently used deformation to normal cones to prove
the invariance of multiplicity under diffeomorphism.
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Summary

Given a regular imbedding /: X — Y of codimension d, a k-dimensional
variety ¥, and a morphism f:V— Y, an intersection product X -V is con-
structed in A,_z(W), W=/f"1(X). Although the case of primary interest is
when f is a closed imbedding, so W = XV, there is significant benefit in
allowing general morphisms f. Let g:W— X be the induced morphism. The
normal cone Cy V to Win V is a closed subcone of g* N, Y, of pure dimension k.
We define X -V to be the result of intersecting the k-cycle [C, V] by the zero-
section of g* N,Y:
X-V=s*[CyV]

where s: W— g* Ny Y is the zero-section, and s* is the Gysin map constructed
in Chapter 3. Alternatively X - V' is the (k—d)-dimensional component of the

class
c(@*NxY)ns(W,V)
where s (W, V) is the Segre class of Win V.
If the k-cycle [Cw V] is written out as a sum Z m;[C;], with C; irreducible,

one has a corresponding decomposition X -V =3 m, ;, with a, a well-defined
cycle-class on the support of C;.

If the imbedding of W in V is regular of codimension &, then

E=g*NyY/NyV is the quotient bundle, there is an excess intersection

formula
X V=c,_ 4(E)n[W].

Given i: X — Y as above, and a morphism f: ¥’ — Y, form the fibre square
X/ _j> Y/
™ 9 L
X —-Y
There are refined Gysin homomorphisms
it ZAk Y - Ak_.dX'
determined by the formula i'[V] = X - V for subvarieties V of Y’
In this chapter the fundamental properties of these intersection operations

are proved. After proving that i is well-defined on rational equivalence classes,
the most important of these properties are:
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(i) Compatibility with proper push-forward (§ 6.2)
(i1) Compatibility with flat pull-back (§ 6.2)
(ii1) Commutativity (§ 6.4)
(iv) Functoriality (§ 6.5).

For example, to calculate X -V, by (i) it suffices to calculate X -V’ for any V'
mapping properly and birationally to V; one may blow up V along VNW to
reduce to a case where the excess intersection formula applies. A particular
case of (ii) is the assertion that the intersection products restrict to open
subschemes: one may often compute intersection products locally. An i 1mpor-
tant case of commutativity asserts that intersections may be carried out before
or after specialization in a family; this will include a strong version of the
*“principle of continuity” in Chapter 10.
When Y’=7Y, /' determines the (ordinary) Gysin homomorphisms

i* IAk Y_>Ak_a'X.

Functoriality (iv) refines the statement that (ji)* =i*j* for i: X —Y,
j: Y— Z regular embeddings.

More generally, if f:X—7Y is a local complete intersection morphism,
there are Gysin homomorphisms f*, and refined homomorphisms f'. These
Gysin homomorphisms are used to describe the group 4, Y, when ¥ is the
blow-up of a scheme Y along a regularly imbedded subscheme. A new blow-
up formula describes the Gysin map from A, Y to 4, ¥ explicitly.

The rest of this book is based on this intersection product and the
fundamental properties proved in § 6.1— § 6.5. As in Chap. 2, the formal
properties can be motivated from topology. As we shall see in Chap. 19, a
regular imbedding X & YV of codimension d determines an orientation, or
generalized Thom class, in H*¢(Y, Y—X). The Gysin maps are the algebraic
geometry versions of cap product by this orientation class, or with its pull-back
to Y’,if Y maps to Y.

6.1 The Basic Construction

Let i: X — Y be a (closed) regular imbedding of codimension d, and denote
the normal bundle by NyY. Let ¥ be a purely k-dimensional scheme, and let
f:V =Y be a morphism. Denote the inverse image scheme f~!(X) by W, and
form the fibre square

Wby
2 o
X7Y

Let N=g* NyY, a bundle of rank don W, and let z: N — W be the prOJectlon
Since the ideal sheaf.# of X in Y generates the ideal sheaf # of Win V, there is
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a surjection

@ f* (o) o @

This determines a closed imbedding of the normal cone C=CyV as a
subcone of the vector bundle N:

CS N

\
4

Since C is purely k-dimensional (Appendix B.6.6), it determines a k-cycle [C]
on N (§1.5). Let s be the zero section of the bundle N. Define the inter-
section product of V by X on Y, denoted XV (or X -}V, or i'[V], see Example
6.2.1), to be the class on W obtained by “intersecting [C] by the zero section of N”.
That is, set

(1) XV =s*[C]

in A,_,(W), where s*:A4,(N)—> A, ,W is the Gysin homomorphism of
Definition 3.3; equivalently, X -V is the unique class in A,_,(W) such that
n*(X V) =[C]in 4, (N).

Proposition 6.1. (a) With the above notation,
X-V={c(N)ns(W,V)},_,.

(b) If ¢ is the universal quotient bundle of rank d on P (N ® 1), and q is the
projection from P(N @ 1) to W, then

XV=q,ci) n[P(C®).

(c) If d=1, ie. X is a Cartier divisor on Y, V is a variety, and fis a closed
imbedding, then X - V is the intersection class constructed in § 2.3.

Proof. Since P (C @ 1) restricts to C on N, (b) follows from Proposition 3.3.
‘To prove (a), consider the universal exact sequence

001> g*N®1 > ¢ -0
on P(N @1). By the Whitney formula, ¢ (&) ¢ (@(— 1)) = ¢ (g*N). Therefore

9% (ca(Q) N [P(C D D)) = {gu (¢ (&) N [P(C D )]}y
=19+ (c(g*N) s (@ (= 1)) N [P(C ® DD)}x-4
={c) N g (s@(=1)) N [P(C D D}y
={c(N) N s(O)}x-a,
which proves (a).
For (¢), if V= X, then C=W =V, so s*[C] = ¢,;(N) n [W] by Proposition
2.6(c) (cf. Example 3.3.1). If V¢ X, then W is the pull-back Cartier divisor

f*X, C=N, and s*[C] = [W]=[f*X]. These prescriptions agree with those of
§23. O

Definition 6.1.2. Let C,..., C, be the irreducible components of the cone C,
and let m; be the geometric multiplicity of C, in C. Thus [Cl=2X_, m[C,] is
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the cycle of C. Let Z;< W be the support of C;, i.e.
Zi=r(C)=q(P(C:®D1)),

a closed subvariety of W. The varieties Z,,..., Z, (which need not all be
distinct) are called the distinguished varieties of the intersection of V' by X. Let
N; be the restriction of N to Z;. We have a commutative diagram

C,- C‘)N,‘

N/
Z .

Let s, be the zero section of N;, and set
a;=s¥[C]

in Ay_4(Z;). From the definition of s* and s%, it is clear that o; maps to s*[C}]
in A,_, W. Therefore r
XV=> ma

i=1
in A,_,W. We call the equation X'V =3 m, a; the canonical decomposition of
the intersection product.

If Z is a distinguished subvariety of W, the sum of those terms m;a; with
Z;=Z is called the equivalence of Z for the intersection of V by X, or the
contribution of Z to X -V. It should be emphasized that a distinguished variety
Z may have any dimension from k—d to k, but that the contributions are
always cycle classes of dimension k—d; only if dimZ = k—d is the equiva-
lence of Z a multiple of [Z] (cf. Chap. 7).

For any closed subset S of V, the part of XV supported on S, denoted
(X V), is the class in 4,_,S obtained by adding the equivalence of all dis-
tinguished varieties contained in S:

X-Vy= Z m; o; .
Z,cS§

In the rest of this chapter we will study the classes XV, and show that
they satisfy the formal properties one expects for intersection products. The
individual terms in the canonical decompositions are more subtle, however.
Examples and classical applications will appear later, particularly in Chapters
9 and 16. A canonical decomposition occurs naturally in the proof of a formula
of Severi in Example 16.2.4. A dynamic interpretation of these equivalences
will be given in Chap. 11.

Example 6.1.1. The formulas of Proposition 6.1 are also valid for the
equivalences of the distinguished varieties:

;= {c(N) N s(C)}k—a= qix (ca(&) N [P(C: O )]
where &, is the universal bundle on P (N; ® 1), and g, the projection to Z;.

Example 6.1.2. Define divisors Dy, D; on P? by D;=2A4+ B, D,=A+2B,
where A4 and B are lines meeting in a point P. Let X =D \xD,, Y= P2x P2,
V=12 f the diagonal imbedding of V in Y. Then 4, B, and P arc the
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distinguished varieties for the intersection of ¥ by X, and the corresponding
canonical decomposition is
X-V=o+p+3[P]

where « (resp. f) is any zero cycle of degree 3 on A4 (resp. B).

Example 6.1.3. Let Y= P2 X, the curve xy =0, X, the curve x =0, P the
point x=y=0. For the intersection product of X, by X,, only X, is
distinguished, but for the intersection product of X; by X, both X; and P are
distinguished. (To see this, replace Y by the affine plane. If I is the ideal in
K [x, y)/(x y) generated by x, then

K[x,y, TY(x,yT) » @ I'/I"**,

sending T to x, is an isomorphism; thus the components of C are: the line
x =y = (), which maps to P, and the line x = T'= 0, which maps to X}.)

Similarly for the intersection product of the diagonal Ap: by X;x X, in
P>xIP% only X, is distinguished, but for the intersection of X;xX, by Ape,
X, and P are distinguished.

In each case, the canonical decompositions of the intersection classes may
be calculated either directly, or by the dynamic interpretation of Chap. 11
(cf. Example 11.3.2).

Example 6.1.4 (cf. Examples 4.2.2 and 11.3.2). Let 4, B and D be effective
Cartier divisors on a non-singular surface X, with 4 and B assumed relatively
prime. Let A'=A4+ D, B’=B+ D. Consider the intersection of the diagonal
4= X by A’x B’ arising from the fibre square

ANB - X
l 1o
A x B> XxX.

(a) The distinguished varieties for this intersection product are the irre-
ducible components of D, and the points of 4 B. (Identify the blow-up of X
along A () B with the blow-up of X along A'(\B'.)

(b) If P is a point where A and B meet transversally, the equivalence of P for
the intersection class is

(1+ ord(D))[P] .

(c) Let E be an irreducible component of multiplicity m of D, and assume

A and B meet transversally at any common point P on E. Then the equivalence
of E for the intersection class is

m(A-E+B-E+D-E)— Y ord,(D)[P].
PeANB
(Use the blow-up of (a) to compute Segre classes.)

(d) When 4 and B are not transversal, the contributions may still be
computed by successive blow-ups, but the results are more complicated. For
example, if X =1P% and 4, B, D are defined by polynomials Y—xz, Y +xz,
and y— Ax (for some A € K) respectively, and Py= (0:0:1), the equivalence
of Pyis 3[Po] if 2 # 0, but 4[Py]if 1 = 0.
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Example 6.1.5. With homogeneous coordinates (x, y, z, w, t) on P, let
Vi=V(EE—xy@y—2x),w)
Va=V(w—yx(x—2y),2).

The distinguished varieties for the intersection product of the diagonal IP* by

Vi x ¥, in IP* x P* are the lines x=z=w=0, y=z=w=0, and the point

x =y=z=w=0. Each contributes a zero-cycle of degree 3 to the intersection
product.

Example 6.1.6. In the situation of Proposition 6.1(a), c(N) s(W,V)=
X -V + higher terms, ie., {¢(N) ns(W, V)};=0fori <k —d.

Example 6.1.7. If the imbedding of W in Vis a regular imbedding of codi-
mension d’, with normal bundle N’, then

X-V=c,_(N/N)n[W].
(See § 6.3 for a generalization.)

Example 6.1.8. Let Q be the universal quotient bundle, of rank d—1, on
P (N). Assume that dim W=k —1. Then

XV =p,lcs-1(Q) n[P(C))

where p is the projection from P(N) to W. (Compare the proof of Proposition
:6.1(a) with Example 4.1.2.)

Example 6.1.9. Uniqueness of intersection products. The intersection product
X-yVin A,_,;(X), defined for any regular imbedding X < Y of codimension
d, and any purely k-dimensional subscheme V of Y, is characterized by the
following properties:

(i) (“normalization™). If Y is a vector bundle on X, X & Y the zero section
imbedding, and V=n"'(W), where =:Y —> X is the projection, then
X-yV=[W]

(i) (“continuity”). If X x P! — # is a family of regular imbeddings, 7 a
subvariety of %, with % and ¥~ flat over P!, then all the classes X -,V are
equal. Here Y, and ¥, are the fibres of # and ¥~ over rational points ¢ € IP*.

(Apply (i) to the deformation to the normal cones, ie, ¥ = M3Y,
¥ =Mz V)

6.2 Refined Gysin Homomorphisms

Let i: X — Y be a regular imbedding of codimension d, and let f: Y" — Y be a
morphism. Form the fibre square

Xl _”_} YI
(*) a U
X - Y
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Define homomorphisms
i! . Zk Y — Ak_dX,

by the formula
tEnV)=XnX"V,

where X -V, is the intersection product constructed in the previous section. (Of
course, X -V, is constructed as a cycle class on X' V;; following our usual
convention (§ 1.4) the same notation is used for its image in the larger
scheme X".)

To see that i passes to rational equivalence, we give a variant of this
definition. The normal cone C'= Cx Y’ is a closed subcone of N=g*NyY.

Then i* is the composite
ZiY 5 Z,C = AN Ay yX

where o is the specialization homomorphism of § 5.2, the second map is
induced by the inclusion of €’ in N, and s* is the Gysin map for the zero-
section s of X" in N (§ 3.3). By Proposition 5.2, ¢ passes to rational equivalence,
so i'does also.

The induced homomorphisms

PA Y > A g X

are called refined Gysin homomorphisms. We also may write X -y« in place of
i'(0). If Y' =Y, f=idy, these are called simply Gysin homomorphisms, and
denoted i* instead of i',

i*: Ak Y- Ak_dX.

A more precise notation for the refined Gysin homomorphism would be i% or
i’t; we prefer to use the single notation i' for all these homomorphisms, taking
care to specify where they act.

Theorem 6.2. Consider a fibre diagram

X// L; Y//
|
) x5y
gl %
X Y
with i a regular imbedding of codimension d.
(a) (Push-forward) If p is proper, and a € Ay Y”', then
1Py () = g (i 00)
in Ak_dX/.
(b) (Pull-back) If p is flat of relative dimension n, and o« € A, Y, then
i p* (@) = g*i' ()
in A/H,,,_dXN.
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(c) (Compatibility) If i’ is also a regular imbedding of codimension d, and
a €AY, then

fa=i"o
in Ak_dX”.
Proof. (a) and (b) follow from the corresponding properties of Segre classes

(Proposition 4.2). For (a), one may assume o=[V’]; let V=p(V’). Let
N=g*NyY. Then

i'p, [V]=deg(V'/V) {c(N)ns(X'NV, V)}e-a
={ecWN) N g (X" DV, V' Dhioa
=q,{c(@*N)Ns(X"NV, V'),
=q,i[V].

The proof of (b) is similar and left to the reader. For (c), it suffices to observe
that, when ¢ is a regular imbedding of the same codimension as i, g*N,Y is
the normal bundle to X’ in Y’; indeed if # and .#’ are the ideal sheaves, the
canonical epimorphism of g*(#/#?) onto .#’/#’> must be an isomorphism,
since both sheaves are locally free of the same rank. O

Remark 6.2.1. If
X/ i_» YI

yl lf

Xi—>Y

is a fibre square, with i/ and ¢ regular imbeddings of codimensions d, an
important case of (c) is the formula

i (o) = i"* (a0)

for all ® € A, Y". If i’ is not a regular imbedding, or if i/ is a regular imbedding
of codimension < d, then i' («) depends on i, not just on i’ (cf. Theorem 6.3).

Remark 6.2.2. By the push-forward property (a), to calculate the intersec-
tion product X -V, it suffices to calculate X -V’ for any V' which maps
properly and birationally onto V; for example, we may blow-up V along
X'NV to reduce to the case where X'(\V is a divisor in V(or X'NV =V).
A simple formula for the intersection product in this case will be given in the
next section. Note that even when one starts with subvarieties of Y, such
reductions are possible only if one has intersection products for varieties
mapping to Y.

An important special case of the pull-back property (b) is the case when
Y” is an open subscheme of Y’. For example, the part of an intersection
product i'a carried by a connected component of X’ can be calculated by
replacing Y’ by any open neighborhood of the component.

Example 6.2.1. The intersection product of § 6.1 also determines the class
i*[V] for an arbitrary pure-dimensional scheme V; i.e.

i'Vl=XV
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in A,_,(X"). (To see this, if C'=CyY’, and W= VNX’, it suffices to show
that

a[V1=[CwV]

where o: 4, Y — A, C’ is the specialization homomorphism. From the con-
struction of ¢ given in the proof of Proposition 5.2,

o[V1=i*[M%V].
If [V1=YmV;] is the cycle of V, then, as in Lemmad4.2, [MyV]=

> m[M7nwV:]; an application of Proposition 2.6(d) completes the proof) In
particular, if Y is pure-dimensional, then

*[Y]=[X].

Example 6.2.2. If V is not pure dimensional, the above must be modified.
If M is the blow-up of ¥V'x P! along Wx oo, E=P(C®1) the exceptional
divisor, g: E— W the projection, then

V1= gx(ca(&) N E - [M]).
In this case, however, E-[M] is not necessarily the same as [E] (cf.
Example 2.6.4).

However, if dim V' = n, and V], denotes the n-dimensional component of
[V], one always has the formula

P ([V1n) = s*(Cla) = gx(ca($) N [ELy)

where s is the zero-section of g* NyY. (Apply Example 1.7.3 to the inclusion
P(CB1) o My V)

Example 6.2.3. If E is a vector bundle of rank 4 on X, the zero-section Sg 18
a regular imbedding of codimension d, with normal bundle E, and the Gysin
homomorphism s%: AxE — A,_4X of this section agrees with the Gysin
homomorphism constructed in Definition 3.3. (It suffices to check that

st[n”' V]=[V], with n: E > X the projection, and this follows from Theorem
6.2(c).)

Example 6.2.4. Let (}) be a diagram as in Theorem 6.2(a). Let S be a
closed subset of Y’, §" = p~'(S), r the induced morphism from S’ to S. Let V’
be a subvariety of Y, V= p(V”). Then

deg(V'/V)(X V) =r (X V).

The individual terms of the decomposition do not enjoy such a “birational
invariance”, however.

Example 6.2.5. Consider the diagram (*) of the beginning of this section.
For any open subscheme Y; of Y’, and any k-dimensional subvariety V of Y/,
the intersection class XV in A,_, X' restricts to X'V, in Ay 4(X(), where
Vo=VNY, X;=X'NY;. In addition, for any closed subset S of Y’, if S, =
S NY,, the restriction

Ak—a(S) = Ar-a(S,)
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tgkes (X-V)® to (X-V,)5%. For example, if dim(S —8,) <k —d, this restric-
tion is an isomorphism, so the part of XV supported on § is determined by
the part of X -V, on S,.

Example 6.2.6. Let 0 be the diagonal imbedding of P” in P"x ... x P" (r
factors). Let [k] denote the generator of 4, IP" given by a k-plane in P” (cf.
Example 2.5.1). Then the Gysin homomorphism * is determined by the
formula *([ki]x...x[k])=[/] where /=k +...+k,—(r— 1) n. (Take the
linear spaces in general position and apply Theorem 6.2 (c)). For 1\, ..., V,
closed subschemes of P", with V; of pure dimension k;, it follows that
O'[Vix...x V] is a cycle-class in A,(ﬂ V) whose degree is the product of the

degrees of the V;:
deg &* [V x...x V] =]] deg[V]].
(See Chapters 8 and 12 for more on Bézout’s tt;eorem.)

Example 6.2.7. Let E be a vector bundle of rank 4 on a scheme Y, s a

regular section of £, X = Z(s) the zero-scheme of s, i the (regular) imbedding
of X in Y. Let « be a k~cycle on Y, Y’ = Supp(a), X' = X\ Y'. Then

o= sk (sx00) = 5 (5£) ()

in A_4(X"), where sg is the zero section of E. (Apply Theorem 6.2(c) to the
diagram

— 4

> —
~

~—

i
Y
i

Y 2 F
E

Pl
—
-

and to the analogous diagram with s and s interchanged.)

Example 6.2.8. The results of this section extend with little change to the
case when i: X — Y is a regular imbedding which is not assumed to be a
closed imbedding. Let i be factored into a regular closed imbedding i,: X = U
followed by an open imbedding U c Y. Given a fibre square (*), define

i!ZAk Y — Ak_dX,

to be the composite 4, Y™~ 4, U’ — Ay_4X’, where U’ = f~1(U), the first map
is the restriction homomorphism, and the second is i}. This homomorphism /'
is independent of the choice of U. (This is a special case of the Gysin map
constructed in § 6.6.)

Example 6.2.9. The operations of intersection theory are compatible with
field extension. For an algebraic scheme X over a field K, let X, denote the
scheme X ®x L over L. For a k-cyclea =Y, n,[V] on X, let a; be the k-cycle
ZnV[VL] on X;. This determines a homomorphism o — oy from 4, X to
A (X1), which is compatible with proper push-forward, flat pull-back, Chern
classes, and refined Gysin homomorphisms. (When L is a finite extension of
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K, o — oy is the flat pull-back for the projection X, — X, in which case the
assertions have been proved in the text; the proofs for the general case are
similar.)

6.3 Excess Intersection Formula

Consider a fibre diagram

X'— Y
b
®) XY’
o b

XY

with i (resp. i) a regular imbedding of codimension d (resp. d’) and normal
bundle N (resp. N’). There is a canonical imbedding of N’ in g*N (see § 6.1).
The quotient bundle

E=g*N/N'

is a vector bundle of rank e =d — d’ on X’. We call E the excess normal bundle
of the lower fibre square.

Theorem 6.3 (Excess Intersection Formula). For any o € A, Y”,

i'(0) = co(q*E) N i ()
in Ak_d(XH).

Proof. Let Q"= P(qg*N' @ 1), Q= P(q*g*N ® 1), and let ¢’ and & be uni-
versal quotient bundles on Q’ and Q. There is a canonical imbedding of Q’ in
0, with the canonical line bundle on Q restricting to the canonical line bundle
on ('. There results an exact sequence of bundles

0—>é’—>é[Q,—> r*(q*E)—>0

on Q; here r is the projection from Q' to X". We may assume o =[V], V a

subvariety of Y”. Set P = P(Cynx-V @ 1). Using the Whitney formula and the
projection formula,

i' (o) = re(ca(&) N [P])
=ce(q*E) 0 rilca (&) N [P])
=c,(qg*E)y ni'(2). O
Corollary 6.3. Let
X5y

¢ U

XY
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be a fibre square, with i a regular imbedding of codimension d and normal bundle
N. Assume that i’ is an isomorphism. Then

i'(a) = ca(g*N) N o
forallx e A, Y. O
This includes the self-intersection formula

Fig(@)=cqs(N) N«
for o € A, (X).

Remark 6.3. Given a diagram (*) as in § 6.2, and a class « € 4, Y, if some
connected component X, of X’ is regularly imbedded in Y’, then the excess
intersection formula may be used for the part of /' (a) supported on X,. As in
Remark 6.2.2, this follows by restricting to open subschemes of Y".

The fact that intersection products commute with Chern classes is a formal
consequence of the properties proved so far.

Proposition 6.3. Let i: X ~ Y be a regular imbedding of codimension d,

x5y
* b
XY
a fibre square, and let F be a vector bundle on Y'. Then for all « € A (Y’), and
allm= 0,
iew(F) N o) =c,(i'"*F) N i*(a)
inAg_g-m(X).

Proof. Reduction Step. It suffices to find a proper morphism #: V' > v,
and & € A, (Y’) with A, (%) = a, so that if we form the fibre square

Ly
/rl l/,
XY
and set F = h*F, then
i'(en(F) N @) = cu(*(F)) 0 i1(d)
in Ag_g—m (X’). This follows from the commutativity of Gysin homomorphisms
and Chern class operations with push-forward (Theorem 6.2 (a) and Theorem
3.2(0))
i'(em(F) O hy) = i* (hy(em (B*F) 0 0)) = hii' (e (F) 0 0)
= b (en (P (F)) 0 i'0) = € (™ F) O hitd' (d)
= C(i"*F) N ' (hae ) .
To prove the proposition, we first assume F is a line bundle, and m = 1. We
may assume o = [V], V a k-dimensional subvariety of Y’. By the reduction
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step, we may replace Y’ by the blow-up of V along X’ n V. Thus we may
assume Y’ is a variety, « =[Y’], and X’ is either a Cartier divisor on Y’ or
X' =Y In case X’ is a Cartier divisor, let E be the quotient of the normal
bundles on X', as constructed before Theorem 6.3. Then

ey (F)no)=cy 1 (E) ni'* (e, (F) N a) (Theorem 6.3)
= ey 1 (E) N (e (" F) A i (o)) (Proposition 2.6 (¢))
= ¢, (i"*F) N (ca- (E) N i (@) (Theorem 3.2 (b))
=c("*F) ni'(a) (Theorem 6.3).

If X" =Y’ one uses similarly Corollary 6.3 with Theorem 3.2 (b).
For a general vector bundle F, and any m, let F’ = i’* F, and form the fibre
square of projective bundles

P(F)-"> P(F)
| I
X =Y.
Let L be the canonical line bundle on P(F), L’ its restriction to P(F’). Since

the Gysin homomorphisms commute with push-forward and pull-back (Theo-
rem 6.2) and first Chern classes, we have

Py (e (LY 0 p*a)) = pl (e, (D) A p™* (i),
or

N (F) na)=5;(F)ni'a

for all «,j. Since the Chern classes are defined as polynomials in the Segre
classes, the proposition follows. 0O

Example 6.3.1. Given a fibre square as in the beginning of this section,
assume Y’ is pure k-dimensional. Then

#Y']=c.(E) n[X]
in Ax_4(X"). (See Example 6.2.1.)
Example 6.3.2. If in a fibre square

XLy

9| lf

XY
/. g, iand j are all regular imbeddings, then
g*NxY/Ny Y = j*Ny Y/Ny X .

In other words, the excess normal bundle is independent of the orientation of
the fibre square.

Example 6.3.3. Let X be a scheme. For any point 7 € IP”, rational over the
ground field, let i, be the imbedding of X in X x P" at ¢, i.e., i, (x) = (x, 7). Let o
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be a k-cycle on X x IP". Then the classes i¥(«) in 4,_,(X) are independent of t.
(By Theorem 3.3, write & = 337_ o; x [H’], a;€ A,_,; X, H' a j-plane in P". Then
i) =ua,)

Example 6.3.4. (a) If E is a vector bundle of rank d on a scheme Y, and s is
a regular section of E, then the inclusion i of the zero-scheme X = Z(s) in Y is
a regular imbedding of codimension d, and NyY is the restriction of E to X. If
S+ Y — Yis a morphism, form the fibre square

X"—j" Y’

* q
X——VY.
Then

Jxi' (@) =ca(f*E) 0
for all o in 4,Y’. (Form the diagram (%) as in Example 6.2.7; by Theorem
6.2(c), i'(a) = s (2). Taking oo =[V], V= Y’, one has a fibre diagram
X,—j’ Y’
G

Y'—> f*E

SrE
Y 5 FE.
Therefore sk (o) = s7«£(2r), and one concludes by Example 6.2.3.)

Example 6.3.5. Let 0 » E — F — G be an exact sequence of vector bundles
on a scheme X. Let n: F — X be the projection, and let g = rank G. Then

[E] = ¢, (n*G) A [F]
inA,F.

Example 6.3.6. The refined Gysin homomorphism is uniquely determined by
the excess intersection formula and the push-forward property. (If o« =[V],
Ve Y, blow up V along VN X')

Example 6.3.7. Consider a fibre square

xSy
gl lf

X—]Y

with 7 a regular imbedding of codimension d. Assume that ¢ (N X.Y) = 0'Z for
example, Ny Y might have a nowhere vanishing section. Then there is a unique
“specialization” map

g A (Y — X') = Ay (X')
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which makes the diagram

AkX/—*)AkY—%Ak(Y/ X’)—’O
Vo7
Ag-gX’
commute, where j’ is the inclusion of Y’ — X’ in Y’. (The row is exact by
Proposition 1.8, and i'ij (&) = c4(g*Nx Y) n o by Theorem 6.2(a) and Corol-
lary 6.3.)
Incased=1,and = Z n;[Vi]isacycle on Y’ — X', then

o) =2 nm[%NX"],

where 7} is the closure of V;in Y".

6.4 Commutativity

In this section we prove that the refined Gysin homomorphisms defined in
§ 6.2 commute with each other. This will be done by blowing up to reduce to
the case of divisors, which was proved in § 2.4.

Theorem 6.4. Let i: X = Y be a regular imbedding of codimension d,
j: S — T a regular imbedding of codimension e. Let Y' be a scheme, f: Y’ — Y,
g : Y’ — T two morphisms. Form the fibre diagram

X' =Y —>S
l Y V
(**) X =Y >T
TNV
X »Y

i.e., each of the three squares is a fibre square. Then for all o € A, Y’,

JH () =" ()
in Ak—a’— X",

Proof. Reduction Step. Let o€ A,Y’. Suppose h: Y’ — Y’ is a proper
morphism, & € A, (Y’), with A (&) = o. Form the fibre diagram

PO
) ) Y
)?’—+)7:-5—>T
! V
X »Y

where f=foh, g=goh. If we prove that j'i'(@) = i'j' (@) in Ap_q_.(X"),
it follows from Theorem 6.2(a) that j'i' (o) = i'j' (o) in Ag_g-(X"’). Indeed, if
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p: X' = X,q:Y" > Y” r: X" — X" are the morphisms induced by A, then

Ji @) =1 (ha®) = puli @) = 1 i@ = 1y’ (@) = 41D
= 1 () = ') .

By linearity, we may assume o =[V], V a subvariety of Y’. Applying the
reduction step to the inclusion of V in Y’ we may assume V=Y. Let
h:Y — Y be the blow-up of Y’ along X’. By the reduction step again, we
may assume either X’ is a Cartier divisor on Y’, or that X’ = Y’. Similarly
blowing Y’ up along Y”, we may assume Y” is a Cartier divisor on Y’, or
Y'=Y".

In case X’ =77, let N’ (resp. N”) be the pull-back to X” (resp. X”’) of the
normal bundle to X in Y. By Corollary 6.3 the homomorphisms ' are the
Chern class operations of capping with c,(N”) or ¢;(N”’). Therefore

FHiN) = ea(N) v = ca(N7) njl () =1 ' (o)

by Proposition 6.3.
Thus we may assume X’ and (by symmetry) Y are Cartier divisors on Y.

Let E (resp. F) be the excess normal bundle on X’ (resp. Y”) constructed in
§ 6.3 for the square

X/ —_ YI Y’/ — Y/
i) il resp. | ) )

XY S7T

Then by Theorem 6.3, and using the notation of Remark 3.2.2,

J@) =1 (F) 0 j" (Camy (B) N i)
=co 1 (F) n(ca (E) nj"i" o)  (Proposition 6.3).

For the Cartier divisors X’, Y” on Y’ we have the fundamental equation
Y/’ . [X/] = Xl . [YII]
1n Ay, (X”") (Theorem 2.4). Now

JH@ ==Y ]
and

ity =it [Y"1=X - [Y"].

Therefore i"' j* (o) =j"" i’ (&), s0
oot (F) O (Cact (E) 0 ! 17 0) = Cami (E) O (Cemy (F) 077 )

using the commutativity of Chern classes (Theorem 3.2(b)). Reversing the
previous argument, the right side is i j'(«), which concludes the proof. [
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6.5 Functoriality

We show that the refined Gysin homomorphisms for a composite of regular
inbedding is the composite of the refined Gysin homomorphisms of the factors.

Theorem 6.5. Consider a fibre diagram

i
i

XI _ YI._‘_,; ZI
(**) i 19 V
X Y - Z.

If i (resp. j) is a regular imbedding of codimension d (resp. e), then j i is a regular
imbedding of codimension d + e, and for all o € A, Z’,

G () =G (®)
in Ak—d-e X

Proof. (For another proof, see Example 17.6.3.) The regularity of the
imbedding j i follows from Lemma A.5.2.

We first consider the case where Z=E is a vector bundle over Y, Z’' = E’ is
the pull-back bundle g*E, f'is the natural map from g*E to E, and j (resp. j")
is the zero-section imbedding of Y in E (resp. Y’ in E’). Let 7 (resp. 7) be the
bundle projection from E to Y (resp. E’ to Y”).

There is a canonical isomorphism of cones on X”:

€)) Cy E'=Cx Y' x4 i"*E’ .
To see this, let .# be the ideal sheaf defining X’ in Y’, and let &% be the sheaf

of sections of (E')", so that E’ is Spec(S*), S* = Sym (%). Then the ideal Fof X’
in E’ is generated by .# = S° and by S'. Then

SRS eSS
SO

S = @R S ... D @y /7 ® S
and
@ g/t =(@FINY® 5 (S ®,,.0x),

which proves (1).
In particular, the normal bundle NyE is a direct sum of Ny Y and /*E.
Pulling back to X”, this gives

) h*NyE=h*Ny Y ® i/ *E’ .

Let g be the projection from A*NyE to h*Ny Y, r the projection from A*NyY
to X’; so r g is the projection from h*Ny E to X".

Assume also that Y’ is an irreducible variety. From (1) and (2) it follows
that

7*[Cxr Y']=[Cy E]
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in A4 (E"). From the construction of the refined Gysin homomorphism we have

[Cx Y']=r*'[Y"]
and
[Cx E'l=(r9*(D)'[E].

Since (rg)*=g¢*r* is one-to-one (Theorem 3.3(a)), the preceding three
formulas give

3) Gi'[ET=11Y]
in A4(X"). It now follows for any Y, and any o € A, E’, that
“ Gy (@) =)' ().

For by Theorem 3.3(a), we may assume o= 7'*p, and by linearity that
p=[V"], V" an irreducible subvariety of Y’. By Theorem 6.2 (a) we may replace
Y’ by V. Then ao=[E’] and j'a =[Y’] by construction, and (4) therefore
follows from (3).

To prove formula (4) in the general case, we may assume a=[Z’], Z’ an
irreducible variety (Theorem 6.2(a)). Let M = M$Z and M’ = M$Z' be the
deformation varieties constructed in § 5.1. For any ¢ € IP!, rational over the
ground field, let ¢, be the imbedding of {¢} in IP!, and form the fibre diagram

X x {t} = M; — {1}

! Lo e
*) X xP' %5 M & P!
} 1
X xP' > M.

Here x is the composite of the inclusion i xid of X x P! in Y x IP! and the im-
bedding of YxIP! in M constructed in § 5.1. Since the fibres M} of M’ over ¢ in
IP! are Cartier divisors on M,

A (V4 if t+o0
) wt[M]—[Mt]—{[Cy,zf] if t=00.

Consider the fibre diagrams
X x{t} - M,
l !
X x{t} 3 M,
) 1
X xP' 5 M
with 2, =ji if t % 0, and x,, = ji where j is the zero section imbedding of Y
in NyZ. By Theorem 6.2 (c),
(Gd'[Z1 if t#+ o0
(D' [CyZ7 if t=00.
But by the special case considered above,
(M G [CrZ1=iJ(CrZ=1}12Z1,

(6) Ao (M) =0/ [M]=
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the last equation from the construction of j' The conclusion then follows from
(6) and (7), provided we know that »'¢{[M’] is independent of 7. But by the
fundamental commutativity result of § 6.4, applied to diagram (*),

®) 7 g [M') = i [M].

Let B=#[M’] € A, (X’ x P"). The required claim follows from the fact that for
any B € Ay (X’ x P"), the elements

i(B) € Ay (X' x {t}) = A« (X")

are independent of 7 (cf. Example 2.6.6 or 6.3.3). O
The following result is formally similar, but more straightforward to prove.
Proposition 6.5. Consider a fibre diagram
xXLysz
(**) WU
XY »Z.

(a) Assume that i is a regular imbedding of codimension d, and that p and pi
are flat of relative dimensions n and n—d. Then i’ is a regular imbedding of
codimension d, p’ and p’ V' are flat, and for v € A, 7'

(P )* () = i™* (p™*a) = ' p'*at
in Ak+,,_dX/.
(b) Assume that i is a regular imbedding of codimension d, p is smooth of
relative dimension n, and pi is a regular imbedding of codimension d— n. Then for
all e 4, 7/,

(Pi) (0) = i (p'*a)
in A/H.,,_dX’.

Proof. (a) The assertion that i is a regular imbedding of codimension d
follows from Lemma A.5.3. To prove the formula, we may, by our standard use
of the projection formula, assume that a=[V], ¥=2', V a variety. Then
p*VI=[Y"], ( ¥)*[V] = [X"] by the definition of flat pull-back, and

FYT=1r*[Y]=[X"]

by Theorem 6.2 (c) and Example 6.2.1.
(b) Form the fibre square
Wby
7] lr
X7 Z

Construct a corresponding square over this, induced by base extension from Z’
to Z; denote corresponding schemes and morphisms in this square by cor-
responding letters with primes. The morphism i determines a section s: X — W
with g s =idy. Since ¢ is smooth, s is a regular embedding (Appendix B.7.3).
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Therefore
Pp*o=s'jp*a (Theorem 6.5)
=s'g*(pi)a (Theorem 6.2 (b))
=(¢'s"*(pi)'a  (Proposition 6.5(a))
=(pi)a,

since ¢’ & is the identity on X’. O
Corollary 6.5. Let E be a vector bundle of rank d on X, n: E — X the projec-
tion. Any section s of E is a regular imbedding, and
s* :AkE _’Ak-dX

is the inverse isomorphism to w*. In particular, s* is independent of the choice of
section s. If Z(s) is the zero-scheme of s, and o € A, (E), the class s'(a) in
Ag-a(Z (s)) maps to (n*)™" («) in Ag-a(X).

Proof. By the proposition, s*n* = (ns)* = id; since n* is surjective, both

are isomorphisms. The last statement follows from Theorem 6.2(a). O

Example 6.5.1. (a) Leti: V- X, j: W— X be regular imbeddings, and let o
be a cycle on X. Then

ijla=ja=(ixj) ()
in A4, (VAW |«|). Here (i x j) («) is constructed by intersecting o, diagonally

imbedded in X x X, by the subscheme V xW. In case X is pure dimensional,
and o = [X], this reads:

V-W=W-V=VxW) dy.

(Theorem 6.4 gives the first equality. For the second, form the diagram

y s X
1 1o
Vx W yx X 24 xx X
v
w_ ., X

and apply Theorem 6.5 and Theorem 6.2(c).)
(b) The analogous formula is valid for more than two factors. For example,

let Dy, ..., D, be effective Cartier divisors on a scheme X. Let i be the product
imbedding of Dy x ... x D,in X x ... x X. For any k-cycle a on X
if@)=Dy ... D, a

in 4.,(D,N...ND,N|a|). Here D,-...-D,-a is constructed inductively by
the process of § 2.2.

Example 6.5.2. Let i;: X;— Y; be regular imbeddings of codimensions d;,
j=1,...,r. Let fj=Y;—Y; be morphisms, & €Ay (Y}). Then iix...xi is a
regular imbedding of X;x ... x X, in ¥, x...xY,, of codimension Z d;, and

(o x i) (o x .o xoa) = 17 (o) X x i ()
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in Ay -ay (X1 x...xX7), Xi=X;xy,Yi. (One may assume r=2. Factor.ing
| x Iy into (lx,x i) ° (i;xly,), one may assume i, =1y, Then the assertion
follows from Theorem 6.2 (c).)

Example 6.5.3. Commutativity was used in our proof of functorial%ty;
conversely, using Cartesian products, functoriality implies commutativity.
Given the situation of Theorem 6.4, form the fibre square

X — Y
| O]
XxS 7,7YXT

Then L
Jit () = (ix)) (@) =i} () .
(Factor i xj into (i x 17) (1yxj) and into (1yxj) (i x I5).)

Example 6.5.4. In the situation of Proposition 6.5 (b), one may prove more:
if V'is a subvariety of Z’, and W = p’~!(V), then the intersection classes X -, V
and X -yW have the same canonical decompositions. (There is a surjection
from h* N,Y onto h* Ny Z (Appendix B. 7.5), such that Cx.,y W is the inverse
image of Cx.qy V)

6.6 Local Complete Intersection Morphisms

In this section, for simplicity!, all schemes will be assumed to admit closed
imbeddings into schemes which are smooth over the ground field. For ex-
ample, all quasi-projective schemes are allowed. Any morphism f:X — Y then
admits a factorization into a closed imbedding i : X — P followed by a smooth
morphism p: P— Y. For example, if j is a closed imbedding of X in a smooth
M, one may take P =Yx M, i = (, ), and p the projection from Yx M to Y.

A morphism f:X—Y is called a local complete intersection (Lei))
morphism of codimension d if f factors into a (closed) regular imbedding
i:X— P of some (constant) codimension e, followed by a smooth morphism
p: P — Y of (constant) relative dimension e — d. This notion is independent of
the factorization of f into a closed imbedding followed by a smooth morphism
(Appendix B.7.6).

For any Lc.i. morphism f:X — Y of codimension d, and any morphism
h:Y — Y, form the fibre square

x Ly
*) WL L

X7Y.

1 What is actually needed for this treatment is that morphisms under consideration have
factorizations into closed imbeddings followed by smooth morphisms, and that these may
be chosen compatibly whenever a composite of morphisms is considered, as in the proof
of Proposition 6.6 (c).



6.6 Local Complete Intersection Morphisms 113

Define a refined Gysin homomorphism
FUAY = A X
as follows; Factor finto p © i as above, and form the fibre diagram
X 5poy

(**) L 1 LA
X3P Y.

Then p’ 1s smooth, and we define

[ =1(p*a)

for a € A, Y. When Y’'=Y, we write f* for f*.

Proposition 6.6. (a) The definition of f* is independent of the factorization
of f.

(b) If f is both a l.c.i. morphism and flat, then f'= f'*.

(c) The assertions stated in Theorems 6.2, 6.4, and 6.5 for regular imbeddings
are valid for arbitrary lc.i. morphisms. The excess intersection formula of
Theorem 6.3 holds if the excess normal bundle E of a diagram (*), with f and f’
l.c.i. morphisms, is defined to be

E=h*NyP/NyP’

with P, P’ as in (**); this definition of E is independent of choice of factorization.

Proof. (a) If X 5 P, 8 Y is another factorization of f, compare them both
with the diagonal:
. P
X5 pp Ny
™~ P -

The assertion then follows from Proposition 6.5 (b).

(b) follows from Proposition 6.5 (a).

(c) The extension of Theorems 6.2 and 6.4 are obvious, since the
analogous statements are true for smooth (flat) morphisms as well as regular
imbeddings. For the functoriality, if f:X— Y and g :Y— Z are l.c.i. morph-
isms, one chooses factorizations fitting into a commutative diagram

X—-P—-R

NG

Y- Q

A
z

with the vertical morphisms smooth, the horizontal morphisms regular im-
beddings, and the square a fibre square; for example; if P=YxM as in the
first paragraph of this section, one may take R = Q x M. Then the functoriality
(gN'=f'g follows from Theorem 6.5, using Theorem 6.2(b) to go around the
square.
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To see that the excess bundle E is well-defined, by the diagonal cqnstruc-
tion used in (a) it suffices to compare factorizations f=pi and f= pqJj where
p,q are smooth, i, j are regular imbeddings, and g j = i. Consider the diagram

X/ _L; Ql — P/
LS { l
X 7 0 e P .
There are exact sequences (Appendix B.7.5)
0_’j*TQ/p“’ NxQ - pr—" 0,
O_‘)j,*TQ'/p'—’ Nfo/_’ NX'P’—) 0.
Since Tg/» pulls back to Ty, p, there results a canonical isomorphism
W*(NyQ)/Ny Q' h'* NyP/Ny P’ .

The excess formula then follows from Theorem 6.3 and Proposition
6.5(b). O

For more on l.c.i. morphisms see § 17.4.

6.7 Monoidal Transforms

Let X be a regularly imbedded subscheme of a scheme Y, of codimension d,
with normal bundle N. Let ¥ be the blow-up of Y along X, and let X = P(N)
be the exceptional divisor. We have a fibre square

X5y
(™) gl L5

X—>7Y.

Since Ny )7=ﬁ,v(—1), the excess normal bundle E is the universal quotient
bundle on P (N):
E=g*N/NgY=g*N/oy(-1).
We assume that Y can be imbedded in a non-singular scheme?2 The same is
then true for Y (Appendix B.8.2). Then f is a l.c.i. morphism of relative

dimension zero, in the sense of the preceding section. Indeed this is a local
assertion, and the local case is proved in Lemma A.6.1.

Proposition 6.7. (a) (Key Formula). For all x € 4, X,
S ix(x) =jx (caz1 (E) N g* x)

2 The precise assumption needed is that / factor into a closed imbedding followed by a
smooth morphism.
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in A4, Y.
(b) Forall ye A Y, fu f*y=y in A Y.
©If x € A X, and g« X =j¥j X =0, then X
() Ifye Ay Y,and f(  7=7*9y=0, then y =
(e) There are split exact sequences

0 "‘)AkX$AkX:®AkYAAk)7—’ 0

with a(x) = (c4-y (E) N g*x , — iy X), and B(X,y) =j. X+ f*y. A left inverse for
ais given by (X, y) > g, (%).

Proof. (a) By Theorem 6.2 (a) and Theorem 6.3 (cf. Proposition 6.6),
Srixx=jsf'x=js(camr (E) N g*x).

(b) One may assume y=[V], for ¥ a subvariety of Y. If V<X, then
y=1Iixx, x=[V], and by (a),

S ¥y =fajx(ca1 (E) N g* x)
=ixgx (Ca-1(E) N g*x) =iy x

=0.
0.

(cf. Example 3.3.3). If V¢ X, let V< Y be the blow-up of V along VN X. By
Theorem 6.2(b),

F*VI=1V1+j,(3
where X is a class supported on 7 X. Therefore
L V1= LV + £ B = V] + i, 9,(5).

But g, (%) is a class supported on VX, and dim(VNX) <k, so g, X=0, as
required.
(c) By Theorem 3.3(b), X =394 ¢, (0y(1)) ng*x; for some x;e4,X.
Then by Propositions 3.1(a) and 2.6(c)
0= g*f = Xd—-1»
and d-2
0=j*ju X = "Z a@vN™'ng*x.
i=0

By the uniqueness assertion of Theorem 3.3(b), all x;= 0, so X = 0.
We next verify that any y € 4, Y can be written in the form

V= + ) (X)

for some X € 4, X. Indeed, y— f* fx () restricts to zero on Y— X (Theorem
6.2(b)), so it is the image of an element of 4, X (Proposition 1.8).

(d) If f,y=7*y=0, then by the preceding formula, y=j4 (£). Therefore

¥=X—ci-1(E)ng*g«X.
By (a), j« X' =j+ X — f*ix (g« X) = J. But
gx (X)) =gs X — gu(cam1 (E) N g* (g+ %) =0

(Example 3.3.3). Therefore, by (c), ¥'=0,s0 j = 0.
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(e) The surjectivity of 8 was verified before the proof of (d). That fo =0 is
precisely (a). That the given map is a left inverse to « is Example 3.3.3.

Finally, suppose Jef+ fry=0.

By (b), y = — fijx X = — ix g« X. Define X’ as in the proof of (d). Then g, X"= 0,
and

Je X =jx X = f*ix (g« X)=jx X+ f*y=0.
By (¢), ¥ =0, 1.e. X = c4-1 (E) N g* (g4 X), 50 (X,y) = a (g« X), as required. O

Theorem 6.7 (Blow-up Formula). Let V be a k-dimensional subvariety of Y,
and let V < Y be the proper transform of V, i.e. the blow-up of V along VN X.
Then

i F*VI =71+, {e(B) A g* s(VOX, V),
in A, Y.

Proof. If V< X, then V=0, s(VNX, V)=[V], and the formula reduces to
the key formula. So we assume W=V X % V. By Proposition 6.7(d), it
suffices to show that the two sides of the formula agree after applying f5,
and j*.

When f, is applied to the left side, one obtains [V], by Proposition 6.7 (b).
Since fi[V]1=1{V], and fijs+=ixgx, to see that the two sides agree after
applying f it suffices to note that

gxlc(E) ng*s (W, N} =0.

By the projection formula, since s(W, V) is a class on W, the left side of this
equation is the image of a class on W. But dim W < k, so the k-dimensional
component of this class must be zero.

Now we apply j* to each of the three terms in the blow-up formula:
FEVI=g*i*[V]=g* ({c (N) 0 s(W, V)}k-a)
—{c@* M) ng*gs (%C‘h 1)

k—1

where {=c,(@y(1)) and W is the exceptional divisor in V. For the second
term,

RUES S
Since ¢ (E) = c(g* N) - ¢ (@x(—1))”" by the Whitney formula,
F*ix (e (B) 0 g*s (W, V)l=—{ - c(E) n g* (s (W, V) } i
=—{c@MZIngr (T n D)

i=0
Setting f=[W],m=k —1, and regarding the last three equations, it suffices to
prove that _ '
{e@*M) X Ig*gu(X 0B =5
j=z0 iz0 m
for all fe A, X. This is a formal identity, valid for any projective bundle. To
verify it, by Theorem 3.3 we may assume S={"Nng*a, g=d—1, o € A, X.
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By Proposition 3.1,

9*(2 'n ﬁ)=g*(§0¢h g*a)=s(N) Na.

iz0

The left side of the identity is therefore

{jZ Jelg*N)s(g*N) ng*al

=0 m

=L ¢ngre) =4,

=0
asrequired. O

Corollary 6.7.1. If X = P is a point in Y, then
[*IVI=[P1+epVjalL],

where L is a k-dimensional linear subspace of E =P%}, K the residue field of
Opy, and epVis the multiplicity of Pon V (§ 4.3). O

Corollary 6.7.2. If dim VN X < k — d, then
*mM=1v.

Proof. In this case g*s(W,¥) is supported on g '(W), which has
dimension = k — 1, so the other term is zero. [

Example 6.7.1. The key formula, and the more general blow-up formula,
are also valid in refined versions: if ¥/— Y is any morphism, and V is a
k-dimensional subvariety of Y’, then

SVI=V1+j{cE)ng*s(VNX', V),

in A, (X’), where X'=Xx,Y’, X'=XxyY and the induced morphisms are
denoted by primes. Likewise, f4 f'y =) for any )’ in A4 Y". (The proofs are
the same as those given in the absolute case. For a formalism which includes
these generalities, see § 17.5.)

Notes and References

The construction and formulas for the general intersection product of § 6.1
were first given in Fulton-MacPherson (1)3. The properties of the refined
Gysin homomorphisms were sketched in Fulton-MacPherson (3), where
the formalism of bivariant theories provided a useful guide (cf. Chap. 17).
Gysin homomorphisms for regular imbeddings (the case Y’=Y) had been
constructed by Verdier (5).

The construction of refined intersections via specialization to normal cones
that we use in § 6.2 follows Verdier closely. Our proof of functoriality (§ 6.5) is
also modelled on Verdier’s proof for unrefined Gysin maps.

3 To be precise, this paper relied on the intersection theory which had been developed
previously for non-singular quasi-projective varieties.
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The excess intersection formula (§ 6.3) has many precedents. In the non-
singular case, the self-intersection formula had been proved by Mumford in
1959, the key formula by Jouanolou (1) § 4.1; see also Lascu-Mumford-Scott
(1). A topological version of the general formula was given by Quillen (1);
J. King (2), (4) gave an analytic analogue. Illusie asked us if such a formula was
known for rational equivalence. Such an excess intersection formula was given
in Fulton-MacPherson (1) and by H. Gillet (unpublished).

The formula for intersection classes in terms of Segre classes of cones first
appeared in Fulton-MacPherson (1). As mentioned in the notes to Chap. 4,
such classes were constructed in many cases by B. Segre, who stressed the im-
portance of blowing up to simplify problems in intersection theory.

The extension from regular imbeddings to l.c.i. morphisms follows the
formalism of [SGAG6]. Kleiman (12) has also developed and applied this
extension.

In the case of smooth quasi-projective varieties, most of Proposition 6.7
was proved by Jouanoulou (1) § 9, by essentially the same calculations; the
case of codimension 2 had been done by Samuel. See also Beauville (1) Prop. 0.1.3.

The blow-up formula of Theorem 6.7 is apparently new, even in the non-
singular case.

Example 6.1.4 comes from R. Lazarsfeld.
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Summary

As in Chap. 6, consider a fibre square

W-oV
{ W
X—,)Y

with i a regular imbedding of codimension d, V a k-dimensional variety.
If Z is an irreducible component of W of dimension k — d, the intersection
multiplicity i(Z, X-V; Y) is defined to be the coefficient of Z in the intersec-
tion class X Ve 4,_,(W). The intersection multiplicity is a positive integer,
satisfying

i(Z,X-V;Y) < length (O ).

Examples show that this inequality may be strict; equality holds, however, if
¥z, vis a Cohen-Macaulay ring.

On the other hand, the criterion of multiplicity one asserts that
i(Z,X-V;Y) is one precisely when @, , is a regular local ring with maximal
ideal generated by the ideal of X' in Y.

The standard properties of intersection multiplicities, worked out in the
examples, follow from the basic properties of the general intersection product
which were proved in Chapter 6.

7.1 Proper Intersections

Consider, as in § 6.1, a fibre square

wh v

9 lr

X-2Y
with i a regular imbedding of codimension d, V a purely k-dimensional
scheme. Let ,

C=CyV, [Cl=2 m]C},
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C; the irreducible components of C, and let Z; be the support of C;; Z, ..., Z,
are the distinguished varieties of the intersection.

Lemma 7.1. (a) Every irreducible component of W is distinguished.
(b) For any distinguished variety Z,

k—-d=dimZ =k.

Proof. (a) follows from the fact that the support of Cy V is W, fgr any
closed subscheme W of a scheme V. Since C; is an irreducible subvariety of
g* NxY which projects onto Z;, if N; is the restriction of g* NyY to Z;, then

C,‘C N,'.
Therefore
dimZ;=dimC; =dim(N;) =dim Z;+d.

Since C; is k-dimensional (Appendix B.6.6), (b) follows. O

If dimZ;=k—d, the inclusion C;= N, of irreducible k-dimensional varie-
ties must be an isomorphism. In particular, the class «; obtained by intersecting
[C:] with the zero-section of N; is just [Z], and the equivalence of Z; for the
intersection is m;[Z}].

Definition 7.1. An irreducible component Z of W=f"'(X) is a proper
component of intersection of ¥V by X if dim (Z) = k—d. The intersection multi-
plicity of Z in X -V, denoted

i(Z,X-V;Y)

or simply i(Z, X V), or i(Z), is the coefficient of Z in the class X -V in
A, _4(W). Equivalently, the equivalence of Z for the intersection class is

i(Z,X-V;Y)[Z]
If N, is the pull-back of N,Y to Z, then i(Z, X - V; Y) is the coefficient of N, in

the cycle [C] of the cone C= Cy V.

Let A=, be the local ring of ¥ along Z, and let J = 4 be the ideal of
W; A/J has finite length when Z is an irreducible component of W.

Proposition 7.1. Assume Z is a proper component of W. Then

(@) 1=i(Z,X-V;Y) = [(A/]), where [ (4/J) is the length of A/J.
(b) If J is generated by a regular sequence of length d, then

i(Z,X-V,Y)=1(A4)J).

If A is Cohen-Macaulay (e.g. regular) the local equations for X in Y give a
regular sequence generating J, and the equality in (b) holds.

Proof. Let N=g*NyY. The restriction Nz of N to Z is an irreducible com-
ponent of N. Since N is a vector bundle over W, the coefficient of N 7 in the
cycle [N] is the same as the coefficient of Z in the cycle [W], which is / (A/J).
Since C is a closed subscheme of N, the coefficient of any irreducible
component of N is no larger in [C] than it is in [N] (Lemma A.1.1). Since the
coefficient of N, in [C]is i(Z, X - V; Y), (a) follows.
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If J is generated by a regular sequence of d elements, replacing ¥ by an
open subscheme which meets Z (which doesn’t effect the intersection multi-
plicity, by Theorem 6.2(b)), we may assume the imbedding of W in V is
regular of codimension d. Then C is a sub-bundle of N of rank d, so C= N, and
the coefficients of Nz in [C] and in [N] coincide.

The last assertion of the proposition follows from Lemma A.7.1. O

The inequalities in (a) may be strict, as shown by Macaulay (Example
7.1.5).

Example 7.1.1. Let (e, V), be the multiplicity of V along W at Z, as
defined in Example 4.3.4. Then

i(Z, XV, Y)=(eyV),

ie., the intersection multiplicity defined here agrees with Samuel’s.

Example 7.1.2. Let a,, ..., a, be the images in A of a regular sequence of
elements defining X in Y (locally, in an open set which meets f (Z)). Then

(Z,X-ViY)=y, @) =e,a,,-...,a,)

where y,(a) =X{., I, (H,(K,(a)), with K_(a) the Koszul complex defined by
ay,...,a, (Appendix A.5). Serre (4)IV.A3 showed generally that y,(a) gives
Samuel’s multiplicity. We sketch an alternative proof, by induction on d. If
d =1 it says
214, (4p) - Li(A/p + ad) = es(a, 4) ,

where the sum is over the minimal primes p of 4; this is a special case of
Lemma A.2.7. For the inductive step, localize so that one has a fibre diagram

Wc WcV

AN

XcXcVY,

with X’cY and X< X’ regular imbeddings of codimension d—1 and 1, and
local equations pulling back to a,,...,a;in 4 and &, in A/(as, ..., ag) respec-
tively; we may also assume the localization is sufficient so that Z is the only
irreducible component of W, and all the irreducible components W} of W’
contain Z, and therefore have dimension k—d+ 1. Let p; be the prime ideal of
A corresponding to W7, By induction

X"YV=Z eAp{(aZa"',ad)[W;]'

By functoriality (§6.5), Xy V=X-x(X"yV). Let Hy=H (K« (a2, ..., a2)
Then

i(Z, X V;Y) =3 eq, (a2, ..., ag) L4(A/pi+ ar A)
= Z (= D¥ Ly, ((H)p) * La(A/pit+ ay A)
_2(_l)keA(al,Hk)_()A(ala--- ay)
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by Lemma A.2.7 and Example A.5.1. (Note that each H), has support in
V(a,, ..., as), so Hy is an A-module for A=4/(a%, ..., ay), some m >0 — in
fact m=1 will do; Lemma A.2.7 may be applied over the one-dimensional
ring 4.)

Example 7.1.3. With the notation of the preceding example, the following
are equivalent:

(1) i(Z, X V;Y)=1(A/J).
(i1) J is generated by a regular sequence of length d.

(iii) ay, ..., ay1s a regular sequence in A4.

(iv) Hy(K«(a)) =0 forall k > 0.

In particular, i = / if and only if A is Cohen-Macaulay. Algebraic proofs are
given by Serre (4)IV. To prove directly that (i) implies (iii), the main point is
to show that the equality of cycles [C] = [N] implies that C = N, at least after
replacing V by an open subset which meets Z. (Indeed, if 4 is an Artin local

ring, and Q is a homogeneous ideal in A[T}, ..., T,] whose localization at the
minimal prime is zero, then 0=0.)

Example 7.1.4. Let

_ 4 _ _
Y=A% X=V(x,—x3, x2—Xy), V="V (x1x3, X1 X4, X2X3, X3 X4) .

Then V is purely 2-dimensional, [V]=[V (x,, x,)] + [V (x5, x,)]. The intersec-
tion number of the origin in X-V is 2, while [(4/J) =3 (cf. Hartshorne (5)
p. 428))

Example 7.1.5. Let Y=A* X=V(x, x,), and let V< A* be the image of
the finite morphism ¢ from A? to A* given by

p(s,0)=(s* 51,585, 1%) .
The origin P is a proper component of the intersection of ¥ by X.

®) 1(V)= (x1x4— x2x3, x%x;—x%, szﬁ—xg, x§x4—x§x1).
(i) [XNV]=5[P],1(4/))=5.
(1) i(P,X-V;Y)=4.

(For (iii), note that g, [A%] = 4[V]. Apply Theorem 6.2 (a) to the situation
V(s* 1Y) —> A2

v le
XNV -V
! i
X Y.

giving that Y, (i'[A%) =i'¢,[A*]=4X-V. Since A? is regular, Proposition
7.1 (b) gives

Q. X -A%Y)=I(K[s, t)/(s%, 1) = 16 .
with Q the origin in A2 Therefore 16 =4i(P, X-V: Y), as required.) Note that

the kernel of multiplication by x, on A4/x,A has length 1, which accounts for
the difference between (ii) and (iii).
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Example 7.1.6. Without regularity assumptions, irreducible components Z
of X NV may have dimension smaller than dim V — codim (X, Y). The standard
example is Y = V(x; x, — X, x3) = A% X = V(x,, X,), V=V (x;, x,).

Example 7.1.7 (Commutativity). If ¥— Y is also a regular imbedding, then
by Theorem 6.4,

HZ,X-V,Y)=i(Z,V-X,Y).

Example 7.1.8 (Associativity). Let i:X—Y factor into a composite
:X— X, j:X'— Y of regular imbeddings. Let W1{,..., W’ be the irreducible
components of f~!'(X’) which contain Z. If Z is a proper component of W,
then Z is a proper component of the intersection of each W} by X on X’, each

Wj; is a proper component of the intersection of V' by X’ on Y, and by
Theorem 6.5,

HZ,X Vi Y)= 2 i(Z, X-W,; X)) i(W,, X"V, Y).
h=1
Example 7.1.9 (Projection formula). Let g :¥”— V be a proper surjective
morphism of k-dimensional varieties, and let Z,,...,Z, be the irreducible

components of g7'(Z). If each Z; and Z have dimension k—d, then by
Proposition 6.2 (a),

deg(V'/V)-i(Z, X V;Y)= Er: deg(Z;/Z) - i(Z;,, X -V'; Y).

i=1

Example 7.1.10. (a) Let D,,..., D; be effective Cartier divisors in a k-
dimensional variety V. An irreducible component Z of () D; of dimension
k—d s called a proper component, and the intersection multiplicity

i(Z,Dy-...-Dg V)
is defined to be the intersection multiplicity of Z in the intersection of V=4,
by Dy x...xDy:
nD, - 14
{ 18
Dix...xDgj—>Vx...xV.

Equivalently (cf. Example 6.5.1), i(Z,D, ... Dg V) is the coefficient of_ Z in
the intersection cycle D, - ... D, in Ak_d(ﬂ D)) (Definition 2.4.2). If 4 is the
local ring of V along Z, and g is a local equation for D; in 4, then

i(Z,Dy-...-Dg; V)= eqar, ..., ad).
If A is Cohen-Macaulay, then
i(Z,Dy-...-Dg; V)= L4(A/(ay, ..., ad)) -
For example, if d =k, and Z is a simple point on V, the intersection multi-
plicity is given by the length.

(b) Let D,,...,D, be hypersurfaces in '\ .deﬁned by polynomials
fi»--e» f1, and assume P =(0,...,0) is an isolated (i.e. proper) point of inter-
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section of (\D;. Then
i(P,D) ... Dg; A% = dimg(@p a9/ (f1, ---» f2))
=dimg(K[x1, ..., x.J/(fis .- 1) -

If K=C, one may replace formal power series by convergent power series in
the last formula. (Note that modules of finite length are not altered by comple-
tion, cf. Zariski-Samuel (1) VIIL.2.)

Example 7.1.11. Let V' be an n-dimensional variety, P a simple point on V,
n:V—V the blow-up of V at P, E the exceptional divisor. For an effective
Cartier divisor D on V, let D be the blow-up of D along P, i.e. the proper
transform of D in V. If D,,..., D, are divisors such that N, D,NE is finite,
then .

i(P,D\-...-Dy; V) = H ep(D)) + QZEi(Q;D, DY),
i= €

If n=2, and D, and D, meet properly at P, it follows that the intersection
multiplicity i (P, D, - D,; X) is the sum of the products of multiplicities of D,
and D, at all infinitely near points, a result of M. Noether. (By Example 4.3.9,
w*D;=D;+ep (D)) E. Write out the product of the D;, and push forward to V)
Generalizations will be given in Example 12.4.8.

Example 7.1.12. The equivalence of a distinguished variety Z of the
minimal dimension k —d is always a positive multiple of [Z]. If dimZ > k—d,
the equivalence of Z may be represented by negative cycles. For example, if Y
is the blow-up of a surface at a simple point, and X= V'=E is the exceptional
divisor, then Z=E is the only distinguished variety, and its equivalence is
~[P}, P apoint on E.

Example 7.1.13. Let E be a vector bundle of rank » on a purely n-dimen-
sional scheme X, s a section of E, Z (s) the zero-scheme of s:

ZG$s) - X
(*) o s
X ?,,’E

where sp is the zero section. If Z is a proper component of Z (s), ie.
dimZ=n~r, then the intersection construction from (*) determines an inter-
section multiplicity i (Z). If 4 is the local ring of X at Z, the stalk of E at Z is a
free A-module with an induced section s, which determines a Koszul complex
A*(s4) (Definition A.5). Then

H(Z)= xa(s4) -

Example 7.1.14. Let f: X — C be a morphism from a smooth n-dimensional
variety to a smooth curve C. The tangent map df: Ty — f* T, corresponds to
a section s of Ty® f*QL. If x € X is an isolated zero of this section, the
intersection multiplicity of x in the intersection of s (X) by the zero section (as
in the preceding example) is called the multiplicity of x as a critical point of f,
and denoted u,(f). If f is given in local coordinates by a function



7.1 Proper Intersections 125

f(z1,...,z,), then
1x(f) =1 x/(0f10z,, ..., 0f/0z,)) .

For a discussion of this multiplicity from an analytic and topological point of
view, see Milnor (3) and Orlik (1), ¢f. Example 14.1.5.

Example 7.1.15. Let f:Y'— Y be a proper surjective morphism of varie-
ties. Let X’ be a subvariety of Y’, X=f(X"); assume that dim X = dim X’, and
X’ is an irreducible component of f~!(X), and that X is regularly imbedded in
Y. Then the ramification index of / at X’ (Example 4.3.7) is given by an inter-
section multiplicity

ex(N=i(X,X-Y,Y).
This applies in particular if f is finite and X is a simple point of Y.

Example 7.1.16. Fractional intersection numbers on normal surfaces, (cf.
Mumford (1)II(b), Reeve (2)). Let n: X = ¥ be a resolution of a singular

point P on a surface V, n7'(P) = E U...UE, connected, as in Example 2.4.4.
For an irrgducible curve 4 on V, there are unique rational numbers 4, ..., 4,
so that if 4 is the proper transform of 4 on X,

(A E)x+ 2 (Ef Eyy =0
j=1

for all i. Set A=A+ J,E;€ Z,Xq=Z,X ®Q. This extends to a homo-
morphism o — o from Z; V'to Z, X, satisfying

(1) [DY = [=* D] for any Cartier divisor D on V.

(i1) If A is positive and contains P, then all the /; are positive.

(For (), (7*D - E)x= (D - ns E;)y= 0. For (ii), with D;, Z as in Example 2.4.4,
let A=A+ wD;,, with x minimal among the g;, ;=0. Then
0=A4"D,2%;u;(D;: D)y 2 u; 3;(D; D)y = — p,(Z-D;)xy 2 0; the connected-
ness of E then implies that all y; are zero.)

For any two one-cycles 4, B on V which meet only at P, set

Jj(P,A-B)y=(4"B)ye Q.

(This is defined since |A’|N|B'| = E, which is complete.) This intersection
number is symmetric and bilinear; it is non-negative if either 4 or B is
positive, and positive if 4 and B are positive and pass through P. If A=[D] is
the Weil divisor of a Cartier divisor D, then

j(P,A-B)y=(D'B)yeZ.

This definition of multiplicity is independent of the resolution. (If o X-X
blows up a point on X, ¢*4’ is perpendicular to all exceptional components,
and (¢* 4+ ¢*B')z= (4'- B)x.)

If X is a quadric cone with vertex P, and 4 and B are generating lines of
the cone, then j(P,4-B)=1/2.

Example 7.1.17. Let C be an irreducible curve on a scheme X, D an effec-
tive Cartier divisor on X, with C not contained in the support of D. Let
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f: C"—> X be a finite morphism which maps an irreducible curve C’ birational-
ly onto C. Then
i(P,D-C;X)= ) ordo(f*D).
f@@=r
(Use Theorem 6.2 (a).) For example if C'=P!, f*D is given by a polynomial,
and the intersection multiplicities are given by multiplicities of roots of this
polynomial.

7.2 Criterion for Multiplicity One

Let Z be a proper component of the intersection of ¥ by X on Y. Let
A=07y, J the ideal in 4 generated by the ideal of X in Y, and let m be the
maximal ideal of 4.

Proposition 7.2. Assume that Vis a variety. The following are equivalent:

1) i(Z,X-V,Y)=1.
(ii) A is a regular local ring, and J=m.

Recall that a d-dimensional local ring is regular if its maximal ideal has d
generators, which necessarily form a regular sequence (Lemma A.6.2). Since J
always has d generators, the regularity of A follows from the assertion that
J=m.

Proof. The implication (ii) = (i) is a special case of Proposition 7.1, since
[(A/m)=1. We prove (i) = (ii) by induction on d. The assertions are un-
changed if ¥ and Y are replaced by open subschemes which meet Z and f(2)
respectively. Therefore, we may assume that Z is the only irreducible com-
ponent of W, that Y is affine, and X is defined in Y by a regular sequence in
the coordinate ring of Y.

If d=1, then X V'=[W]. The coefficient of Z in [W] is I, (4/J), which can
be 1 only if J = m.

Let d>1, and assume (i) = (ii) for smaller d. Assume first that 4 is a
normal domain. Let X" be the divisor on Y defined by the first of the equa-
tions defining X. Form the fibre diagram

W-oW >V
l ! l
X7>X’—>Y.

Since dimW=k—d, W'V, so W' is a Cartier divisor on V and
X’y V=[W']. By functoriality (Theorem 6.5),

rw=ivi=(2].

In particular W’ can have only one irreducible component which contains Z,
and this component appears in the cycle [W’] with coefficient 1. In other
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words, a; 4 has only one minimal prime ideal p containing it, and
/An(Ap/alAp) =1.

Since 4 is a normal domain, p is the only prime ideal associated to a;4
(Lemma A.8.1), so a;4 is p-primary. Since a;4,= pA,, it follows that ;4 =p.
Therefore W is a variety, and 4/a;A the local ring of Z on W’. By induction,
the images of ay, ..., as in A/a;A form a regular sequence generating m/a, A,
so ay, ..., a; form a regular sequence generating m.

Returning to the general case, it remains to show that 4 must be normal.
Let g: V-V be the normalization of V in its function field. Let /4 be the
induced morphism from g~ ' (W) to W. By Theorem 6.2(a), since g is proper
and g« [V]=1{V],

hy (V) = i'[V].
If i'[V]1 = X5_, m[Z,], this gives

> m;deg(Z:/Z)=1.
i=1

Therefore r = m,= deg (Z,/Z) =1. The local ring 4’ of Z, in V is the integral
closure of 4 in its field of fractions. The case of (i) = (ii) proved above applies
to ¥, so J generates the maximal ideal m’ of 4’; in particular, mA’ = m’. Since
deg(Z\/Z) =1, the canonical map from A4/m to A’/m’ is an isomorphism.
Therefore A=A+ mA’, since 4’ is finite over 4, Nakayama’s lemma implies
that A=4’, s0 A is normal, as required. O

Example 7.2.1. It is not enough to assume that V is a pure-dimensional
scheme in Proposition 7.2. For example, let Y=A% X=V(y), V=V (xy, x?).
Then X and ¥ meet properly at the origin, and the intersection multiplicity is
1, but the local ring of V at the origin is not regular. However, if all associated
primes p in 4 have dim A4/p = d, then the intersection multiplicity is one only if
A is regular and J is the maximal ideal. (Since X V=X-[V] (Example 6.2.1),
A can have only one minimal prime p, and /(4,) =1; i.e. p, = 0; since elements
outside p are assumed to be non-zero divisors, p=0, and Proposition 7.2
applies.)

Nagata has extended this to general local rings 4 whose completion is
unmixed (cf. Nagata (2)40.6 and Huneke (1)). Nagata has given an example
of a local Noetherian domain whose multiplicity is one without being regular
(cf. Nagata (2) Appendix Al).

Notes and References

The problem of assigning a multiplicity to an isolated solution of n polynomigl
equations in n variables can be traced back near the beginning.s of algebraic
geometry, although clear statements did not appear until relatively recently.
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Two points of view, which remain vital, can be found in the work of Newton
and his contemporaries:

(1) The dynamic approach, where the multiplicity of a solution is the
number of solutions near the given solution when the equations are varied. For
example, a point of tangency of a line with a curve is a limit of intersections of
nearby secant lines.

(2) The static approach, where the multiplicity is obtained without varying
the given equations. For n =2, Newton and Leibnitz showed how to eliminate
one of the variables, obtaining a polynomial equation whose roots give the
abscissas where the equations have common solutions, the multiplicity
question is likewise reduced to the multiplicity of a root of a polynomial in
one variable.

In 1822, Poncelet (1) made the dynamic point of view quite explicit with
his “principle of continuity”. Rules of this type were given for calculating
intersection multiplicities, e.g. by Cayley (1), Halphen (1), Schubert (1), and
Zeuthen (3). A useful summary of this era is given by Zeuthen and Pieri (1).
We will discuss these principles in Chap. 11.

Flimination theory and the calculation of resultants also received consider-
able attention; the names of Euler, Bézout, Cayley, Sylvester, Kronecker, and
Hilbert should at least be mentioned. This is discussed by Salmon (2) and
B. Segre (8); cf. Example 8.4.13.

In 1915 Macaulay (1) gave a static definition in terms of the length of a
ring modulo an ideal, and proved Bézout’s theorem for n hypersurfaces in
P,

The intersection of more general varieties than hypersurfaces in n-space
was taken up, from the dynamic point of view, by Severi, Van der Waerden,
and Weil in the 1930s. In 1928 Van der Waerden (2), borrowing an example
from Macaulay (Example 7.1.5 above), showed that the naive definition using
length would not always work. Van der Waerden (3) also pointed out in 1930
that the Poincareé-Lefschetz intersection theory in topology includes a notion of
intersection multiplicity for complex varieties, since they can be triangulated.
Severi’s treatments (cf. Severi (7) for a summary) were almost entirely
geometric. Van der Waerden (1), Weil (2), and Barsotti (1) developed algebraic
notions of specialization to make such geometric ideas rigorous, not relying on
geometric intuition, and valid over general ground fields.

Chevalley (1), in 1945, gave an important new definition of intersection
multiplicity in terms of completions of the local rings; his theory was therefore
equally valid in the analytic or formal case. He also gave a criterion for multi-
plicity one, which includes that given in § 7.2. Samuel (1) gave the first
definition valid for a general Noetherian local ring 4. As in Examples 4.3.1 and
4.3.4, he defined a multiplicity e,(J) for an ideal J primary to the maximal
ideal. Samuel proved many basic properties for this multiplicity, including its
agreement with Chevalley’s.

We can only mention a few of the very many subsequent treatises on multi-
plicities in general local rings. The books of Nagata (2), Northcott (2), and
Kunz (1) may be consulted for this literature. Nagata proved that when J is
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generated by d elements, d= dim4, then e, (J) = /(A4/J) precisely when 4 is
Cohen-Macaulay (cf. Example 7.1.3). Nagata (1) also generalized Chevalley’s
criterion of multiplicity one: if 4 is unmixed, then e,(J) =1 if and only if 4 is
regular and J is maximal. Nagata also gave an example to show that the
criterion may fail for general local rings.
Lech (1) proved a remarkable asymptotic formula:
eday,...,al)= lm [(A/(ay...,a))/t ... 14

min (t;} = c©

which he used to prove the associativity formula for multiplicities (cf. Exam-
ple 7.1.8).

In 1957 Serre (4) showed that e4(ay, ..., a;) is the alternating sum of the
lengths of a Koszul complex (cf. Example 7.1.2); or an alternating sum of
lengths of Tor modules, this definition, unlike previous algebraic definitions
extends to intersections where neither factor is defined by a regular sequence.
Several authors, beginning with Kleiman (5), have constructed other ideals J’
in A4 so that e4(J) = [(A4/J’); one such is worked out and applied to Bézout’s
theorem by Vogel (1). Teissier (1), (2) has given some interesting new multi-
plicity formulas.

The definition of the intersection multiplicity i(Z,X V) given in this
chapter is also a length — the length of the local ring of the normal cone
CynxV at the component lying over Z. Since normal cones are constructed
from associated graded rings @ J™/J™*!, it is not hard to see that this defini-
tion agrees with Samuel’s (Example 7.1.1). This calculation of intersection
multiplicities occurs implicitly in Verdier (5), and in Fulton-MacPherson (1),
(2). Basic properties of intersection multiplicities, in this geometric context,
follow from the properties proved for more general intersections in Chap. 6;
other than the algebra in Appendix A, none of the previous multiplicity theory
is required. The proof of the criterion of multiplicity one in § 7.2 is new, to our
knowledge.

It should be emphasized that all of the above constructions of intersection
multiplicities, with the notable exception of Serre’s Tor definition, are valid
only when one of the varieties being intersected is regularly imbedded in the
ambient space. Intersection multiplicities for arbitrary varieties on a non-
singular variety are defined by reduction to the diagonal, as discussed in the
next chapter.
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Summary

If Y is a non-singular variety, the diagonal imbedding é of Y in YxY is a
regular imbedding. For x, y € 4,7, the product x -y € 4, Y is defined by the
formula

x-y=0%xxy).

Setting 47 Y = A4,_, Y, n= dim Y, this product makes 4*Y into a commutative,
graded, ring, with unit [Y].

If f: X — Y is a morphism, with Y non-singular, the graph morphism y,
from X to X x Y is a regular imbedding. For x € 4, X, y € A*Y, define

X yy=yF(xxy) €AsX.

This product makes A4 X into a graded module over 4*Y. If X is also non-
singular, setting

) =[X],y

defines a homomorphism f* : 4*Y — A*X of graded rings.

Using the refined operation y; in place of y¥,x-y has a canonical
refinement in A, (|x|N f~*(|y])). In particular, if ¥ and W are subvarieties of
a non-singular variety Y, the intersection class V- W is defined in A, (VNOW),
m=dim V +dim W —dim Y. Any m-dimensional irreducible component Z of
VAW has a coefficient in V-W, called the intersection multiplicity, and
denoted i(Z, V- W; Y). The expected properties of these intersection products
and multiplicities follow readily from the general properties proved in
Chaps. 6 and 7.

Bézout’s theorem, in its simplest form, states that 4*(P")~ Z [AY/ (A™* D),
where 4 is the class of a hyperplane. A deeper analysis of intersections on
projective space will be given in Chap. 12.

8.1 Refined Intersections

A variety Y will be called non-singular if it is smooth over the given ground
field. For our purposes, the important point (Appendix B.7.3) is that the
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diagonal imbedding
0:Y—>YxY

is a regular imbedding of codimension n, n = dim Y.
The (global) intersection product is the composite

AYOAY S A4 (YX V) S dern Y,

where 0* is the Gysin homomorphism (§ 6.2). We write x - y = §*(x x y) for
x,y € Ay (Y).

More generally, if X is a scheme, Y a non-singular variety, f: X — Y a
morphism, then the graph morphism

X > XxY,

¥ (Py=(P, f(P)), is a regular imbedding of codimension n, n=dim(Y).
Define a cap product
AY®AX > AiyjnX,
denoted
y®x=f*(»nx,

by the formula f*(y) N x = y%(x xy). When f is the identity on Y, this is the
previous product. This product is also denoted by x -¢y. If X is also non-
singular, we write f*y for f*y N [X].

By using the refined Gysin homomorphisms ¢' and y;in place of 6* and 37,
these products can also be refined. If x and y are cycles on a non-singular
variety Y, with supports | x| and |y|, then x € 4,|x|, y € A4|y|. Form the fibre
square

[x|01yl = |x|x |y
i {

Y - YxY

We have &'(x x y)€ 4,(|x| N|yl). This product, also denoted x-y, maps to
the corresponding global product in 4, (Y). If x =[V], y=[W], for V, W pure
dimensional subschemes of Y of dimensions k, /, we write the refined product

V-W={V]-[W]e A, (VI W).

Recalling the procedure of Chap. 6.1, this product V- W is constructed as
follows. The normal bundle to the diagonal imbedding of Y in Y x Y is the
tangent bundle Ty to Y. Let T be the restriction of T, to VW, s the zero
section of T. The normal cone C = Cynw(V x W) is a (k + I)-dimensional
subscheme of T, and

V- w=s*[C],

i.e., V- Wis the intersection of the cycle of C with the zero section of 7.

Similarly, if /: X = Y, Y non-singular, x a cycle on X, y a cycle on ¥, the
cap product f*y n x has a canonical refinement in A, (|x| 0 f ~1(|y])), which
we denote by x -, y:

x-,y=7(xx e A, (x| 07 (yl)-

These products have the following common generalization.
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Definition 8.1.1. Let /: X —» Y be a morphism, with Y non-singular of
dimension n. Let py: X’ = X, py: Y’ = Y be morphisms of schemes X, Y’ to
X and Y respectively, and let x € 4, X, y € 4;Y’. Form the fibre square

X'xyY - X' xY
l lpxxpy
X > XxY.

Define
Xy =p(xxy) € Akr1-n(X' xy '),
where xxy €44/ (X'xY’) is the exterior product (§ 1.10) and y; is the

refined Gysin homomorphism (§ 6.2). When X’ =X, Y’ =Y, these are the
global products; when X’ = | x|, ¥’ = |y|, the preceding refinements.

The following proposition proves the expected formal properties of these
refined products. In this proposition, it is assumed that each named variety
X, Y, Z, Y;, comes equipped with a morphism py: X’ = X, pr:Y = Y, etc
and aclass x € 4, X",y € 4, Y, etc.

Proposition 8.1.1. (a) (Associativity). Ler X Lys Z, with Y and Z non-
singular. Then

xp(ygz)=(x 1Y) g Z

in A* (X, Xy Y’ sz').

(b) (Commutativity). Let f;: X — Y, Y, non-singular, i = 1, 2. Then

G ap) Y= (x 52 1

in Ay (Yixy, X’ xy, Y3). ,

(©) (Projection formula). Let X5 Y % Z, with Z non-singular. Let
f":X" > Y’ be a proper morphism such that p, [ = fpxslet f"=f"x,1,. be the
base extension. Then

J&(x gp2) =fi (%) ‘gz
inAy (Y' xz2Z").
(d) (Compatibility). Let f: X — Y, with Y non-singular and let g: V' — Y’
be a regular imbedding. Then
g'(xyy)=xyg'y
in Ay (X' xyV").

Proof. For (a) consider the fibre square

X xxz
") L=tz
XxY foromd XxYxZ.

The canonical map from X’ x Y’ x Z’ to X x ¥ x Z induces a fibre cube lying
over this square. Then

Xy (¥ g2) = y(x x y;(y x 2))
=35 (lxx 7)) (x xyx2) =(3rx 12) Iy x 3,)' (x x y x 2)
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by two applications of Theorem 6.2 (¢). Now by Theorem 6.4,

rx12) (xxp) (xxyxz) =(lxx 7)) (yrx 12)' (x x y x 2)
=7 ((x ) x2) =(x 4p) gr2
using Theorem 6.2 (c) again.

Similarly (b) follows by applying the commutativity theorem (§ 6.4) to the
fibre square

.
X s X x Y2
V/,l lle"le

YixX YIxXxY,

—
Lyyx¥ry

and theclass y; x x x yyin 4, (Yix X’ x Y3).
For (c), apply Theorem 6.2(a) to the diagram

X'xzZ = X'x2Z
| Lt
YxzZ' - Y xZ
! !
Y > YxZ.

This gives the formula f5 (x) -, z = f{’ (y; (x x z)). From the fibre square
X"HXxZ

fl $/x1g
Y —7;—>Y><Z i

Theorem 6.2 (c) gives
Yo(xx2) = vhr(xx2z) =X yz,

which concludes the proof of (c).
For (d), apply Theorem 6.4 to the diagram

X x,V = X'xV >V

1 i ¥
X'xy Y > X' xY =Y

) i)

X ?XXY . O

The following corollary follows from (d).

Corollary 8.1.1. If Y is non-singular, and j: V — Y is a regular imbedding,
and x is a cycle on Y, then

x-[V]=j(x)
in A,(Ix|NV). O

Corollary 8.1.2. If f: X — Y, with X and Y non-singular, and I'y< X x Y is
the graph of f, then for cycles x on X, y on Y,

xyy=(xxy)- 7]
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in A, (IxDN S~ (Iy1)). In particular, for cycles x, y on a non-singular Y, x-y
is the intersection product of x x y with the diagonal Ay, on Y x Y.

Proof. Apply Corollary 8.1.1 with j=y, the imbedding of X=1TI} in
XxY O

Corollary 8.1.3. Letf: X = Y, Y non-singular, x a cycle on X. Then
xy[Y]=x.
Proof. By (c), one may assume x=[X], X a variety. Then x ([Y]=
7F [X x Y] =[X]since y;is a regular imbedding. O
Definition 8.1.2. Let f: X — Y be a morphism from a purely m-dimensional

scheme X to a non-singular n-dimensional variety Y. For any morphism
g : Y — Y, define a refined Gysin homomorphism

f! : Ak Y - Ak+m—n X’
with X" = X x,Y’, by the formula

fO=0X]y.

Proposition 8.1.2. (a) If f is also flat, then f'(y) =f"*(y), where [’ is the
induced morphism from X' to Y".

(b) If fis also a lc.i. morphism, then f* agrees with the homomorphism
constructed in § 6.6.

Proof. (a) follows from Proposition 6.5(a). For (b), if i: X > P, p:P—> Y
factors £, with p smooth, i a regular imbedding, then we have a factorization

XBXx Py Xy
of f, and the conclusion follows from Proposition 6.5(b). O

The functoriality of these refined Gysin homomorphisms follows from
Proposition 8.1.1(a), the projection formula from Proposition 8.1.1 (c), and the
commutativity of these Gysin homomorphisms with lci. Gysin homo-
morphisms from Proposition 8.1.1(d). Similarly all other formal properties
of refined Gysin homomorphisms given for l.c.i. morphisms in Chap. 6 are
valid for morphisms to non-singular varieties. These results will all be
subsumed in Chap. 17, so we do not write them out here.

Example 8.1.1. Let ¥ be a closed subscheme of a non-singular variety Y
such that the imbedding i of Vin Y is a regular imbedding. Then

V1'y=ixi*(y) €4,Y
forall y € A4 (Y). (Use Corollary 8.1.1.)

Example 8.1.2. Both classes in part (a) of Proposition 8.1.1(a) are equal to

X (gn(¥x2), as well as to (x4z) yy. (The morphism (f, gf) from X to
XxYxZ is the composite of morphisms given in the proof of (a); use
Theorem 6.5.)

Both classes in (b) are equal to x -(;, ;) (3  y2).
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Example 8.1.3. If in Proposition 8.1.1(d) one assumes that g is flat instead
of a regular imbedding, then
g (xyy)=xrg*(y)
where g": X" xy V" — X' xy Y’ is induced by g.
On the other hand, if g is assumed to be proper, and v € A, V", then
Gx(x yv) =X g (v) .
Formula (d) is also valid for g : ” — Y’ an arbitrary l.c.i. morphism as in
§ 6.6.

Example 8.1.4. If f;: X; — Y, are morphisms, with Y, non-singular, i=1,..., r,
then
(o1 X X X)) (iesy (VX X P = (X1, 1) X X (X, 0)
in Ay (X7 xy, YD) % ... x (X} xy, ¥7)). (Use Example 6.5.2.)
Example 8.1.5. Let Y be non-singular, V,,..., V, regularly imbedded
subschemes. Then the intersection product of V;x...x V, by the diagonal

A=Y in Yx...xY is the same as the intersection product of 4 by
Vi x...x V,. (Use Theorem 6.4.)

Example 8.1.6. Let f/: X — Y, Y non-singular, and let E be a vector bundle
on Y. Then, for all ,

xy(ci(E) ny) =(ci(f*E) N x) vy
in Ay (X’ xyY"). (Use Proposition 6.3.)

Example 8.1.7. Projection formula. Let f:X — Y be a proper morphism of
non-singular varieties, and let x (resp. y) be a cycle on X (resp. Y). Then
fexpy)=falx) -y
in A,(f(Ix[)N|yl), where f' is the induced map from |x| Nf Yy} to
f(x)N1yl. In particular
H(f*) nx)=y- fx(x)
in Ay (Y). (Use Proposition 8.1.1(c).)

Example 8.1.8. If /: X — Y is a morphism, with Y non-singular, there is a
fibre square "
X—- XxY
1l Ly
Y5 YxY,

with d and 7, regular imbeddings of the same codimension. With x and y cycles
as in Definition 8.1, it follows (Theorem 6.2 (c)) that

Xy =7yxxy)=8(xxy).
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In this sense all the intersections of this section are intersections with a
diagonal.

Example 8.1.9. Let Y be non-singular, and let §, be the r-fold diagonal
imbedding of Yin Y x... x Y. for cycles yy, ..., y, on Y, define

Vi yr=08(1x... %)
in 4,(1y,1N...01,]). Then

Ve =y p) .
(See the proof of Proposition 8.1.1 (a).)

Example 8.1.10. Let X be a non-singular closed subvariety of a non-
singular variety, i the inclusion of X in Y. Then for any cycles y;, y, on Y,

X1y pa=i' (i y) =* () - i* ()

in A, (XN |y;|N]y,1) (The intersection products in the first two formulas are
taken on Y, the third on X.) In particular, if X is a hypersurface on Y, and V,,
V, are subvarieties of Y not contained in X, then

X1-MI-M1=1XNW]-[XNV,]
in A, (X NV, NV,), the first intersection taken on Y, the second on X.

Example 8.1.11. Let ¥, W be subvarieties of a non-singular, n-dimensional
variety Y. If the diagonal imbedding of the intersection scheme VW into
V x W is a regular imbedding of codimension n, then

V-W=[V]-[W]=[VNW]

in A, (V) W). This equation holds if the imbedding of VN Win V x W is regular
of codimension n on an open set of each component of ¥ (\ W (cf. Remark 6.2.2).
This is valid in particular if ¥ and W are non-singular varieties meeting transver-
sally at generic points of VN W.

Example 8.1.12. If X is an n-dimensional non-singular variety, and
4 < X x X is the diagonal then (Corollary 8.1.1 and Corollary 6.3)

4-4=c,(Tx)n[X].

In particular, the degree of 4- 4 is the topological Euler characteristic [ ca(Ty).
Ifn=1,{4-4=2-2g (cf. Example 3.2.13). x

Example 8.1.13. Consider a fibre square
XI £) YI
hy 1
X 7Y

with Y and Y’ non-singular, and g a closed imbedding of codimension ¢ and
normal bundle N. Then for x € 4, X", y € 4, Y,

ha (X) rg2(¥) = halca(f*N) O (x 1 )
in A4 X. (Use Theorem 6.3.) This formula corrects Lemma 2.2(4) of Fulton (2).
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8.2 Intersection Multiplicities

Let Y be an n-dimensional non-singular variety. Let V and W be closed
subschemes of Y of pure dimensions & and /. From the fibre square

VOW - Vx W
i !
Ady=Y—3 ¥YxY

and Lemma 7.1, it follows that every irreducible component Z of VW has
dimension at least k+ /—n. One says that Z is a proper component of the
intersection of ¥'and W, or that V and W meet properly at Z, if

dmZ=k+/~n.

If Z is proper, the coefficient of Z in the intersection class V- We 4, ,,_, (VW)
1s called the intersection multiplicity of Z in V- W, and denoted i(Z, V- W, Y).
In other words,

HZ, V- W Y)=i(Z, 4y (VxW);YxY),

where the right side is defined in § 7.1. Setting T = T, |y w, and C = Cypw(V x W),
i(Z,V-W,;Y)is the coefficient of T|, in the cycle [C].

If Y° is an open subscheme of Y which meets Z, and V°=VY°,
We=WNY° Z2°=ZY° then by Theorem 6.2 (c)

i(Z,V-W,Y)=i(Z°,V°-W°,Y°).

If Y is a singular variety, but Z is not contained in the singular locus of Y, the
preceding formula, with Y ° the non-singular part of Y, defines i (Z, V- W, Y).

If every component of VNW is proper, the intersection class V-We
A -, (VN W) is a well-defined cycle

V-w=>Yi(Z V-W,Y)[Z].
z

Proposition 8.2. Assume Z is a proper component of VN W. Then

@ 1=2iZ, VW, Y)S U0z vaw-
(b) If the local ring of V x W along Z is Cohen-Macaulay, then

HZ,V-W; Y)= U0z vrw)-

(c) If V and W are varieties, then i(Z, V-W; Y) =1 if and only if the maximal
ideal of O y is the sum of the prime ideals of V and W in this case Oz and O
are regular.

Proof. (a) and (b) follow from Proposition7.1. By Proposition 7.2 (and
Example 7.2.1 if ¥'x W is not a variety), the intersection number is | precisely
when there is an open subset U of Y x Y, meeting Z, such that the diagoral 4y
intersects UN(V x W) scheme-theoretically in the (reduced) variety Z. Since
A,N(V x W) is scheme-theoretically isomorphic to VW, this implies the
equivalence stated in (). To see that ¢, , and 0, y are regular, let A=0,,,
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and let p, ¢ and m be the prime ideals of ¥; W and Z in 4, and let K = A4/m.
From the exact sequence

0 (p+md/m*—> m/m*—> m/(p+m? -0
and the identification of m/(p + m?) with M, z/(My,z)?, it follows that
dimg ((p + m2)/m?) = dim (Y) — dim (V) ,

with equality if and only if #y 7 is regular (Lemma A.6.2); similarly for W.
Since p+ g =m,
(p +md/m*+ (g + md/m* = m/m?.

Since (dim(Y) — dim (V)) +(dim(Y) — dim (W)) = dim(Y) — dim(Z), the
spaces on the left must have the maximum dimensions, and the conclusion
follows. O

Remark 8.2. If the ground field is algebraically closed, and Z is a (closed)
point, the last displayed equation decomposes the cotangent space of Y at Z
into a direct sum of the cotangent spaces of V and W at Z. The intersection
number is one precisely when ¥ and W are non-singular and meet transversally
at Z. When dim(Z) > 0, the condition says that ¥ and W are generically non-
singular along Z, and generically meet transversally along Z.

Example 8.2.1. If V,, ..., V, are pure-dimensional closed subschemes of a
non-singular variety Y, an irreducible component Z of NV, is a proper
component if dim(Z) =), dim(V)—(r— 1)-dim(Y). The intersection multi-
plicity

iZ V...V, Y)

is the coefficient of Z in the class V;-...- V,=§8,(V; x...x V,), where ¢ is the
r-fold diagonal imbedding of Y in Y x...x Y. Proposition 8.2 is valid for r
factors.

Example 8.2.2. Let V, ..., ¥, be hypersurfaces in an n-dimensional variety
Y. Assume: P is a (closed) point of Y, rational over the ground field; P is a
non-singular point of Y and of each V;; P is a component of V;; all of the V;
are tangent to each other at P. Then

(P, Vimo..- Vy Y)y=2n7L
(Use Example 8.1.10.)

Example 8.2.3 (cf. Samuel (2)). Let K be a field of characteristic p#+0,
with an element a in K with no p™ root in K. Let Y be the affine plane over K
with coordinates x, y, and let V=V (y), W= V()*— x?+a), Z= V(y, x? — a).
Then

(@) Z is a proper component of the intersection of V with W, and
iZ,V-w,Y)y=1.

(b) If the ground field is extended to a field containing a p™ root of a, the
intersection still has one irreducible component, but the intersection number

becomes p. (Note that £ is regular, but W is not smooth over Spec(K)
atZ.)



8.2 Intersection Multiplicities 139

Example 8.24. If Y, V, W, Z are as at the beginning of this section, and the
imbedding of Vin Y is a regular imbedding, then the intersection multiplicity
i(Z,V-W.,Y) defined in this section agrees with that defined in §7.1.
(Use Corollary 8.1.1, with x=[W].) Similarly if V;,..., V, are regularly
imbedded subschemes of a non-singular Y, and Z is a proper component of
(V,, then the intersection number i(Z, V,-...-V,; Y) obtained by intersect-
ing Vi x...x V, by the diagonal, is the same as that obtained by intersecting
the diagonal by V| x ... x ¥V, (cf. Example 8.1.5). In particular, if V;,..., V, are

hypersurfaces in Y, the intersection number defined here agrees with that
defined in Example 7.1.10.

Example 8.2.5. Let f/: ¥’ > Y be a finite surjective morphism of non-
singular varieties. Let ¥”, W’ be irreducible subvarieties of Y’, V=f(V"),
W=f(W'). Let Z be an irreducible component of VW, and assume
there is only one irreducible component Z’ of f~!(Z) which is contained in
either V' or W'. Assume that Z is a proper component of VW, and that
f is étale at the generic point of Z'. Then V' and W’ meet properly at Z’, and

deg(V'/V) - deg(W'/W) - i(Z,V-W;Y)=deg(Z'/Z) - i(Z', V' W', Y').
(The assumptions imply that (f x )™ (4,)N(V’' x W) isequal to 4,.N(V' x W)
in a neighborhood of Z’. Therefore i(Z’, V' - W, Y") is the coefficient of Z’ in

the class 8'(V’ x W’) where ¢ is the diagonal imbedding of 4y in Y x ¥ (cf.
Theorem 6.2(c)). Then apply Theorem 6.2 (a) to the diagram

VixyW = V' x W’

i N\
VAW - Vx W
i l

dy 3 YxY)

Example 8.2.6. Let Y be a subvariety of IPY, V, W subvarieties of ¥, Z a
proper component of ¥\ W which is not in the singular locus of Y. Then for
a generic projection f: Y— P, with n =dim Y,

(Z, V- W Y)=i(f(D).f(V) f(W), P").

(The hypotheses of Example 8.2.5 are satisfied by a generic pr.o:iection.) This
was one of Severi’s methods for reducing intersection multiplicities on general
varieties to intersections on projective space (Severi (9) p. 203). A similar
construction was used by Chevalley (1) in his algebraic definition of intersec-
tion multiplicities.

Example 8.2.7. The intersection number is given by the length as in (b)
whenever V and W are Cohen-Macaulay schemes, i.e., all their local rings are
Cohen-Macaulay. Indeed, the Cartesian product ¥'x W is then Cohen-Macaulay
((EGAIJIV.6.7.3).
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8.3 Intersection Ring

For an n-dimensional, non-singular variety Y, set
AY=A4,,Y.
With this indexing by codimension, the product x ® y — x - y of § 8.1 reads
APY ® A1Y — APTIY

i.e., the degrees add. Similarly if /: X — Y, the cap product y ® x — f*(y)nx
reads A
AYRA, XA, ,X.

If X is also non-singular the pull-back y — f* () preserves degrees:
[ ¥ APY - APX .

Let 1 € A°Y denote the class corresponding to [Y]in 4,Y. Set 4*Y =@ 47 Y.
We sometimes write A4(Y) in place of 4*Y or A,Y when the grading is
unimportant.

Proposition 8.3. (a) If Y is non-singular, the intersection product makes
A*Y into a commutative, associative ring with unit 1. The assignment

Y~ 4A*Y

is a contravariant functor from non-singular varieties to rings.

(b) If f: X = Y is a morphism from a scheme X to a non-singular variety Y,
the cap product

AY®AX DA, X
makes Ay X into an A* Y-module.
(©) Iff: X = Y is a proper morphism of non-singular varieties, then
S(f*y - x) =y fulx)

for all classes x on X, y on Y.

Proof. The associativity and commutativity of 4*Y follow from Proposi-
tion8.1.1(a) and (b), with f;=f=g the identity map of Y; that 1 is a unit
follows from Corollary 8.1.3. The functoriality of the pull-back follows from
Proposition 8.1.1 (a), with x =[X], y=[Y]. The projection formula (¢) is a
special case of Proposition 8.1.1(c), with Y = Z. Proposition 8.1.1 (a), with g
the identity on Y = Z, gives the formula

f*yax=f* 20 (f*ynx)

for x € Ay X, y,z € A*Y. This formula shows that A« X is an A*Y-module;
setting x = [X], it shows that f* preserves products. [

Remark 8.3. If Yis non-singular, and y,, ..., y, are cycles on Y, then

V=0t x...xy,)
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where J, is the diagonal imbedding of Y in Y x...x Y (r factors). This
follows by writing 6,=(d,_yx 1y) ° 6, and applying Theorem 6.5 (or see
Example 8.1.9).

The ring A*Y is often called the Chow ring of Y, the notation CH*(Y) is
also common.

Example 8.3.1. Let f: X — Y be a morphism, with Y non-singular, X pure
dimensional. If /' is flat, or a regular imbedding, or a l.c.i. morphism, then the
cap product f*y n [X] agrees with the Gysin pull-back f*y constructed in § 1.7,
§ 6.2, or § 6.6, respectively. (Use Proposition 8.1.2.)

Example 8.3.2. If X Ly Z, with Y, Z non-singular, then (Proposition

8.1.1(a))
@N*@) nx=f*g*z) nx
forall x € A, X, z € A*(Z).

Example 8.3.3. Let P= P(¢,(E),..., ¢, (E,)) be a polynomial in Chern
classes of vector bundles on a non-singular variety Y. Suppose that
P [Y]=0 in A(Y). Then for all morphisms f: X — ¥, and all x € 4, X,
f*(P) nx=0in 4, X. (By Example 8.1.6, f*(P) nx =x ((Pn [Y]).) There is
therefore no loss of generality in identifying P with its image in A, Y. This
aspect of Poincaré duality will be formalized in Chap. 17. If P is homo-
geneous of isobaric degree m, we regard P € A" Y.

Example 8.3.4. Let E be a vector bundle of rank r on a non-singular variety
Y,let X = P(E), with projection p: X — Y. Then

X =AY [N+ e (E) O+ ... + ¢, (E))

as graded rings. Here ( corresponds to c¢;(#g(1)). (This follows from
Theorem 3.3(b).)

Example 8.3.5. If f: X — Y is an isomorphism of non-singular varieties,
with inverse /!, then

L= =1 AX) > A(Y).
In particular, fy preserves products. (By the projection formula, f( f*»=y)

Example 8.3.6. Let Y be non-singular, y; € A*Y, U; < Y open subschemes
such that y; restricts to 0 in A*U;, for i=1,...,r. Then Y1y € A¥Y
restricts to 0in A* (U, U...U U,). In particular, if the U, cover Y, then y, -...- y,=0.
(Let Y/ = Y — U,. By Proposition 1.8, y; is represented by a cycle on Y/. The

refined intersection product of § 8.1 then gives a class on )Y which represents
Yot Vi)

Example 8.3.7. Let X and Y be non-singular varieties. Then the exterior
product A*X ® A*Y 5 A*(X x Y)
is a homomorphism of rings, preserving the grading. (Use Example 8.1.4.) If
Y = IP", this homomorphism is an isomorphism.
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Example 8.3.8. Let X=P'xP!, i: X — P?® the Segre imbedding. The
induced map from 4'P}*=Z to A'(X)=Z ® Z takes 1 to (1,1). For any
surface H in IP? of degree d, i*[H] =(d, d). Therefore no irreducible curve C on
X, of bidegree (d, ¢) with d + e, can be — even set-theoretically — the inter-
section of X with any surface in IP3,

Example 8.3.9. Let

=~

~ =

X
!
X

@

be a blow-up diagram as in § 6.7, with Y, X, and therefore ¥, X non-singular.
The ring structure on 4 (Y) is determined by the following rules:

@ f*y-fy=1*»ry).

(i) jx(®) - jx ()= jx(c) (*7 (X)) - X - X') .
@111) f*y - jx(X) =jul(g*i*y) - X) .

Example 8.3.10. Let Y be a non-singular surface, and let ¥ - Y be the
blow-up of Y at r points. Then .

A4 V=a4v0> Z[E]
i=1

with E; the exceptional divisors, and 4y ¥ = 4, Y. The product is given by:
[E]] - [E]=—[Pi}, Pi€e E;; [E]-[E]]=0 for i%j, f*[D]-[E]=0, f*[D]-f*[D’]
=/*(D]- [D').

Example 8.3.11. Let V be a complete surface, 7: X — V a resolution of
singularities of V. Assume that 7~!(P) is connected for all P € V (V normal,
for example). For any irreducible curve 4 on V there is a unique one-cycle A4*
supported on the exceptional locus of X, with rational coefficients, such that if
A is the proper transform of 4, then

(A-E)y+(A* E)y=0

for all irreducible components E; of the exceptional locus (Example 7.1.16). Set
A’= A+ A* There is a unique homomorphism, denoted o — o, from 4, V to

A1(X)q, which takes [4] to [4’], for irreducible curves A. (Use Example
7.1.16(i).). This determines a product

A| V® A[ V- AO(V)Q

by o - f=me(o’ - f), which is symmetric, bilinear, and independent of choice
of X. For any Cartier divisor D on X, [D]- 8 is the image of the integral class
D - B (defined in § 2.3) in 4, V.

Example 8.3.12. If X = Y/G is a quotient variety of a non-singular variety
Y by a finite group G of automorphisms of Y, then 4, Xq may also be made
into a ring. Indeed, in this case one has an isomorphism (Example 1.7.6)

A Xo=(44 Ye)°,
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so A, Xq is the ring of G-invariants of A(Y)q. In fact, if V, W are subvarieties
of X, one may construct a refined intersection class V-W in A, (V1 W),
m=dim V + dim W — dim X ; with the notation of Example 1.7.6,

V-W=(1/#%G)n, (n*[V] n*[W]),

where 7 is the projection from z~! (VN W) to V N W. In particular, for any m-di-
mensional component Z of V(\W, one has a rational intersection number
i(Z,V-W, X), the coefficient of Z in the class V-W (cf. Matsusaka (2),
Briney (1)). Note that the product on X is determined so that n*(a-b) =
n*(a) - m*(b), and n.((7*a) - ¢) = a - m(c), for cycles @, b on X, ¢ on Y. For a
proof that these definitions are independent of the presentation of X as a
quotient variety, see Examples 17.4.10 and 16.1.13.

Mumford (7) has constructed a ring structure on 44, Xq when X is the
moduli space of stable curves of genus g, in characteristic zero. He uses the
fact that such X is locally (in the étale topology) a quotient of a non-singular
variety by a finite group, and X is globally a quotient of a Cohen-Macaulay
variety by a finite group, which dominates the local charts.

Example 8.3.13 (cf. Fulton (2) § 3). If X is a quasi-projective scheme, one may
define a graded ring 4*X by

A*X=lim A*Y
—

where the limit is over all pairs (Y, f) with Y a non-singular quasi-projective
scheme, fa morphism from X to Y. This is a contravariant functor from quasi-
projective schemes to graded rings. There are (Example 8.3.2) cap products
APX®A,X 5 A,_,X, with a projection formula f,(f*xnx)=xn f, x for a
proper morphism f: X' — X.

Any vector bundle E on X has Chern classes ¢;(E) in A'X, satisfying the
formal properties of § 3.2, such that for any f: X' = X, x € 4. X', f*ci(E)nx’
is the class ¢;(f*E) n x’ defined in § 3.2. (The essential points for this are the
following facts (loc. cit. § 3.2): (i) There is a_morphism f: X — Y, Y non-
singular, and a vector bundle Eon Y, with f*Ex~E;, (i) f f": X > Y, E' is
another, there is a non-singular Z,g: X —> Z, h:Z - Y, I:Z— Y with
hg=f, W g=f", and h* E = h'* E’, (iii) Any exact sequence of vector bundles on
X pulls back from an exact sequence on some non-singular Y.)

More generally, for any scheme X which admits a closed imbedding in a
non-singular scheme, one may define 4*X to be lim A*Y, the limit over all

X — Y, Y non-singular. One has the same properties as in the quasi-projective
case. For (i), one uses Lemma 18.2.
Another “cohomology theory” to pair with A is discussed in Chap. 17.

Example 8.3.14. Ruled varieties (cf. B. Levi (1)). Let Y be a non-singular
projective curve, let E be a vector bundle of rank d on Y, and let‘X =P(E),
p:X — Y the projection. Let V be a vector space of dimension m+ 1,
P(V) = P”, and let f: X — P (V) be a morphism, with f*@,(1) =65(1) ® p*L
for some line bundle L on Y; the fibres X, of p are imbedded as linear
subspaces of P(V). Set {=c,(@e(1)), h=c, (f*&y(1)). For any subvariety W
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of X of dimension w set
n(W)= | h* A [W] = deg(W/f (W)) - deg(f (W)).

(In characteristic zero, deg (W/f(W)) is the number of rulings, i.e., fibres X, of
p, which pass through a general point of f (W).) Set

k(W) = §cw X, fhw L. p*[y]- [W].

(k(W) is the degree of X, W as a subscheme of X, =IP*", for generic y € Y.)
Then
[W]= k(W) k%" + p* (o) h4 v},

where o is a zero-cycle on Y of degree n (W) — k(W) - N, with N = n(X). (Use
Theorem 3.3(b).) If W,,..., W, are subvarieties of X with Z codim (W)) =d,
then
deg(W)-...- W)=, n,-(H k,-) —(r—=1DN]] 4,
=1 \j#*i i=1

where n; = n(W)), ki = k(W;), N = n(X).

Let Y be a non-singular curve of genus g in P(V)=P™ and let X be the
ruled surface of tangent lines to Y, i.e. X = P(E), where E is the “principal

parts” bundle, constructed to make the following diagram have exact columns
and rows:

0 0

1] {
056> E - Ty —0

| ! 1
O—*ﬁ—> V®ﬁy(1)—’ T]pm|y —’0

! !

NyP" = N,P™
1) i)
0 0

In this case N=n(X)=2g—2+2deg(Y). If m=2, N is the degree of the
dual curve.

For more on ruled surfaces, see Beauville (2) III.

8.4 Bézout’s Theorem (Classical Version)

Intersections on projective space P" are particularly simple, as well as
important for applications.

We saw in § 3.3 that 4, (P") = Z, with generator [L*], L* a k-dimensional
linear subspace of P", k=0, 1,..., n. For any k-cycle o on IP", the degree of o,
deg (o), is defined to be the mteger such that

o = deg () - [L"]
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in 4,P". Equivalently, deg(o) = {p-c,(O(1)* n a. This follows from the fact
that ¢, (O (1)) ~ [I¥] = 1 (Proposition 3.1 (a) (ii)).
Write A°P"=4,_, P,

Proposition 8.4 (Bézout’s Theorem). Let o, €A%P", i=1,...,r. If
di+...+d =n, then

deg(ay: ... a,) =deg(ay) ... deg(a,).

Proof. From the preceding considerations, the ring homomorphism from
Z[h)/(h™") to A*P" which takes 4 to ¢;(@(1)) N [P")=[L""'] is an iso-
morphism, from which the proposition follows. (For a more direct proof, see
Example 6.2.6.) 0O

If V,,..., V, are pure-dimensional subschemes of P* which meet properly,
ie. the irreducible components Z,, ..., Z, of NV; all have codimension equal
to 3 codim (V;, IP"), then

t
Viee o V=2 0Z, Vi ...- Vi PP - [Z],
j=1

where i(Z;, Vi ... V,; P") is the intersection multiplicity (cf. Example 8.2.1).
In this case Bézout’s theorem says that
t

e} DiZy Ve V,;]P”)-deg(Zj)=I=Ildeg(V,-).

Jj=1

For example, if H is a hypersurface, and V is a subvariety of P" not

contained in H, then
t

H-V=[HNV]= 3 mZ]]

with i=1
(2) 2. m;- deg(Z)) = deg (H) - deg(V) .

Another important case is the one considered originally by Bézout: Let
H,, ..., H, be hypersurfaces in P{ with only a finite number of common

points. For each Pe H, let Op(NH,)= Op p:/(h,, ..., h,) be the local ring of
P" at P modulo the ideal generated by local equations h; for H; at P (i.e., the
local ring of the scheme (\H; at P). Then

3 Y dimg (@5 (NHy) = [ ] deg(H,).
P

j=1
Indeed, in this case each H; is Cohen-Macaulay, so by Proposition 8.2 (b)
i(P,H, ... - H,; P")=1(0:(NH))).
For a (closed) point P, deg P =[R(P): K], and
dimg O,(NH,)=1(0(NH,)) - [R(P):K]
by Lemma A.1.3. Thus (3) follows from (1).

Example 8.4.1. Let Y be an n-dimensional variety, smooth over a field K If
Vi,..., V, are pure-dimensional subschemes of Y which meet properly in a
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finite set of points, then
2P Vi Vs V) [R(P:K]=[[Vi]- ... - [Vi].
P Y

if H,, ..., H, are hypersurfaces meeting properly, then
2 dimg (Op(NHY) =[[H,]- ... [H,].
P Y
Example 8.4.2. (a) If s (resp. ¢) is the class of a hyperplane on IP” (resp. P™),
then (Example 8.3.7)
A*(P"x P™y =Z [s, t)/(s"*!, t"*1).

(b) If Hy,..., H,,,, are hypersurfaces in IP"x P, and H; has bidegree
(ai, b) (i.e, [H]=a; s+ b;* 1), then

JIHY ... [Hysml =2 a; ... " a,, by...- b,

where the sum is over all permutations (iy, ..., in, ji,...,jm) Of (1,..., n+m)
withi) <ih<...<ipandj, <... <jp.
(c) if 4 is the diagonal in IP” x IP", then

)= 3 o ot
i=0

in A"(P"x IP"). (Write [4]= ) a;s't"~", and intersect both sides with [L x M],
where L and M are linear spaces of complementary dimensions meeting
transversally at a point. Alternatively, the composite of the canonical maps

prid (= 1) S 2D S pr} (T (- 1))

corresponds to a section of pr} (Tp») ® # (1, — 1) whose zero-scheme is 4; the
top Chern class of this bundle is D, s' 1"~%)

Example 8.4.3. (a) Let ¢:P"xP" — P" be the Segre imbedding, N =
nm+n+m. If u is the hyperplane class on P¥, then ¢*u = 5 + 1. The degree of

the image of ¢ is (" ‘;‘l m).

(b) If y:P" > P¥ is the mfold Veronese imbedding, N=("*,;m)—1,

and s, u are hyperplane classes on P” and PPV, then y*u=m-s. If V is a
k-dimensional subvariety of P" of degree d, then y (V) has degree d - m*.

Example 8.4.4. Let V' be a subvariety of IP” x IP™ of dimension &, so

[V]= Z a;s" "

i+j=k

the a; are the bidegrees of V. Define a variety V' < P"*"*! as follows.
Geometrically,

={(Axo:Axii.. i Axy i yor o iy ym) € P ()X (y) € V, (A:p) e PY.

Algebraically, if I is the bihomogeneous ideal in K[X,,..., X,, Yy,..., Y,]
defining V, then the ideal of V" is generated by those elements in / which are
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homogeneous in all variables. Then V7 is a variety of dimension k + 1, and

deg V'= 3. ay
(cf. Van der Waerden (7)). i+j=k

Example 8.4.5. Let V, W be irreducible subvarieties of P” of dimensions
k, | respectively. Let J(V, W) < P?*! be the ruled join of V and W, i.c. let
IP{ (resp. IP5) be the linear subspace of P?"*! where the last (resp. the first)
n+ 1 coordinates vanish; regard V< IP{, W < P3, and define J (¥, W) be the
union of all lines in P?**! from points of V to points of W. In the notation of
the previous example, J(V, W) =(Vx WY. If p, q are the ideals of ¥ and W,
then the ideal of J (¥, W) is the ideal in K [X, Y] generated by all /(X), fe p
andg(Y),g €gq.

Let L be the linear subspace of IP?"*! defined by

L={(xo:...:xp:¥0:...: ¥} x;=y; for O0=i=n}.

’

The imbedding i:PP"— P2"*!, which takes (x¢:...:X,) to (Xoi...:X, Xo: ... X
maps IP" isomorphically onto L, and determines an isomorphism of schemes:

VOw=LOJ(V, W).

Moreover, if P2"*1 = P?"+1 — (P" UIP%), the canonical projection p from P27+!
to IP” x IP" maps L isomorphically onto the diagonal 4, and maps LNJ(V, W)
to AN(V x W). This projection p is smooth — in fact an (A’ — {0})-bundle. The
claim is that

V-W=L-J(V, W)

in 4,,,_,(V(YW). To prove this consider the diagram

PE! —Jo(V, W)

EN

P'xP" « VxW

where J (V, W)= J(V, W)NP2"+!. By the definition of VW, and Proposi-
tion 6.5 (b),

V-W =3[V xW]=i p*[V x W] =i, [J,(V, W)].

And iL[J (V, W) =i [J(V, W)]=L-J(V, W) by Theorem 6.2(b) and Corol-
lary 8.1.1.

yIn fact, by Example 6.5.4, the canonical decomposition of the intersection
class 4 -(Vx W) is the same as the canonical decomposition of the intersection
class L-J(V, W). Note in particular that deg J(V, W) = deg(V) " deg (W), as
stated in Example 8.4.4.

A similar discussion is valid for the intersection of r varieties in IP"; the
ruled join is a subvariety of P"™*D~1. In summary, all intersection products on
projective space can be realized by an intersection of a subvariety by a linear
space (cf. Gaeta (1)).
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Example 8.4.6. Let V,,..., V, be subvarieties of IP". Let Z, ,..., Z, be the
irreducible components of ¥V, N...NV,. Then

2; deg(Z) = ]__[] deg(V)) .
i= j=

In particular, the number of irreducible components of V; is at most the
product of the degrees. (By the preceding example, one may assume r = 2 and
V) is a linear subspace. Write V; as an intersection of hyperplanes; by
induction one may assume V) is a hyperplane. Then either V> V,, or V-V,
=" m;[Z]], from which the inequality is clear.) A refinement of this inequality
will be discussed in § 12.3. For an application, see Bass-Connell-Wright (1)
p. 293.

A typical classical application of Bézout’s theorem is a proof that an
irreducible subvariety X = IP" of degree d, not contained in a hyperplane,

satisfies .
dimX+d=n+1.

Indeed, taking generic linear sections, one is reduced to the case where X is a
curve. There is a hyperplane through any » points, which contradicts Bézout’s
theorem if # > d and the n points are on the curve.

Example 8.4.7. Let X be a projective scheme. Let Vi,..., V., be sub-
varieties of X, and let d; be the degree of V; with respect to some imbedding of
X in PY. If V,N...NV, is finite, then

card(ViN...NV,)<d,-...-d

(Use Example 8.4.6.) Note that this upper bound depends only on the
(numerical) equivalence classes of the [V}].

r

Example 8.4.8. Let L be a linear subspace of P", V a subvariety of IP", Z a
proper component of LN V. If dim Z = k, then for a generic linear subspace
M < P" of codimension k, and a point P on ZN\M, and [ = LN M, then P is a
proper component of LNV and

i(Z,L-V;Py=i(P, LV, IP").

(Choose M transversal to Z at P and apply associativity of intersection
products.) Together with Examples 8.4.5 and 8.2.6, this shows how intersection
multiplicities on arbitrary non-singular varieties are determined by intersec-
tion multiplicities of varieties of complementary dimension in P”, with one
factor a linear subspace.

Example 8.4.9. Let V4, ..., V, be subvarieties of P” with

m=) dim(V)—-(r—1)n=0.

i=

1
(a) The intersection ()}, V; cannot be empty.
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(b) Assume that each V; has odd degree. Then V,(...N V., must contain
an m-dimensional variety of odd degree. (The intersection class V, -...- V. is
represented by a cycle of odd degree on NV,.) In particular, for at least one
irreducible component Z of NV, the restriction of @(1) to Z is not the square
of any line bundle.

Example 8.4.10 (cf. Fulton-MacPherson (2)). Given V, Wc IP", with
dim ¥V + dim W=n, there is no way to assign integers to the irreducible
components of V1 W so that the sum is the Bézout number, at least if one
requires the assignment to be preserved by automorphisms of P™ For
example, let n = 4,

V= V(X% —x1Xx2(x2— 2x), x4)

W=V(x3-x2x(x,~ 2x3), X3) .
Then VAW is the union of two lines; the involution interchanging x, and
Xy, and x; and x4, takes V' to W and interchanges the two lines; thus each
would have to be assigned the same number, but the Bézout number 9 is odd.

(In fact, the point of intersection of the two lines is a distinguished variety for
the intersection of V'x Wby 4.)

Example 8.4.11. Let V be a subvariety of Py of dimension d, with K in-
finite. Then there is a linear space L < P" of codimension d which meets V

properly, and deg(V)=Xi(P, L-V;P")-[R(P):K].
P

(Choose, inductively, d hyperplanes H,,..., H, so that H; meets all compo-
nents of V(YH, ...\ H,;_, properly.)

Example 8.4.12. A Bertini theorem. Let X be an n-dimensional subvariety
of P, over an algebraically closed field. Let 0 < k <m, and let G be the
Grassmannian of k-planes in P (cf. § 14.7).

(a) There is a non-empty open set U < G such that for all L in U,

dim(XNL)y=n+k—m
ifn+k-—m=00or XNL=0if n+ k—m<0. (Set
I={(x,Lye XxG|xelL}.

The projection from I to X is smooth of relative dimension k(m — k), so
dim(l) — dim(G) = n + k — m. The generic fibre of I — G therefore has the
indicated dimension.)

(b) Let X, be the smooth locus of X. For x € Xy, let Ty < P™ be the
projective n-plane tangent to X at x. If n+ k = m, there is a non-empty open
set U = G such that every L in U meets X, transversally, i.e.

dim(T.NLy=n+k—m
for all x e X, L. (Set
Jy={(x,L)e Xo x G|xe L, dm(T,NL)=n+k—m+1},

/=1,2,.... The projection from J; to X is smooth, and a dimension count
shows that dim J, < dim G.)
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(c) Set k=m — n. There is an open set U < G such that every L € U meets
X transversally in deg(X) points. (Apply (b) to X,, (a) to the components of
X — X,. More generally for X, Y subvarieties of P™ of complementary
dimension, X meets o (Y) transversally, in deg(X) deg(Y) points, for generic
o € Aut (IP") (Appendix B.9).

Example 8.4.13. Resultants. Fix positive integers d,,...,d,. The hyper-

surfaces of degree d; in P are parametrized by P™, miz(df;’l'")——i. Let

Xo, ..., X, b€ homogeneous coordinates on P”, IED homogeneous coordinates on
IP™ so that ;=) té,-) x defines the universal hypersurface in P" x P™. Set
T=P™"x...xIP™" and define? < P"x T by

7 ={(x, 1, ..., ") | F: (1 x)=0 for i=1,...,n}.
By projecting to IP", one verifies that 7 is a smooth irreducible subvariety of

P"x T of codimension n. The fibre ¥, of 7 over ¢ in T is the intersection of the
corresponding hypersurfaces. Set

L ={(x)€]P"|x0=x1=0},
T°={teT|%NL=0},
V=9 NIP"x T°),

so T° is a non-empty open subvariety of T, ¥™° is open in ¥, and closed in
(IP" — L) x T°. Let p be the projection from P" — L to P!, p(x) = (xg:x,). Let

R =(px1)(¥°) = P x T°.

Since ¥7° is proper over T°, the induced morphism f from ¥°° to %° is proper, so
Z° is a closed subvariety of IP' x T°. In fact, f maps ¥ ° birationally onto %°, i.e.

L7l =12°].
Indeed, if T°° consists of those ¢ € T° for which the corresponding hypersurfaces

meetind, - ... - d, points with distinct projections to IP!, f restricts to an isomor-
phism over T°°. In particular £° is a hypersurface in P! x T°. Let

R=R(xg,x;;1',..., 19

be the equation, unique up to scalars, for the closure of #° in P! x T: R is
called the resultant. For any particular hypersurfaces Fi, ..., F, of degrees
dy,...,d,, the resultant R(Fy,..., F,) is obtained by substituting the cor-
responding coefficients 7', ..., 1" into R. The resultant is characterized, up to
multiplication by polynomials in f',..., 7", by being homogeneous of degree
dy- ... d, in xg, x; (cf. below) and vanishing at points ((xo:x,), (¢!, ...,1")), in
any algebraic closure of the ground field, where the F;(r, x) have common
zeros not on L. (For some of the many classical methods for calculating
resultants, see Salmon (2) pp. 66—98, and Van der Waerden (4)§ X1. For a
modern discussion see Jouanolou (4) and Lazard (1).)

Theorem. Let V, = P" be the hypersurface defined by equation F,,i =1, ..., n.
Assume N V,\L=0, and NV, is finite. Then, for any Q € P!,
* ordg(R(Fy,...,F))= Y, i(P,V,"...- V,; P").

PeP"-L
p(P)=0Q
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To prove this, let t: Spec(K) — T be the point corresponding to F,,..., F,.
Let ¥°2 be the subscheme of (IP" — L) x T° defined by F(x, t'). Form the fibre
diagram:

NV, - ¥ x...xVe - P! - Spec(K)

! ! l I
YO 5P Ix..x¥ -oP xT° - T°
! !

P e P x...xP".
By Theorem 6.4, and Theorem 6.2 (b), (c),

PO =8 x . x ¥ =8 '[9 x ... x O]
=8P x .. x V=[] ... [V,]

in 4,(NV). Let ' be the morphism from NV to IP! induced by p. By Theorem
6.2(a),

LV VD = Lol =1 L[] = (2.

Since R(F,,...,F)=+0, t'[#°] is the cycle determined by the divisor of
R(F,, ..., F,). The equality of these cycles in A,(f' (N V) gives (*).

If one does not assume [V finite, but only that NV, is contained in a
finite number of fibres of p, the same proof shows that ordy(R(F,,..., F)) is
the total contribution of the intersection class J{ - ...- ¥, which is supported
on NVNp~ Q)

Adding formula (*) over @ € P!, for any ¥, ,..., ¥, which meet properly
(off L) shows that R has degree d, ... - d, in x,, X,.

Notes and References

The procedure of reduction to the diagonal, i.e., of intersecting two cycles on a
non-singular variety by intersecting their exterior product with the diagonal,
has played an important role in intersection theory. One may detect its
presence in the nineteenth century theory of correspondences (cf. Pieri (1)).
Apparently Weil (2) in 1946 was the first to use this principle in modern
geometry, although Lefschetz (3) had made extensive use of cycles on product
manifolds.

Following Lefschetz’s model in topology, and ideas of Severi in algebraic
geometry, the construction of an intersection ring 4*Y for a non-singular
projective variety has usually proceeded in two separate steps: (1) a theory of
intersection multiplicities was developed (see the notes to Chap. 7), so that
properly intersecting cycles had a well-defined intersection cycle; (2) one
showed that two cycle classes have representatives which meet properly, and
that the resulting product is well defined up to rational equivalence. This is the
approach followed by Samuel (3), Chow (1), and Chevalley (2). Earlier



152 Chapter 8. Intersections on Non-singular Varieties

descriptions of 4*Y along these lines were made by Severi (9), Todd (2), (6),
Segre (4), and Hodge and Pedoe (1), among others.

In the present version, sketched in Fulton-MacPherson (1), the intersection
product of two cycles on a non-singular variety is constructed directly, in one
step, as a well-defined rational equivalence class on the intersection of the
supports of the two cycles. In addition to its simplicity, a primary advantage of
this approach is that it leads to useful formulas for intersection classes in cases
where the intersection is not proper. There is also the benefit that the
construction works equally well on non-projective varieties; the construction of
the rational equivalence ring for regular algebraic schemes has also been
carried out using higher K-theory (see Chap. 20).

In the projective case, for varieties V, W of complementary dimension,
Murre (1) showed how to assign an intersection number to each connected
component of Vﬂ W, thus answering a question of Weil. His method, based
on the moving lemma, would apparently also lead to the class V- W in
A*(Vﬂ W) that we have constructed in § 8.1, when the ambient variety is
projective.

The original theorem of Bézout (1) concerned the number of solutions of n
polynomials in » variables; precedents can be found in the work of Jacques
Bernoulli, Euler, Braikenridge, and Maclaurin (cf. Berzolari (2) and Zeuthen-
Pieri (1)). Now its name is attached to a number of theorems concerning inter-
sections of arbitrary of cycles on projective space — and often to more general
situations whenever an intersection ring of a variety is explicitly computed.
Poncelet’s approach to Bézout’s theorem was to deform the varieties to be
intersected until they are unions of linear spaces, using his principle of
conservation of number to know this didn’t change the number of solutions.
This approach, suitably justified, is the one followed in this chapter; indeed,
once the intersection product is known to be well-defined on rational
equivalence classes, Bézout’s theorem is evident.

The first modern algebraic — and perhaps the first fully complete —
treatment of Bézout’s original theorem was given by Macaulay (1). For the
relation to resultants, see Example 8.4.13. A discussion of Bézout’s theorem
emphasizing its algebraic aspects is given by Vogel (1); his methods also yield
the conclusion of Example 8.4.6.

For intersections on P", a further reduction beyond reduction to the
diagonal is possible; the intersection of ¥ and W in IP" is equivalent to the
intersection of the ruled join of V and W by a linear space in P?**!
(Example 8.4.5). This construction was made by Gaeta (1) to compare the
Chow point of a product cycle with Chow points of the factors. An algebraic
analogue has been used by Boda and Vogel (1). The geometric construction
given in Example 8.4.5 we learned from Deligne; this construction has been
useful in the study of the topology of projective varieties (cf. Fulton-Lazarsfeld
(1)). The result of Example 8.4.6 was discovered and proved with MacPherson
and Lazarsfeld, in answer to a question of Kleiman,

The intersection products x -,y of § 8.1 generalize those of Serre 4)Vv.C7,
who defined such products and stated similar formal properties in the case of
proper intersections.
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Summary

If X & Y is a regular imbedding, V < Y a subvariety, we have constructed
(§6.1) an intersection product X-V in A,(XNV), where m=dim V —
codim (X, Y). If a closed subscheme Z of X NV is given, the basic problem of
residual intersections is to write X -V as the sum of a class on Z and a class on
a “residual set” R. There is a canonical choice for the class on Z, namely

{c(N) N s(Z, V)}m

where N is the restriction to Z of NyY, and s(Z, V) is the Segre class. Our
problem is therefore to compute this class on Z, and to construct and compute
a residual intersection class R in 4,,(R), for an appropriate closed set R such
that ZUR = XNV, with

X-V={c(N)ns(Z Vi, +R.

If m=0, and R is a finite set, knowing X -V and {c(N) n s(Z, V)}, gives a
formula for the weighted number of points of R. This is the basis for
applications of the excess intersection formula to enumerative geometry.

In case Z is a (scheme-theoretic) connected component of X1V, R is the
union of the other connected components; since A, (X NV)=A4,(Z)® A,(R),
the above decomposition is part of the construction of Chap. 6. Computa-
tions, applications, and a few of the many classical examples are considered in
§9.1

The general case is considered in § 9.2. In the main theorem Z is assumed
to be a Cartier divisor on V; in this case there is a natural scheme structure on
the residual set, which can be used to construct R. If Z is arbitrary, one blows
up V along Z to reduce to the divisor case.

An important and typical application of the residual intersection theorem
is to the formula for the double point cycle class of a morphism, which is given
in§9.3.

9.1 Equivalence of a Connected Component

Let Y be a scheme, X; < Y regularly imbedded subschemes, | =i=r,and Va
k-dimensional subvariety of Y. The intersection product

X X,V
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isaclassin 4, () X,N\V),m=dim V — ¥;_, codim (X;, Y). It is constructed by
the procedure of §6.1, applied to the diagram

NxX,NV ——V

[ f?

Xix...xX, ©Yx...xY.

If Z is a connected component of () X;()V, we write
Xy ... X, M2 e A, (2)

for the part of X;-... - X, Vsupported on Z, and call it the equivalence of Z
for the intersection X;- ... X, V.

Proposition 9.1.1 Let N, be the restriction of Ny, Y to Z. Then

i=

X1 ... X, 2= {H c(N) ns(Z, V)}m.

If Z is regularly imbedded in V, with normal bundle NV, then

Xy ... X, VE= {H c(N)-c(NzV)™! m[Z]} .

i=1
If Vand Z are non-singular, then

r

Xy X, V)E= {H c(N) ¢(Ty|2)™" e(T2) A [Z]} .

i=1

Proof. The first assertion follows from Proposition 6.1(a) and the Whitney
sum formula (Theorem 3.2(¢)). The second follows from Proposition 4.1 (a).
The last uses the identification of N,V with the quotient of tangent bundles
Ty 2/T7 (Appendix B.7.2) and the Whitney sum formula. O

The global intersection class X, -...- X,-V is always the sum of the
equivalences for the connected components of () X,NV. The following case
suffices for many enumerative applications.

Proposition 9.1.2. Suppose m=0, and (\X,\V consists of a connected
component Z together with a finite set S. Then the degree of X, -...- X,V is
deg((X, ..o X, V) + D i(P, X,...- X, V; Y) - [R(P):K],

PeS

where [R(P): K] denotes the degree of the residue field of P over the ground
field. O

In enumerative applications, deg(X,-... X, V) is known for global
reasons, e.g. Bezout’s theorem. Knowing the equivalence of Z then predicts the
(weighted) number of residual points. Following the classical terminology,
when m =0, we also call the degree of (X,-...- X, V)Z the equivalence of Z in
the intersection product. If V=Y, we write (X;-...-X,)Z in place of
Xy ...- X, W2
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Notation 9.1. For an arbitrary imbedding Z < Y, and any &, s(Z, Y);
denotes the k-dimensional component of the total Segre class s(Z, Y). We

regard s(Z, Y), as an element of 4, Z, or of A, Z’ for any closed subscheme Z’
of Y which contains Z.

Example 9.1.1. Let X,,...,X, be Cartier divisors in an r-dimensional
variety Y. Suppose a connected component Z of ()X, is a curve. Then

X X)2=2 Xi-s(Z, Y) +s(Z, Y.
i=1

If Z is a scheme-theoretic complete intersection of Cartier divisors D, ..., D,_,,
then —1
s(Z, Y)=[Z]- 2. D;-[Z].
Therefore /=1
(Xl' e X,-)Z=(X1 + ... +Xr_ Dl e T Dr—l) N D]' . Dr—l .

For example, if Y= IP", and deg X, = n,, deg D, = d;, then the equivalence of Z
is

(1) (n1+...+n,—dl—...—' r—l).dl‘...'d,-_l.
On the other hand, if Z and Y are non-singular, then
S(Z, Y)=[Z1+ e, (T N [Z]— a1 (Ty|2) " [Z].
Therefore

X ... 'Xr)Z:(;Xi_cl(TY))'Z+CI(TZ)m[Z]-

For example, if Y = IP’, and deg X; = n;, the equivalence of Z is
(i1) (m+...+n—(r+1)-degZ+2-2g

where g is the genus of Z.
Note that the equivalence of Z need not be a multiple of the degree of Z.

Example 9.1.2. A non-singular curve of genus 1 and degree 5 in IP3 can
never be the scheme-theoretic intersection of three surfaces in IP? (such a curve
cannot lie on a quadric, say by Example 15.2.2. But there are no solutions to
the equation

nyny=5(m +n+ny—4)

in integers n; = 3.)

Since a linear system of degree 5 and dimension 3 on a curve of genus 1 is
not complete, such curves are not linearly normal. The existence of such a
curve which was not the intersection of three surfaces was posed by Peskine
and Szpiro (1) Problem 7.3. Different examples have been given by Rao (1).

Many other curves which are not the complete intersection of three
surfaces can be constructed by the same method. For any degree and genus,
equation (ii) of the preceding example severely restricts the possibilities for
the degrees of the three surfaces which cut it out.
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Example 9.1.3. The twisted cubic curve in P’ may be written as the inter-
section of three quadrics. If three surfaces have a twisted cubic curve as their
scheme-theoretic intersection, the surfaces must all be quadrics. (If the degrees
are ny, n,, h3, then

n n2n3=3(n,+n2+n3—4)+2.

The only solution to this equation in integers = 2 is n; = ny = n3 = 2.)

Similarly, if n > 3, the rational normal curve in IP” cannot be written as the
scheme-theoretic intersection of any n hypersurfaces. This should be con-
trasted with the following facts, valid over an algebraically closed ground field:

(i) Any algebraic set in P" is the set-theoretic intersection of n hyper-
surfaces (Eisenbud-Evans (1)).

(ii) Any subscheme of IP* which is locally a complete intersection is the
scheme-theoretic intersection of n+ 1 hypersurfaces. (Choose d so large that
# ®# (d) is generated by its sections, where .# is the ideal of the subscheme;
apply the construction of § 4.4 to this linear system, obtaining a morphism f
from P"to P". If H,, ..., H,., are hyperplanes in IP" so that (\H,N f (P") =0,
then the corresponding hypersurfaces in the linear system cut out the
subscheme.)

Another general fact explains why the equivalence of a connected com-
ponent is studied mainly for zero-cycles:

(iii) If Xy,..., X,, V are subvarieties of P, and m = dim V'~ Y codim (X))
>0, then () X, V is always connected (Fulton-Hansen (1)).

Example 9.1.4. (a) If three surfaces in P, of degrees n,, n,, 13, contain a
line as a connected component, the equivalence of this line is n, + n, + n3— 2.
The three quadrics xgx,=x}, x;x3=x3, XpXx,=Xx,X; meet in the line
x; = x,=0and in 4 points outside this line.

(b) The equivalence of a non-singular rational quartic curve in the
intersection of four quadrics in IP* is 14, leaving two points of intersection
outside the curve.

Example 9.1.5. Let X ,..., X, be hypersurfaces in IP", n,=deg(X,), and

assume a connected component of () X, is a non-singular surface Z. Then the
equivalence of Z in X, -...- X, is

deg(cs) +(n—r— 1)-deg(c|)+(N—n(r+ 1)+(’;2)) -deg(2),

—_ r —_
where n=37_, n,, N=3,.,nn;, and ¢; = ¢;(T}).

Example 9.1.6 (cf. Severi (2), James (1), Semple and Roth (1) p. 228). Let
Xi,..., X, be divisors on a non-singular r-dimensional variety Y. Suppose a
non-singular curve Z is a set-theoretic connected component of () X,, but that
the multiplicity of Z on X; is m;. Let n: ¥ — Y be the blow-up of Y along Z, E
the exceptional divisor, and write

n*X,'=m,'E+ X; .
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Assume that XN ...N X, NE=9.Set m=m, -...- m,, h; = m/m,. Then
™ X1 ... X)%2= ;rln‘ain- Z+m(c;(Tz) — o (Tyl2).
If Y=1P, and »n; = deg X;, g = genus (Z), then the equivalence of Z is
(g min;—m(r+ 1) -deg(Zy+m-(2-2g).
(Let # be the projection from E to Zf One may shrink Y so that () X/ = 0. Then
0=ne((m*Xy —m E) - ... - (n*X,— m,E))
=X, ... X)? - ,Zrl w; Xis(Z, Y) 1 —ms(Z, Y).)

It is necessary to make the above assumption that the X, do not have
infinitely near intersections over Z, ie., that (1 X;NE =@. In case all m,=1,
this corresponds to our previous assumption that the X; cut out Z scheme-
theoretically. For example, if ¥ =13, and X, X,, X; are defined by equations

—n 2 _
x=0, x{=Xxpx2, X X3=2X9X2,

and Z is the line x, = x, =0, then Z is the set-theoretic intersection of the X,
and m; = | for all /, but

Qo ni—4)-deg(Z)+2—-2g=1+2=3.
although deg((X, - X, - X;3)*)=n,n, n, =4.

If X;N...X,NE <+ 0, one must add the image of (X - ... X/)® to the right
side of (*). In the above example, the X meet transversally at one point.

Example 9.1.7 (cf. B. Segre (1) for dim Y =3, Todd (3) for dim Y=4). If
Y, X1, ..., X,, and Z are non-singular, and Z is a curve, and m = 0, then

(X] X,)Zz ; (KX.Z)X._(r— 1)(KyZ)y—'KZ

(Here K,=—c¢,(Ty) is the canonical divisor class, and for Z < V, (Ky- Z)y
== (Ty|z) n[Z]) )
If Yis a 4-fold, and X, X, are surfaces, the equivalence of Z is

(le‘Z)Xx_*-(KXz‘ Z)Xz_(KY'Z)Y—KZ-

For example, if ¥ =14 X, is the projection of the Veronese surface, X, is a
plane, and Z a conic, then the equivalence of Z is 3; there is therefore one
residual point outside Z.

If there are a finite number of points which are singular on Z, X, and X3,
such that the proper transforms in the blow-up Y of Y at these points become
non-singular, one may use the formula in Y to deduce the equivalence on Y.
For an example where X, X, are surfaces with improper nodes, see Todd (3).

Example 9.1.8. The plane conics are parametrized by P5. The copics
tangent to a given line / form a hypersurface H; in P’ of degree 2. If 5 lines
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l,,...,15 are given, no three passing through any point, then the Veronese
surface Z of double lines (Z = IP?) is a scheme-theoretic component of () H, .
Therefore the equivalence of Z for H, -...- H,_ is

f(1+4h)5-(1—9h+51h?) =160 — 180 + 51 = 31
V4

where # is the class of a line in Z = P?(cf. Example 3.2.15 (b)). Therefore there
is one residual point, which represents the unique conic tangent to the given
five lines.

Example 9.1.9 (Fulton-MacPherson (2)). The conics tangent to a given
conic D form a hypersurface Hj of degree 6 in IP>. Let n:P° — IP5 be the
blow-up of P’ along the Veronese Z, with exceptional divisor E. Then
n*Hp=2FE + Gp for some divisor Gp. If Dy, ..., Ds are given conics, such that
(i) no three pass through any point, and (ii) there is no line with two points on
it such that each D; is either tangent to the line or passes through one of the
points, then () G, N E = 0. The equivalence of Z for the intersection H,, - ... H Dy
is therefore

[(1+6(Q2h)5(22—2% 9h+25-51h%) =4512.
V4

Assume in addition: (iii) no two of the five conics are tangent, and (iv) the
pairs of lines, each tangent to two of the conics, do not intersect on the fifth
conic. Then all the points of ()H, outside Z are isolated points which
represent non-singular conics C, and the intersection number of the hyper-
surfaces at the point corresponding to C is i (C), where

i(C)= U (4 —#(CNDy)).

Since the total intersection number is 6° (by Bézout),

2 i(C)= 65— 4512 = 3264 .

C
In particular, if the D; are chosen in general enough position so that all
i(C) =1, then there are 3264 non-singular conics tangent to the 5 given conics.
(These calculations hold in all characteristics but 2. In characteristic 2 the & D
are cubics, and a simpler calculation shows that the number 3264 should be
replaced by 51. See Example 10.4.3 or Vainsencher (3) for a different approach
in characteristic 2.) For generalizations, see § 10.4.

Example 9.1.10. The class (X;-...-X,)Z in A4+Z depends only on the
rational equivalence classes of X, ..., X, in Ay Y: if X/ is rationally equivalent
to X;, and Z is also a connected component of () X}, then

Xi . X)Z=(X,-...-X,)Z.

However, contrary to an assertion of Segre (4) p. 20, the class may change —
even numerically — if Z is replaced by a rationally equivalent variety. For
example, if ¥=1P? Z is a twisted cubic, and Z’ is a plane elliptic curve, and
surfaces X;, X/ are taken of large degree d;, then

X1+ X2 X9 = (X7 -X5-X9)T=2(g(Z)— g (Z)) =2.
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Example 9.1.11. Let Y be an r-dimensional variety, X, ,..., X,_, divisors
on Y, such that X,()...(VX,_, is one-dimensional. Let Z be a curve which
is contained in X,()...NX,_,. The number i of intersections of Z with the
rest of X, N...NX,_, is given by the formula

i=deg{c(N)ns(Z, N}

where N= @ Ny, Y|z. Note that {¢(N) ns(Z,Y)}, represents the contribution
of Z to the intersection product; it is interesting to see a geometric interpreta-
tion for a lower dimensional term. To justify this interpretation, let 7: ¥ — Y
be the blow-up of Y along Z, E the exceptional divisor, #:E — Z the
projection. Write

*X;=E+X!.

Then deg(Xi-...-X/_;-E) is a reasonable geometric definition for the
number 7, and

r—1

ns (7 X, —E)-...- (n*X,_,—E) - E) = ;X.-'S(Z, Yh+s(Z,Y)o,

which gives the formula stated.
If Y=1P", deg X;=n;, and Z is non-singular of degree ¢ and genus g, then

r—1
i=(2ni—(r+l))-e+2—2g.
i=1

Example 9.1.12. Suppose » —1 hypersurfaces in P", of degrees n;,...,n,_y,
intersect in a union of two non-singular curves Z and Z’ which intersect
transversally (i.e., with distinct tangents) at i points. If e,g (resp. ¢, g’) denote
the degree and genus of Z (resp. Z’), then

@ ete=ny-...on_,
r—1
@11) g'—g=%(;ni—(r+l))-(e’—e)
r—1
(iii) i=(2n,»—(r+1))-e+2——2g.
i—1

Thus from #ny,...,n,_;, e, and g one may calculate ¢, g’ and i. (Bézout’s
theorem gives (i), the preceding example gives (iii). Writing (iii) with the
roles of Z and Z’ reversed gives an equation equivalent to (ii).)

For example, if Z is a twisted cubic contained in two quadrics, Z” will be a
line meeting Z in two points. If Z is a curve of genus 1 and degree 5 contained
in two cubic surfaces, this predicts that Z’ will be a rational curve of degree 4
meeting Z in 10 points.

Example 9.1.13 (Le Barz (5)). Let Hilb*IP¥ be the Hilbert scheme of k-
tuples of points in IP¥, 4 /¥P" the subvariety consisting of k-tuples which are
aligned. For any subvariety X of IPY, the intersection

Hilb* X N AF PY
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corresponds to the k-fold multisecant lines to X. However, any line L
contained in X gives an excess component of this intersection. For example,
suppose X is a surface in IP* containing a finite number of lines, and L is a line
in X not meeting any singular point of X. Then the equivalence of L for the

above intersection is (72”1) where m is the self-intersection number of L

on X. We refer to the papers of Le Barz for details and other examples.

Example 9.1.14. Herbert’s multiple point formula. Let f:X — Y be a proper
immersion of non-singular varieties. Assume that f is completely regular, i.e.,
for any distinct points x; € X with the same image y € Y, the images of the
tangent spaces T, X are in general positionin T, Y. Let

Yi={yeY|[#f' () =k},
and X =f"!(Y}), with their reduced structures. Then
*) [Xi] = f*[ Y] = ca(vp) N [Xi—1]

in A, (X), with m =dimY, m — d=dim X, and v,= f* T'y/Tx. Therefore
k=1

Xid =2 (=1Y ca®) 0 f* [Yier-] -

j=0

These formulas are due to Herbert (1). Ronga (3) deduces (*) from the excess
intersection formula. Let

Xe={(x1, ..., x0) €Xx...xX | x; ¥ x;ViEj, f(x))=...=f(x)} .

Let X,=X./S:, X}= Xu/Si—1, the symmetric group S;_, acting on the last
k—1 factors. There are canonical proper immersions fi:X;—X with
()« [Xt) = [Xi] and g : Xi = Y with (g4)«[Xi] = [Y«]. There is a fibre square

X, L Xy — X,
fkuf“l lgk

X —m Y .

7
From the excess intersection formula (Proposition 6.5),
I* @)X = )« [XE + (fem)x (ca(B) N [ Xk D),

where E is the excess normal bundle. In fact, E is the pull-back of v to Xi_p,
and (*) results.

For a general discussion of multiple point formulas, including some cases
where ramification may be present, see Kleiman (8), (12), and Ran (2).

9.2 Residual Intersection Theorem

Deﬁniti9n 9.2.1. Let Dc Wc V be closed imbeddings of schemes. Assume
that D is a Cartier divisor on V. There is a closed subscheme R of W, called
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the residual scheme to D in W (with respect to V), such that
W=DUR
and, moreover, the ideal sheaves on V are related by
F(W)=7(D)-#(R).

Indeed, the inclusion D« W means that .# (W) c .7 (D), so that every local

equation for W is uniquely divisible by a local equation for D; the quotients
give local equations for R.

Proposition 9.2. Ler D < W< V be closed imbeddings, with V a k-dimensional

variety, and D a Cartier divisor on V. Let R be the residual scheme to D in W.
Then, for all m,

k—m
S V) =50, V)t 3 (K5™) (=D 5(R, V)4,
i=0
in A, (W).
Proof. Assume first that W= V. Let n: V- V be the blow-up of V along R.
Let W=n"(W), R=n"'(R), D=n"(D)=rn*(D), so that W=D +R as
Cartier divisors on Y. Let # be the induced morphism from W to W. Set

d=k—m. By the definition of Segre classes (cf. Corollary 4.2.2) and the
projection formula (Proposition 2.3 (c))

S(W, V)m= (=)' (D +15)d)

— (=11, (B + Z( 11 (4 w* DI - R

=s(D, V), + Z(—w( DI SR, V)

which is the required equation since s(R,V)p,+q=0. If W=7V, the required
equation reads

{{(Vlm=s(D,V)m+ (= D)™ [1],
which amounts to the definition of s(D, V). O

Theorem 9.2 (Residual Intersection Theorem). Consider a diagram

X—Y
with the square a fibre square, i, j, a, b closed imbeddings, and V a k-dimensional
variety. Assume:
(1) iis a regular imbedding of codimension d;
(i} ja imbeds D as a Cartier divisor on V;
(iii) R is the residual scheme to D in W.
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Let N=g*NyY, and & (— D) = j*&y(— D). Define the residual intersection class
R in Ay_q(R) by the formula

*) R ={c(N®F(=D)) Ns(R,V)}k-a-
Then
X V= {C(N) (@ S(D, V)}k—d+ R
in Ak—d w.
Proof. Set r = k—d. By Proposition 6.1 (a),

d
) X-V={cN)ns(W, )}, =2 c;(N) 0 s(W, V)i

i=0
By definition,

d

@ {c(N) 0 s(D, M)} kea= 2. ¢i(N) O 5(D, V),

and, by Example 3.2.2,
d

B {cN®IED) NsR, V) =2, ¢(N®F(=D)) ns(R, V)i

p=0
=3 X ({2 e e, @ DYt SR, V),
=¥ ci(N)(j (457 =py asr, V),+,-+,-)-

From Proposition 9.2, for m = r + i, it follows that the right side of equation
(1) is the sum of the right sides of (2) and (3), as required. O

Notation 9.2. For a power series P in Chern classes of vector bundles,
denote by (P),, the term of P of isobaric weight m.

Corollary 9.2.1. I'n addition to the assumptions of the theorem, assume that R
is regularly imbedded in V of codimension d’. Then

X-V=c(i/ja) n[D]+ c(i/jb; D) n[R],
where :

c(i/ja) = (c(N)/c(@(D)))4-1
¢(i/jb; D) = (c(N®F(=D))/c (NrV))a-a -
In particular, if d’ = d, then
X-V=c(i/ja) n[D]+[R].
Proof. Since s(R,V)=c(Ng V)™  n[R],
{c(N®Z(=D)) N s (R, V)}k-a= {c(N®F (= D)) - ¢ (Ne V)" O [R}i-a,
from which the corollary follows. O

The residual scheme R is always locally defined in V by d equations — the
quotients of local equations for X in Y by an equation for D in V. In particular,
if V'is Cohen-Macaulay, and codim (R, V) = d, then R is regularly imbedded
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in V of codimension 4 (Lemma A7.1), and the last formula in the corollary
applies. If ¥is not Cohen-Macaulay, the theorem gives the following result.

Corollary 9.2.2. In the situation of the theorem, assume that codim (R, V) =
Let Ry, ..., R, be the irreducible components of R, and let e;= (eg V)r, be the
algebraic multiplicity of V along R at R; (§ 4.3). Then

X-V={c(N) s (D V)at S, efR]. O
i=t

Definition 9.2.2. Let Z = W c V be closed imbeddings, with V a variety,
and Z #+ V. The residual set to Z in W is defined as follows. Let 7: ¥ — V be
the blow-up of V along Z. Let D=nr"'(Z) be the exceptional divisor,
W=n""(W). Then D < W< ¥, so the residual scheme R to D in (W) is
defined. Define the residual set R to be the image of R in V: R = n(R). (R

may be given the image scheme structure, but this will play no role here.)
Consider a diagram R

lb
Z WLy
I

satisfying the conditions of Theorem 9.2, but without assuming Z is a Cartier
divisor on V. Define the residual intersection class R in 4;_4R by the formula

R=7,{c(N®F(-=D)) ns(R,V)}k-a

where 7 is the induced morphism from R to R. In other words, R is the image
of the residual intersection class on R defined in Theorem 9.2.

Corollary 9.2.3 (Residual Intersection Formula). With the above assump-
tions,
X V= {C(N) [ S(Z, V)}k—d+ R.

Proof. By Theorem 6.2(a), X V is the push-forward of X- V. The corollary
follows from the theorem, applied to V, and the identity

¢(N) N s(Z,V)=nu(c(*N) n5(D, V),
which follows from the projection formula and Proposition 4.2(a). O

A more general residual intersection theorem together with a geometric
explanation for the terms involved, will be given in § 17.6.

Example 9.2.1. If Z is a connected component of W, the residual scheme R
is the union of the other components, and

={c(N) N s(R, V)}k-a
is the contribution of R to the intersection product X - V.

Example 9.2.2. In the situation of Theorem 9.2, let E be the restriction of
N®&(—D) to R. The normal cone Cg V is canonically imbedded as a sub-cone
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of E. If sg is the zero-section of E, then
R={c(N®F(—=D)) ns(R,V)}k-a=sE[CrV].

Thus the residual class R has a canonical decomposition: R = > mst[C),
where C; are the irreducible components of CgV, m; is the geometric multi-
plicity of C; in CgV. (For the first statement, the equation .#(X) -&y=
# (D) -#(R) determines surjections

h*7 (X)"/.7 (X)"*' = #(D)" ® (# (R)"/.7 (R)"*),
where & = g b is the morphism from R to X. Therefore
&) h*»f(X)"/f(X)”“ ® (ﬁV(D) 1R)®" —-— @ f(R)"/f(R)"H

which corresponds to an imbedding of CrV in h* N® &, (— D) |x, as asserted.
The second statement follows from Proposition 6.1 (a).)

Example 9.2.3. In Corollary 9.2.1, the class ¢ (i/j b; D) is the top Chern class
of the bundle E/NV, where E is the restriction of N®#(—D) to R (cf.
Example 9.2.2).

Example 9.2.4. Let 4, B, D be effective divisors on a non-singular surface
X, with 4 and B relatively prime. Let A’=4+ D, B’= B+ D. Then the
residual scheme to D in A'() B’ (with respect to X) is the scheme A B. For
the intersection of the diagonal Ay in XxX by A4'xB, the residual
intersection theorem says that

(A"x B) 4y ={c(0(A) ® OB) n(D—D D)}, +[ANB]
=(A-D+B-D—D-D)+ A-B.
Note that this decomposition of the intersection class differs from the
canonical decomposition using distinguished components (cf. Example 6.1.4).

Example 9.2.5. Let V=1P% Y=P% X =P? the plane in P* defined by
the vanishing of the first two coordinates. Let f be the morphism from V to
Y given by

S(xo1x1:x9) = (x§: x3 x1:x0 x3:xF:x9) .
Then W=/"!(X) is the scheme x§=x3x,=0. If D<= V is the triple line
defined by x3= 0, then the reduced point R =(0:0: 1) is the residual scheme
to D in W. Therefore
X-V={c(N)ns(D, P?»},+[R]

={(1+4h)2>(1 +3h)"-3[h]}o+[R]

=15[P]+[R]=16[P].
where P is a point of D. Note that the image f (V') is a subvariety of IP* of degree 4
which meets X geometrically in a triple line; since X V)=X-f[V]=
4 X - [f (V)], the above equation is compatible with Bézout’s theorem.

Example 9.2.6. Let X = A', Y =A% f:X - Y by f(t) = (a(t), b(t)). Then
(f x f)"'(4y) contains 4y, and the residual scheme R is the scheme defined by
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a,;(tl, lz) and ba(ll, 1), where

a(t) —a(t)=(t—t)as(t, 1),

and similarly for b5. The scheme-theoretic intersection of R with 4y is defined
by the derivatives &' (r) and &'(z). Off 4y, R is the double point set, while
R Ay measures ramification. (See Example 9.3.12 for a generalization.)

Example 9.2.7. Let Y be a non-singular variety, and let Z < Y be a union
of t curves Z, ,..., Z,, such that no point lies on three of these curves, and if

PeZ,N\Z;, i=+j, then P is simple on Z; and Z ; with distinct tangent lines.
Then

t

S(Z,Y)=23 52, V)+ X [ZNZ]].

i=1 i<j
(Blow up Yat (), ;(Z:NZ)), and use Proposition 9.2.)

If X,,..., X, are divisors on Y, dim Y =, and Z is a connected component
of N X, and each Z, is non-singular, then

(6 CRNE X,)Z=(Z X;— cl(T;)) Z+ Z a(Tz) + 2 [Zi() Z].
i=1 i<j
If Y=W, n;=deg X;, g;= genus(Z,), and N is the total number of points in
more than one Z;, then the equivalence of Z is

(i n—(r+ 1))-deg(Z) + Zr: 2—-2g)+N.
i=1 i=1

(cf. Semple and Roth (1) IV.8.3).

Example 9.2.8. For any Z ¢ W c ¥, one may define a residual scheme R to
Z in W by defining the ideal sheaf .# (R) on affine open sets of V to be the
ideal of functions which multiply all functions in.# (Z) into elements of .# (W),
1.e. (cf. Peskine and Szpiro (1)),

](R)/f(Z) = Hom,,v(ﬁz,ﬁw) .

This agrees with the description in the text if Z is a Cartier divisor on V. The
residual class R constructed in Definition 9.2.2 is a class in 4;_4 R. It would be
valuable to have conditions which would imply that R is the cycle [R]
associated with this scheme structure, or to compute R using this scheme
structure.

9.3 Double Point Formula

Let f: X" — Y™ be a morphism of non- smgular varieties of the indicated
dimensions, with X complete. Then (fxf)~' (4 y) contains 4y, and the residual
set is the set of double point pairs, which we denote by D’(f). Let X x X X be the
blow up of X x X along Ay,  the projection from XXX to Xx X, E=P(Ty)
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the exceptional divisor. Let F=(fxf)en be the induced morphism from
XXX to YxY. The double point scheme D (f) is defined to be the residual
scheme to E in F~'(4y). We have a diagram as in § 9.2
D(f)
P(TY)=E—F '(4)— XX X
! I
AY _—5_) Y X Y
One may verify (cf. Fulton-Laksov (1) Prop. 4) that the points of D (f) are
those point pairs (x;, x;) with x; # x; and f(x;) = f(x,), together with those
tangent directions in P(Ty) on which the induced tangent map vanishes. By
definition, D'(f) = n(D (f)). We define the double point set D(f) = X to be
the image of D’(f) by the first (or second) projection from X x X to X. Let #
be the induced morphism from D (f) to D (f).
Define D (f) € Azp—m (D (f)) to be the residual intersection class, defined
by  formula (*) of Theorem 9.2. If D(f) has the expected codimension m in
X x X, then D(f) = [D (f)]. Define the double point class D (f) in Ayy_p (D (f))

by .
D(f) =D ().
Theorem 9.3 (Double Point Formula). With the above notation,
D) =*[X]=(c(f*Ty) ¢(Tx) ™" Ym-n N [X]
inAy_m X=A"""X.
Proof. By Corollary 9.2.3, since N, (Y xY) = Ty,
Ay (XxX)={c(f*Ty) 0 s(dx, X x X)}2n—m+ s [D (f)]

in.Az,Pm(Xx X). Let p be the first projection from X x X to X, and apply p4 to
this equation. The first term on the right projects to

{e(/*Ty) c(T)™" 0 [ XT2n-m
the second to ID (). It suffices to show that
P4y (X x X)) =f*f*[X] .

To see this, recall that f*f,[X]=y} ((X]xf«[X]), where j is the graph
imbedding of X in X x Y. Consider the fibre diagram

Xxy X— XxX
T
X — XxY
fl ¥y lf"l
Y — Y«xY.

By Theorem 6.2 (a) and (c), ?

77 (XTxfu[XD) = pa (X % XD = pi(S[X x X]) = po(dy- (X x X)) . [



9.3 Double Point Formula 167

Example 9.3.1. If f'is a closed imbedding, then ID(f) = 0, and the formula
reduces to the self-intersection formula. From the self-intersection formula one
knew that the right side of the double point formula restricts to zero on
X —D(f), so it comes from some class on D(f). The residual construction
produces such a class ID (/) explicitly.

Example 9.3.2. If n=1, and m =2, and f maps X birationally onto its
image X in Y, then
D(f)=1[#]

where # is the subscheme of X whose ideal sheaf is the conductor of X over X.
This may be proved inductively by comparing both sides for f: X — Y and
f":X — Y, where Y’ is the blow-up of Y at a singular point of Y (see Fulton
(6) §4 for details). The analogous formula, for f: X" — Y”*! finite and
birational onto its image, is still open, although it follows from Theorem 9.3 or
Kleiman (8) that the two cycles are rationally equivalent on X. An example of

Artin and Nagata (1) (cf. Fulton (6) § 2.4) shows that the conductor and ID (f)
may disagree if m > n+ 1.

Example 9.3.3. Let C< Y=P? be a nodal curve, and let X be the
normalization of C. The double point formula for the induced morphism
f: X — Y gives the classical formula

(a) 2d=n*-3n+2-2g

relating the number d of nodes, the degree n of C, and the genus g of X.
(b) The mapping df: Ty — f* Ty is injective, with quotient bundle N,. In
fact,

where ID = ID(f) is the double point divisor on X.
(c) The nodes on C impose independent conditions on curves of degree

k = n— 3. (It is enough to prove this for k = n — 3. The vector space L curves of
degree n — 3 passing through the nodes is a subspace of

HO(X, N;® f*0 (— 3)) = H'(X, Ky) .

Clearly dim L=(n— 1) (n — 2)/2—d, and this integer is g = dim H°(X, Ky)
by (a).) _

{(d) The linear system cut out on X by curves of degree k = n — 3 passing
through the nodes of C is complete. (The dimension of the space of such curves
is

(k+1)(k+2)/2—d—(k—n+1)(k—n+2)/2,

which is k n—2d + 1 — g, the dimension predicted by Riemann-Roch (Exam-
ple 15.2.1). By (b), f*&p: (k) ® ¢ (— ID) is non-special.)

Example 9.3.4. Let /: X" — Y"*! be a finite morphism, with X and Y non-
singular, and assume that the sets

A={xe X|df,: T X = Ty Y is not injective},
B={x e X|3x =+ x”,distinct from x, with f(x") = f(x") = f(x)}
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have dimensions at most n— 2. Let D(f) be the double point set, endowed
with its reduced scheme structure. Then

D(f)=[D (/)]

(Let X, =X —(f~*(f(4) v B). It suffices to show ID(f) and [D(f)] agree on
X,. Over X,, D(f) is smooth and maps isomorphically to D(f).)

Example 9.3.5. Let X" be a non-singular hypersurface in a non-singular
variety Y"!', n> 1. Let X be the blow-up of X along some non-singular
variety, and let D be the exceptional divisor. Then D is the double point set
D(f) for the induced morphism f from X to Y, and D has the expected
codimension. However D(f) does not have the correct codimension, and in

fact
D(f)=-[D()]

is a negative cycle.

Example 9.3.6 (cf. Johnson (1) and Fulton-Laksov (1)). With f: X" — Y™ as
in this section, but with X singular, the same procedure produces a double
point class D (f) in 4y,-, (D (f)), and then

D) =1*f«[X]1 = {c(f*Ty) 0 s(dx, X x X)}2n-m
n Az,,-mX.

Example 9.3.7. Let f/: X? - Y? be a morphism of non-singular complete
varieties over an algebraically closed field K of characteristic + 2. Assume that
f maps X finitely and birationally onto its image X = IP?, and assume that the
singularities are all ordinary, i.e., the singular locus of X is a curve D, with a
finite number ¢ of triple points Q,, ..., Q,, and a finite number v of pinch points
Py, ..., P,. The completion of the local ring of X is isomorphic to:

K [[x1, x2, %3]/ (xy x3) at a general point of D
K[x1, x2, x3]/(x) x2 x3) at a triple point 0,
K [x1, x2, x3]/(x3 = x3 x3) at a pinch point P; .

The curve D is non-singular except for the triple points. The double curve
D < X is non-singular except at the 3¢ triple points Q,, ..., Qs lying over the
triple points of D; each Q; is a node on D. There is one point P; on D mapping
to each P;. The induced map f: D — D is generically two to one, with simple
ramification points at the P;. (A local analytic equation for fat a pinch point is
given by (1), o) = (11, 1, 1, 13).)

_ Let J be the singular subscheme of X : if g (x;, x,, x3) is a local equation for
X in Y, then J is defined by the vanishing of the three partial derivatives of g;
more intrinsically, the ideal of J is the second Fitting ideal of Q) (cf. Piene
(4)). Let J=f~"(J). Then J contains D, and the residual scheme to D in J is
the reduced scheme of pinch points {P,, ..., P,}. From Proposition 9.2, one has

(a) s(J,X)=[D]+(—D-D+;[Pj]).
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From the double point formula (cf. Example 9.3.2),

Jj=1

(b) [D]=f*[/\7]_cl(f*TY)+01(TX)-
In addition, W
(© f*[5]=f*[)?]-D—D-D+§[Qi]—Z[P,-].

(To prove this, first consider the case when there are no triple points. Then

D, D are non-singular, f~! (D) = D, and by the excess intersection formula (and
Corollary 8.1.1),

f'*[].j]:cl(f*Nf,Y/NDX) N [D]
= (/*Ty)— a1 (f*Tp) — 1 (Tx) + ¢, (Tp)) N [D]

=(c1(f*Ty) — ¢;(Tx)) N [D] - ; [P],

the last step from the ramification formula (Example 3.2.20 or Example
9.3.12). Combine this with (b) to get (c). For the general case, let 7: X’ — X
(resp. ¢: Y — Y) be the blow-up of X at the Q; (resp. the (;), and apply the
previous case to the induced map f* from X’ to ¥”, noting that

S¥ = e *[y] = maf"* 0* [ ¥]
for y =[D] or [X]. Use Proposition 6.7 to compute o* .) It follows that

3t v
(d) s(J, X)=[D] + (f*[5] ~f*[X]- D~ ; [Q]+2 ; [P_/]) :
Therefore, by Proposition 4.2(a),

(e) s(f,)?)=2[5]+(—)?-5—3;[Q,-]+2Z[13j])-

Jj=1

Example 9.3.8. Let /: X — X < Y be as in the preceding example, but with
Y =P By Example 4.4.3, the degree of the dual of X is

d(d—1)2—degs(J, X)o— 2(d— 1) deg s(J, X),
where d is the degree of X. By Example 9.3.7, one derives the classical formula
dd—12+@4—-3d)e+3t—2v

for the degree of the dual, where e is the degree of the d(_)uble curve D, and ¢, v
are the number of triple points and pinch points on X. (For another proof,
generalizations, history, and examples, see Piene (2).)

Example 9.3.9. In the preceding example, if the double curve of X is a line,
there are 2d — 2 pinch points on the line, and the degree of the dual is

did—1)*—(7d-12)
(cf. Salmon (1) § 20).



170 Chapter 9. Excess and Residual Intersections

Example 9.3.10. Let X be the surface in IP? with equation x{ x3 = x% xo. The
double curve is a line with two pinch points, so the.degree of the dual is

3:22—-5-4=3.
In fact, the dual of X is isomorphic to X.

Example 9.3.11 (cf. Salmon (1)). Assume the ground field is algebraically
closed of characteristic zero. Let X = P> be an irreducible surface with
equation F(xg, X1, X2, x3) =0, of degree d. For a point P=(¢:4;:43:43) € IP3,
the polar surface of X with respect to P is the surface Vp of degree d — 1 with

equation 3
> A OF/0X;=0.

i=0
A point Q is in XNV, if and only if the (projective) tangent space to X at Q
contains P. If P,, P, are two general points of IP3, then

XNV, NVp,=8SUT

where S is the singular locus of ¥, and T is a finite set of non-singular points Q
such that the tangent plane to V at Q contains the line through P, and P,.
Thus the cardinality of T is the degree of the dual surface. If X has ordinary
singularities, as in the preceding example, the equivalence of the singular
curve for the intersection X - Vp - Vp, is

(Bd—4)e—31+2v

where e is the degree of the curve, ¢ the number of triple points, v the number
of pinch points.

Example 9.3.12 Ramification Formula. Let f X" —> Y™ be as in this section,
and let R(f)=D(f)NE. Define R(f)e 4,,_,,_, (R(f)) by the formula

R(f)=E-D(f).

Let R(f) be the}mage of R(f) in X, and let R(f) € Arp-m-1 (R(f)) be the
push-forward of R (f); R (f) is the ramification class. Then

R(f)=(c(f*Ty) ¢ (Tx) m-n+1
in Ay -1 (X). (By Theorem 9.2 one has
Ay XXX =3 (= 1) e i(F*Ty) E'+ D(f)

i=l
where F is the induced morphism from E to Y. Intersect both sides by the

divisor E and push down to X. If n > 1, then n,(dy- E)= Ay 1, E =0, and
the formula

O0=—{c(f*Ty) ns(dx, X x X)}2n-m—1 + R(f)
results. f n=m=1, E= 4y, and Ay E=c,(f*Ty), E- E=c¢,(Ty), and the
formula reads
a(f*Ty)=ci(Ty) + R(f)

(cf. Example 3.2.30).) As in Example 9.3.6, this extends to the case when X
may be singular.
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Example 9.3.13 (Johnson (1)). Let X* be a subvariety of IPY, and let
Jm:1 X" — P" be a general linear projection. Let ID(f,) and R(f,) be the
double point and ramification classes of f, and let H=c,(#x(1)) be a
hyperplane section. Then

™) H-D(fn) = D (frms1) = R(fm)

in Azp—m-1(X). (This is a formal calculation, using Theorem 9.3 and Example
9.3.12)) If N = 2n, and a projection to some P™ is unramified, it follows that
the projection is an imbedding. This remarkable discovery sparked the
development of a general theory, which includes a proof that an arbitrary
morphism X" — P™ with X" projective and irreducible, and m < 2n, cannot be
unramified unless it is an imbedding (Fulton-Hansen (1)). For example, the
number v of pinch points in Example 9.3.8 must be positive unless the surface
is non-singular.

J. Hansen (1) has recently given a geometric explanation for the identity
(*).

Example 9.3.14. With f: X" — Y™ as in this section let D (f) = f(D(f)) be
the image in Y of the double point set. There is a class D(f) € Ayp_m (D ()
so_that the push-forward of ID(f) by the canonical map from D (f) to D(f) is
2D (/).

This may be seen by an alternative construction of ID(f), following Ran
(2). For a non-singular V, let ¥t denote the blow-up of V'x V along 4. Let
Z=XxY. There are imbeddings of X and X x Y in Z? induced by the
graph imbedding of X in X' x Y and by the diagonal imbedding of Y. Then
D(f) is the intersection class of X and X® x Y on Z®. (If f is the projection
from Z® to YxY, then XPxY is the residual scheme to the exceptional
divisor of Z™ in f~'(Ay); this follows from Appendix B.6.10, applied to the
inclusions XxY - X x X xY = Z x Z induced by the diagonal imbeddings of
X and Y. The fact that D (f) = i'[X®?], where i is the imbedding of X?x Y in
72 follows from the construction of ID(f); Theorem 17.6 gives a general
formula which implies this.)

For ¥ non-singular, let V'@ be the quotient of ¥4 by the involution which
reverses the factors, i.e., V@ is the Hilbert scheme of length 2 subschemes of
V. As above, one has imbeddings of X® and X@xY in Z@, and one may
construct their intersection class, denoted D (f). Since the quotient mapping
from Z? to Z® has degree 2, ID(f) pushes forward to 2D(f) (by
Theorem 6.2). If one defines D(f) to be the push-forward of D(f) by the
projection from X® x Y to Y, then D (f) is the required class on D (f).

For a similar approach to higher multiple point formulas, see Ran (2).

Notes and References

We point out only a few of the landmarks in the extensive literature on
residual intersections and multiple point formulas. The interested reader may
find many additional references, and hundreds of examples, in the cited works.
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To our knowledge, the first excess intersection problem was formulated in
1847 by G. Salmon (1), although precedents can be found in Jacobi (1). To
find the degree of the dual of a surface with a multiple curve, arguing as in
Example 9.3.11, he was led to the general problem of finding the “equivalence”
of a curve for three surfaces which contain it, so that the equivalence, plus the
number of intersections of the surfaces outside the curve, totals the product of
the degrees of the surfaces. These ideas are developed further in Salmon-
Fiedler (1).

More general formulas of this kind were given by Cayley (2), (3), who also
showed that many enumerative problems — such as the problem of how many
curves in a-family are tangent to a collection of given curves — can be
formulated as problems of excess intersection (cf. Example 9.1.9, and § 10.4).
Cayley also pointed out that these excess intersection problems can be very
difficult. Noether (3) extended the work of Salmon and Cayley.

The impressive accomplishments of the great enumerative geometers such
as Chasles, Schubert, and Zeuthen, did not follow the ideas of Cayley. In
modern terms, we can see that what they did often amounts to doing
intersection theory on suitable blow-ups of the original spaces; in such blow-
ups the proper transforms of the hypersurfaces corresponding to given
geometric conditions will meet properly. In fact, however, these parameter
spaces were not mentioned explicitly, and the intersection theory was done in a
purely formal, symbolic manner. It is, nevertheless, difficult to reconcile the
clarity and precision of Cayley’s formulation with the debate still raging half a
century later over such basic foundational problems as the principle of
continuity. It should be noted that there was a concurrent dichotomy between
the synthetic and the analytic approaches to geometry, cf. Chasles (4), p. 1168.

Residual intersection problems were considered by several others in the
nineteenth century, notably Noether, Pieri, Caporali, and Bertini. Quite
general intersections in projective space were considered by Severi (2). B.
Segre (1) and Todd (3) generalized to the case of general ambient varieties of
dimension 3 and 4, and extended Severi’s results from numerical results to
equalities modulo rational equivalence. Todd (6) gave a version of a residual
intersection theorem in higher dimensions, and Segre (4) gave general
formulas for equivalences. Many applications may be found in the books of
Salmon (3), Enriques—Chisini (1), Semple and Roth (1), and Baker (1), (2).

The classical approach to the problem may be illustrated by the original
case considered by Salmon: to calculate the equivalence of a curve which is a
component of the intersection of three surfaces in P2. Two of the surfaces
contain the original curve Z together with another curve Z’. First the degree
and genus of Z’, and the number i of intersections of Z with Z’, were
determined from the invariants of Z and the surfaces (cf. Example 9.1.12). The
number / was then subtracted from the total (Bézout) number of intersections
of the third surface with Z’, to obtain the number of intersections of the three
surfaces outside Z.

Such inductive proofs make a number of implicit assumptions. For
example, it is apparently assumed that the residual curve Z’ is non-singular, or
at least reduced, and meets Z transversally. If not, one must count the points of
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Z () Z" with multiplicities; but then the equality of different calculations of
the number i, on which the proof is based, is not at all obvious. Similar
problems are met in many of the applications of intersection theory by
classical geometers.

The problem encountered in this discussion, to compare properties of Z’
with those of Z, is interesting in its own right. It has received considerable
attention under the name of linkage, or liaison. For an approach to this
problem using homological algebra, see Peskine and Szpiro (1), and Rao (1).
Other properties of residual schemes are proved by Artin and Nagata (1), cf. Huneke
(3). Hironaka (1) has used residual constructions for smoothing cycles.

The use of the modern excess intersection formula avoids the problems of
general position arising in classical inductive proofs. The approach followed
here is related to the method of Segre (4); it confirms his conjecture that the
general equivalence (X;-...- X,)? can be calculated purely in terms of the
“covariants” (Segre classes) of the varieties involved (but see Example 9.1.10).

Double point formulas also have a long history, going back to Clebsch’s
formula for the genus of a plane curve (cf. Example 9.3.3). Severi (2) gave
general numerical formulas for projections to projective spaces, which were
rediscovered by Holme (1) and Peters and Simonis (1). Todd (6) gave a
formula for the rational equivalence class of double point cycles, based on his
residual intersection formula. The extension to morphisms to general non-
singular varieties, and the simple approach followed here, was made possible
by the residual construction of the double point scheme made by Laksov (3).

Extensions to singular varieties have been made by Holme, Johnson, and
Fulton and Laksov (see Example 9.3.6). Kleiman (12) has a version of the
residual intersection theorem which he uses to prove formulas for triple points
and higher multiple loci (cf. Example 17.6.2). We refer to the article of
Kleiman (8) for more on the history of multiple point formulas. Ran (2) has
recently given a new application of the residual intersection formula to prove
secant and multiple point formulas.

Most of the applications to classical problems are newly worked out in the
examples of §9.1, although the case of conics tangent to five conics
(Example 9.1.9) was included in Fulton-MacPherson (2), and the application to
multi-secants (Example 9.1.13) is from Le Barz. Example 9.3.3 was suggested
by R. Lazarsfeld, and Example 9.3.14 by Z. Ran. The application to curves in
P" which cannot be the scheme-theoretic intersection of n hypersurfaces
(Examples 9.1.2, 9.1.3) is, apparently, new.

The residual intersection theorem in § 9.2 is based on the construction of
Laksov (3). The original theorem made rather stringent requirements on the
residual scheme, which have gradually been removed as technique in inter-
section theory has improved (cf. Fulton (6), Fulton-Laksov (1), Kleiman (12),
Fulton-MacPherson (3)). The present Theorem 9.2 is the first to make no
assumptions on the residual scheme. Corollary 9.2.1 is also new when the
residual scheme has larger dimension than predicted; Corollaries 9.2.2 and
9.2.3 have not appeared before.



174 Chapter 9. Excess and Residual Intersections

Similarly, Theorem 9.3 is the first to allow the double point locus to have
arbitrary dimension. The proof follows Fulton-Laksov (1), and is based on
Laksov’s fundamental construction.

The calculation of Segre classes of singular subschemes in Example 9.3.7 is
apparently new; numerical formulas, when Y = IP3, had been given by Piene
2).

The construction and simple proof of the ramification formula in Example
9.3.12 is also new. It generalizes the formula of Johnson (1) to arbitrary
morphisms, without assumption on the ramification set.

It should be remarked that there have occasionally been alternate proposals
for assigning numbers to components of intersections which have larger than
the expected dimension. Severi (7) has discussed this when the expected
dimension is negative, Samuel (1) has given a definition using his algebraic
multiplicity. These definitions, whatever their virtues, all violate the principle
of continuity. They are therefore quite a different sort of notion than that
considered in classical intersection theory, and in this text.
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Summary

If T is a non-singular curve, and p:# — T is a morphism, any (k+ 1)-cycle
a=Y 7] on # determines an algebraic family of k-cycles «, on the fibres

Y,=p~'(t):
o= Z m{(V).].
v Y,

Rationally equivalent (k + I)-cycles on # determine rationally equivalent
k-cycles in each fibre. The basic operations of intersection theory preserve
algebraic families. For example, if % is smooth over T, and {a,} and {f,} are
algebraic families of cycles, then the intersection products a, - §, also vary in an
algebraic family. These facts are consequences of the general theorems of
Chap. 6, and the recognition of «, as the image of o by the refined Gysin
homomorphism constructed from the diagram

Y, — ¥

Lor

{t}—> T.
In this formulation, T may be replaced by any variety of arbitrary dimension,
with ¢ a regular point of 7. This provides a simple method for studying
algebraic equivalence.

The principle of continuity, or conservation of number, has two parts. First,
in an algebraic family of zero-cycles, on a scheme which is proper over the
parameter space, all the cycles have the same degree. Second, as mentioned
above, the operations of intersection theory preserve algebraic families.

Refined intersection theory yields an improvement over classical formula-
tions of this principle. For example, the ambient variety need not be complete;
all that is necessary is that the locus of intersections is proper over the
parameter space. This is useful for applications to enumerative geometry,
when the ambient space is a space of non-degenerate geometric figures. In the
last section an example of this kind is worked out: the formula for the number
of curves in an r-dimensional family of plane curves which are tangent to r
given plane curves in general position, in terms of the characteristics of the
family, and the degrees and classes of the given curves.
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10.1 Families of Cycle Classes

In this chapter T will denote an irreducible variety of dimension m > 0. The
notation “#e€ T will be used to denote a regular, closed point of T
(Appendix B.1). By abuse of notation we write {¢} in place of Spec(x(f)), where
»(?) is the residue field of the local ring of T at the point, and we denote by

t:{t} »T

the canonical inclusion of Spec(x(#)) in 7. The assumption that the point is
regular means that ¢ is a regular imbedding of codimension m.

Script letters will be used to denote schemes over T, with corresponding
Latin letters, subscripted by ¢, denoting the fibre over t e T. If p:% — T is

given, then 1
Yi=p~(1);

Y, is regarded as an algebraic scheme over the ground field (7).

Any (k + m)-cycle a on %, or more generally any rational equivalence class
o € Apym? determines a family of k-cycle classes o, € A, (Y)), for all t € T, by
the formula

o= 1 (o)
where ' Ay, — A, Y, is the refined Gysin homomorphism defined from
the fibre square Y,—@

ptl lp

{}—T

by the construction of § 6.2. We may say that «, is the specialization of « at .

More precisely, if « = [#7] where ¥ is a subscheme of # of pure dimension
k + m, then
o =[] ={s(V,, ¥ )}

where V., =7"(1Y,, and s(¥,, ¥") is the Segre class of ¥, in . (This follows
from Proposition 6.1(a) and the fact that the normal bundle to {7} in T is
trivial.) In particular, if ¥, is k-dimensional, then [#], is a well-defined positive
k-cycle supported on ¥, (cf. Example 10.1.1). On the other hand, if 7 Y,
then [7],=0.

If Tis a curve, and a is a (k + 1)-cycle on %, then each «, is well-defined as
ak-cycleon Y,. Forifa = Z n;[77], with 7; a variety, then we define

o, = Z (V)] -
vigY,

Thus all components of o which do not map dominantly to T are simply
discarded. In case dim7 > 1, a general (k + m)-cycle o = > mi[7] on % will
not determine a k-cycle on Y,, unless one assumes that dim (V)= k for all i.

If f:2" - # is a morphism, with% — T as above, we denote by

Ji: X~ Y,

the induced morphism on fibres over t € T.
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The next proposition states that this specialization in algebraic families is
compatible with the main operations of intersection theory.

Proposition 10.1 (a) If f:2° > % is proper, and o is a (k + m)-cycle on Z,

ther firlo) = (
(o) = o
in 4.(Y). w () = (S (),
(b) If 2 — v is flat of relative dimension n, and o is a (k + m)-cycle on,
then
* (o) =(f*(x
i A (X)), J* (@) =(f* (),

(©) If i:Z > is a regular imbedding of codimension d, such that
i;: X, =Y, is also a regular imbedding of codimension d, [ =% is a morphism,
and o is a (k + m)-cycle on¥’, then

i} (o)) = (' (@),
inA—a(Wy), w'=f~"(2).

(d) If E is a vector bundle on %, with restriction E, on Y,, and « is a (k + m)-
cycle on v, then
G(E) noy=(ci(E) na),
in Ay (Y)).

Proof. Since specialization is a refined Gysin homomorphism, the proposi-
tion follows from corresponding compatibilities of refined Gysin homo-
morphisms, namely Theorem 6.2 (a), Theorem 6.2 (b), Theorem 6.4, and Pro-
position 6.3. O

Corollary 10.1. Assume T is non-singular, t € T is rational over the ground
field, and » is smooth over T of relative dimension n. If o€ Agyn (),
BEAm®), then

o Be=(o- p),
in Agyi—n (Y3).

Proof. Let 6 (resp. &;) be the diagonal imbedding of % in % x # (resp.Y, in
Y, xY}), and i, the imbedding of Y, in %. Then the two imbeddings (i,xi,) o J,
and & o j, of Y, in % x% are equal, so by functoriality (Theorem 6.5, Example
6.5.2)
OF (TFax i f) = 0% (iexi)* (ax f) =% 6* (a x f) .

Since # is flat over T, i% (y) =y, for any cycle y on % (cf. Example 10.1.2), so
the displayed equation is equivalent to the required o, - §,=(x - f),. O

Remark 10.1. These results allow one to deduce identities involving rational
equivalence classes for special values of ¢ from the corresponding identities for
general values, even if T is not a rational variety. For example, given Y
nonsingular, a, b, ¢ € A(Y), to prove that ¢ = a - b, it suffices to find # — T as in
Corollary 10.1, with ¥, =Y, and «, 8, yon#% with a,= a, §,= b, y,= ¢, such that
y=o - f. If this is achieved with o meeting B properly, the identity y= o + § can
be verified generically on T. For a simple application see Example 10.1.9.

Corollary 10.1 is also valid for the product of more than two cyles, as the
proof shows.
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Example 10.1.1. If 7" is a purely (m+k)-dimensional closed subscheme of
+, and each irreducible component W; of ¥, has dimension k, then

= Z e[ Wi
where e;= (ey, #) w, is the multiplicity of 7" along V; at W; (Example 4.3.4).

Example 10.1.2. Assume that the imbedding i, of Y, in # is a regular
imbedding of codimension m, m = dim (7). For any (k+m)-cycle a on,

o, =1% (OC)

in A,(Y,), where i* is the Gysin homomorphism of § 6.2 (Use Theorem
6.2(c)).) This holds, for example, whenever # is flat over T (cf. Example A.5.5).

Example 10.1.3. (a) If « is a family of cycles on Yx T, the cycles a,, as ¢
varies in 7, need not be rationally equivalent. If Y=T is a projective non-
singular curve of positive genus, and o = [4], where 4 is the diagonal, then «, is
never rationally equivalent to o, if ¢ & ¢’. The cycles o, are rationally equivalent
if T'is unirational, however (Example 10.1.7).

(b) If a and B are cycles on Yx T which are rationally equivalent on YxT,
then «, is rationally equivalent to §, on Y for all ¢ € T. (The refined Gysin map
t' preserves rational equivalence.) Doubts about the validity of this fact, or at
least the ability to prove it, gave rise to some of the criticism of Severi’s
methods (cf. Van der Waerden (6)).

Example 10.1.4. Assume f:2 — # is a l.c.i. morphism of relative codimen-
sion d, while f;: X, =Y, is a l.c.i. morphism of relative codimension d’. Let
e=d— d', E the excess normal bundle of the diagram

X, Iy,
Then for all (k+m)-cycles « onz,
ce(E) 0 fi () = (f' (@),

in A,_4(X,). In particular, if d=d’, then f;(x)= (f'(2));. (See Proposition
6.6.)

Example 10.1.5. Assume T is non-singular, ¢ is rational over the ground
field, p:# — T is smooth of relative dimension 7, and f: 2 — % is a morphism.
Leto €Ay m?Z, B € A1rm?. Then

7 = (7F (e x B))

in Agii—n (X;). The product on the left is that of Chap. 8, since f;: X, — Y,, and
Y, is non-singular; on the right y:2 — 2'x# is the graph of f, a regular
imbedding since 7 is non-singular. (Consider the fibre square

X,— I x%

g

Yy — ¥ x¥ .
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Factor the lower homomorphism into Y, —Y,xY,—»>#x» and into
Y, =% —>%xv, and apply Theorem 6.5. In fact, one sees from this that the
two classes agree in Ay, ((la| ) f 7 (1 BD)))

Example 10.1.6 (cf. Samuel (3)). Let T be a unirational variety over an
algebraically closed field.

(a) Any two points of T can be joined by a chain of rational curves. (By
standard reductions, it suffices to prove the following case. If z: 7T — A™ is the
blow-up of A™ along a subscheme Z, with exceptional divisor E, and t € E,
then there is a morphism 4 : A!' - T with A(0) = ¢ but A(A') ¢ E. To see this,
let C be a non-singular curve, g : C — T a morphism with g (P) =1, g (C) ¢ E.
Let x, ..., x,, be the coordinate on A™, and let z,, ..., z, be the generators for
the ideal of Z. Choose an integer N larger than ord,(ng)*(z;)) for 1=j=r.
Choose h:A'— A" so that the power series expansion of each Ai*(x;) at 0

agrees with that of (mg)*(x;) through order N. Then h=nh, with h as
required.)

(b) If T'is complete, then Ay T= Z, generated by the class of any point of T.
(Use Theorem 1.4.)

(¢) If T is not complete, then 4,7=0. (If T is open in T, and P e T—T,
then [P] generates 4, T, but the restriction from A4, T to A, T is surjective and
maps [P] to 0.)

It had been conjectured by Severi that a complete non-singular surface T
with 4y T=7Z must be rational, but a counter-example is given by Bloch-Kas-
Lieberman (1).

Example 10.1.7. Let 7 be a non-singular variety over an algebraically closed
field, such that any two points of T can be joined by a chain of rational curves.

(a) Let Y be a scheme, o a (k+m)-cycle on YxT. Then all the cycle classes
o, € A (Yx {t}) =4, Y are equal. (Using Theorem 6.5 one may reduce to the
case where T is an affine open subset of A'. In this case the pull-back

q* ALY = Ay (YxT)
is surjective, where ¢ :YxT— Y is the projection (Propositions 1.9 and 1.8). If
i, is the imbedding of Y in YxT at ¢, and a = g*f, then if(a)=iTg*f=
(qin*B=4p)
(b) Let X, Y be schemes, and let
[ XxT—-Y
be a morphism, i.e. a family of morphisms f;:X — Y parameterized by T.

Assume that the morphism
F:XxT—-YxT

defined by F(x, ) = (f;(x), ), is proper. Then each f; is proper, and the
induced morphisms

(s A X > ALY
are independent of ¢ € 7. (This follows from (a), since, by Proposition 10.1(a),

(f)x(2) = (Fy (@ x [T]):)
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From (a) is follows in particular that the criterion for rational equivalence
in § 1.6 can be enlarged to include families of cycles parametrized by arbitrary
unirational varieties (cf. Samuel (5)).

Example 10.1.8. If »# — T is given, and « is a positive (k+m)-cycle on #,
then each class o, can be represented by a non-negative cycle. (Choose, in a
neighborhood of ¢, m principal divisors D, ..., D, whose intersection is {t}.

Then =Dy ... (Dn-0).

By construction, intersecting with a divisor whose normal bundle is trivial
preserves non-negative cycles.) See Chap. 12 for generalizations.

Example 10.1.9. Let C be a non-singular projective curve, C® its a™
symmetric product, whose points are effective divisors of degree n on C. For
an effective divisor 4 on C, set

X={DeC?"|D=4}.

If degd = a, X, is the image of the imbedding of C®~9 in C™ which takes E
to A+ E. For any effective divisors 4, B on C,
* [Xa] - [X3] = [X445]
.in Ap o p(X4NXp), a=deg(4), b=deg(B). (If A and B are disjoint, the
intersection is transversal. For the general case let 7= C@, with t € T cor-
responding to 4. Let 2" (resp. Z3) be the image of the inclusion of C"~9x T
(resp. C""*"DxT) in C™xT which takes (E,D) to (E+D, D) (resp. to
(E+D+ B, D)). Then

(2] [XsxT] = %3]

as cycles on C™x T, since the intersection is transversal over the open set of T
consisting of divisors which are disjoint from B. Since 2" specializes to X 4, and
#%p 10 X4ip, at 1 €T, (*) follows from the preceding equation and Corollary
10.1.) The corresponding equality in 4°+*(C™) was proved by Mattuck (1),

using a linear equivalence between A4 and 4’— 4", for divisors 4’ and 4" which
are disjoint from B.

Example 10.1.10. Given 2= T, and a cone ¢ over 2 , such that ¢ is flat over
T, then
s@),=s(C))

in A, (X,) for 1 € T. (This follows the definition of Segre classes in § 4.1 and
Proposition 10.1 (b), (d), and (a).)

10.2 Conservation of Number

The following proposition is the basic fact on which the principle of continuity
depends.

Proposition 10.2. Let p: % — T be a proper morphism, T an m-dimensional

variety as in § 10.1. Let o be an m-cycle on . Then the cycle classes o, € Ay (Y;)
all have the same degree.
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Note that deg (o) is calculated by regarding Y, as a scheme over x (¢): if p,
is the induced morphism from Y, to {¢} = Spec (x(¢)), then

P, (o) = deg () - [{#}].
Proof. Let py (2) =N - [T], N € Z. Then by Proposition 10.1(a),

Pix () = (px (), =N -[T), = N - [{]].
Therefore deg (o) = N, foranyt e T. O

We have seen in Proposition 10.1 that our basic intersection operations
preserve families of cycle classes. Combined with Proposition 10.2, if a
sequence of these operations are applied to families of cycles, resulting in a
family of 0-cycles whose support is proper over T, then the degree of these
zero cycles will not vary in the family. The foliowing theorem suffices for most
applications.

Theorem 10.2. Let i: ¥ — ¥ be a regular imbedding of codimension d,
p:% > T aflat morphism, such that piis also flat. Let f : ¥~ — % be a morphism,
and form the fibre square

W — v

L
X ¥ .

Assume that w is proper over T. Then for any (d+ m)-cycle a on?, the degree of
the O-cycle classes

er'Y,O(z= i}(OC,)

in Ay(W,) is independent of t. More generally, if P is a polynomial of weight e in
the Chern classes of a collection of vector bundles on %, and P, denotes the same
polynomial in the Chern classes of the restrictions of these vector bundles to W,,
and o is any (d+ e+ m)-cycle class on?’, then
deg(P, N X, y,o)
is independent of t € T.
Proof. By Proposition 10.1 (c) and (d),
P.nX, yo,=(Pni(),.
The assertion therefore follows from Proposition 10.2. O

Corollary 10.2.1. Let Y be a scheme, and let ;< YxT be effective Cartier
divisors which are flat over T, i=1,...,d. Letabea d-cycle on Y. Assume that

#,N...N N (Supp(a) x T)

is proper over T. Then
deg (H);" ...  (Hy): @)
is independent of 1.
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Proof. Apply the theorem to the situation

REANS v
1 lé
Hx..xHg = (YxT)x...x(YxT)

where” = Supp (a) x T, d is the diagonal imbedding, and a = ax[T] € 44, 7. O
Corollary 10.2.2. Let Y be a non-singular n-dimensional variety. Let «; be

(ki+m)-cycles on YxT, 1=i=r, with D k= (r—1)n, and assume that
i=1

(\Supp(a;) is proper over T. Then
deg ((a1); ... - (a)0)
is independent of t.
Proof. Apply the theorem to the situation
() Supp («;) — Supp(a;) x ... x Supp(a,)

l l

(YxT) — (YxT)x...x(YxT)
with d the diagonal, x = oy x ... x .. [J

Example 10.2.1. Let i:2 =% be a regular imbedding of codimension d,
7'« % asubscheme with 2, %, 7 flat over T. Assume that there is a non-empty
open subset 7° = T such that X, meets V; properly for all r € T°.

(a) For any 1 € T, X, -y, V, is represented by a non-negative cycle. (Since &
meets 7” properly, 2"+, 7" is represented by a non-negative cycle. Then use
Proposition 10.1 (c) and Example 10.1.8.)

(b) Assume that Z (17" is proper over T, and dim(¥ )=d+m. Let
N =deg(X, V,) for teT°. Then for any teT, X,NV, is either positive
dimensional, or a finite set of cardinality < N. (Z-¥ is an effective m-cycle
whose support is ZN7¥". If X,NV, is finite, (Z-¥"), is an effective cycle of
degree N whose support is X, V,.)

In fact, (b) follows from a more general assertion. Assume that the ground
field is algebraically closed, that dim(¥)=d+m, and N¥ is separated
over T Suppose M is an integer such that X, V, has at most M points for all
te T° Then, if X,(V, is finite, it has at most M points. (The essential point
for this is that each irreducible component %; of (¥ has dimension at least
m. One may reduce to the case where T is a non-singular curve, and each % is
a curve mapping dominantly to 7. In this case it is elementary to prove that
the number of points in (#7), is no more than the separable degree of the
extension R (#7)/R (T). See [EGAI]IV.15.5 for generalizations.)

As in Corollary 10.2.2, analogous results hold for families of intersections
of pure dimensional schemes on a non-singular variety.

Example 10.2.2. Let [, ..., [, be four general lines in P2, and let P be a point
of IP? not on any I,. I P is not on one of the three “diagonal” lines joining pairwise
intersections of the four lines, then there are precisely two non-singular conics
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tangent to all the /; and passing through P. If P is on one diagonal there is one
such conic, while if P is on two there are none.

Let H, = IP° be the hypersurface of conics tangent to I;, and let H, be the
hyperplane of conics passing through P. For general P, H,\...YH,N\H,
consists of the Veronese of double lines (whose equivalence for the intersection
is 14, cf. Example 9.1.8), and two points where the hypersurfaces meet trans-
versally. As P approaches one (or two) diagonals, one (or two) of these points
approach the Veronese.

In such circumstances, classical geometers maintained the conservation of
number by counting limiting solutions as well; here one (or both) doubled
diagonal would be counted as a conic. Since it is not always obvious from the
statement of an enumerative problem which degenerate solutions should be
counted as “limiting”, this contributed to the controversy over the principle.

If the ambient space Y is taken to be the open subspace of P® correspond-
ing to non-singular conics, then the intersection of the five hypersurfaces, as P
varies, is not proper over IP2 — U#_ | [,. For the validity of Theorem 10.2 it is
necessary that the “intersection scheme” #  be proper over the parameter
space T.

Example 10.2.3 (cf. Study (1)). Over an algebraically closed field, identify
the set of 4-tuples of points on P! with IP* as usual the divisor 3", [(s;: t,)]
corresponds to (xq:...x,) if Xfox; 8 T*/=TT{, (t; S — =, T). Let T be the
open set in P* consisting of distinet 4-tuples. The set G of automorphisms of P!
is identified with an open subset of IP3, the automorphism with matrix (y;;)
corresponding to (y,,: Y1, : Va1 : V22) Let

={(0,D) € GxT|o(D)=D}.

Then 7 is a closed algebraic subset of G x T, and for an open set T° of T, 7/,
has 4 distinct points. However, for ¢ € T corresponding to 4-tuples with cross
ratio —1 (resp. a non-trivial cube root of 1), #; has 8 (resp. 12) points (cf.
Semple and Roth (1) XL.6).

This does not contradict the principle of continuity, since 7" cannot arise as
a proper intersection; 7 is locally defined by 4 equations, and has irreducible
components of dimension 3 as well as 4.

Example 10.2.4. Let Y?c P? be the cone xj=xi+x3, with vertex
P=(1:0:0:0). Let Vbe the line x, = 0, x3 = x,. Let T=A', with coordinate u,

and let
2cYxT

be the family of Cartier divisors x,=ux,. The general X, is a non-singular
curve meeting ¥ transversally in one point, but X; is the union of two lines,
each meeting ¥ at the point P. By Corollary 10.2.2, such a phenomenon cannot
occur on a non-singular variety Y. Note that in this example the intersection
product X, - ¥ of ¥ by the Cartier divisor Xo is 1-[P].
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Example 10.2.5 (cf. Zobel (3)). Let Y*> < P* be the cone x,x4=x,x3. Let
# < Yx A" be the family of lines defined by the equations

x1=0, x3=0, x;=uxo,

with u the coordinate on A'. Let V' < Y be the plane x, = X3, X3 = Xy Then
for general t € A', V, and V' are disjoint, while ¥, meets V' in the vertex of the
cone. Again, such jumps can occur only at singular points.

Example 10.2.6. Let T =A', with coordinate u, and let Y =P2 Let
Z <= Y x P! be the family of lines

Z={(x:y:2)xW)|y=uxj}.

Let V<Y be the line y = 0. The classes X,V € 4y (V) are all equal as ¢ varies
in T. As happens when a proper intersection degenerates to an improper inter-
section, the normal cones to X, V in ¥, and the distinguished varieties for X,- V,
do not vary continuously. This phenomenon will be studied in Chap. 11.

Example 10.2.7. In Theorem 10.2, let #,...,#, be the connected com-
ponents of #. Let a be a (d+ m)-cycle on 7", and let

Xyt =) +...+ A.(t)

with 4;(¢) € Ao ((W)),). For any i such that %; is proper over T, deg(A;()) is
independent of ¢t. (Write 2 ot = Z Aiy A € A (77); then A,(8) = (A),.)

Example 10.2.8 (“Compact supports™). For any scheme X, define
A5(X) = lim 4, (2)

where the limit is over all closed subschemes Z of X which are complete. If X
is complete, A4¢X=A4,X. For any morphism f:X —Y, there are induced
homomorphisms

fuiALX > ALY
which are functorial. In particular, mapping X to a point, elements of 45X

have a well-defined degree.
In addition, there are functorial Gysin maps

FrIALY > ASX

for morphisms f:X—Y which are flat and proper, or l.ci. and projective.
Chern classes of vector bundles on X operate on A¢ X. If Y is non-singular, and
J:X—Y is a morphism, there are cap products 4¢ X ® 4* Y>> A4{X. When X is
the complement of the singular locus of a projective variety, such groups have
been studied by Collino (2).

Example 10.2.9. Let Y be a scheme, 2, Yx T regularly imbedded of codi-
mension d;, with 2’ flatover T, 1= i=r. Let f:#» > YxTbe a morphism, and
let # =(\f""(Z). Let a be a (k + m)-cycle on ¥. Let e = k —>'_.d,. Then
there is a (e + m)-cycle B on % such that

(X)), ... '(Xr)t'atzﬂl
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in A,(W) for all 1 eT. If P is a polynomial of degree e in Chern classes of
vector bundles on %, with restriction P, to W,, and % is proper over T, then

deg (Pr 0 ((X1)" ... - (X)) o)
is independent of ¢ € T..

10.3 Algebraic Equivalence

In this section the parameter spaces T will be non-singular varieties, and t e T
will denote a point which is rational over the ground field. If X is a scheme,
and o is a (k + m)-cycle on X x T, m = dim T, then Xx{t}=X for te T, and the
class o, constructed in § 10.1 is a class in 4, X.

Definition 10.3. Let X be a scheme. A k-cycle a on X, or a class a € 4, X, is
algebraically equivalent to zero, written a ~,,0, if there is a non-singular
variety T, a cycle o € Ay, (XxT), m = dim T, and points ¢,, ¢, € T such that

a=o,— o,

in A,X. Two k-cycles are algebraically equivalent if their difference is
algebraically equivalent to zero (cf. Example 10.3.2). From the following pro-
position, the cycles algebraically equivalent to zero form a subgroup of Z, X.
The group of algebraic equivalence classes will be denoted B, X:

BkX= ZkX/~alg .

Proposition 10.3. The cycles algebraically equivalent to zero form a subgroup
of the group of all cycles on a scheme. This subgroup is preserved by the basic
operations:

(a) Proper push-forward (§ 1.4)

(b) Flat pull-back (§ 1.7)

(c) Refined Gysin homomorphisms (§ 6.2)
(d) Chern class operations (§ 3.2).

The groups B, X therefore satisfy the same formal properties as A4 X.

Proof. For the first statement, suppose a and b are two k-cycles on X Which
are algebraically equivalent to zero. Suppose a = &, — &, as in the definition,
and b = f,,— B, for a (k+n)-cycle fon Xx U, n=dim U. Set

y=ox[U]-Bx[T],
a (k+m+n)-cycle on Xx Tx U. It suffices to show that
a=b =y, u) = Vs u0)
in A, X. This follows immediately from the identity
(@x[UDew =%
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for any t € T, u € U. This identity in turn follows from the functoriality of
refined Gysin maps (Theorem 6.5): if ¢ (resp. u) denoteg the morphism from
the point Spec (K) to T (resp. U), then (¢, ) is the composite (17 x u)e ¢, so

@x[UN g = ((Irxu) (@x[U]) =1(x) = a,.

That the four operations (a)—(d) preserve algebraic equivalence follows from
the corresponding parts (a) — (d) of Proposition 10.1. O

Example 10.3.1. If Y is non-singular, the classes in A* (Y) which are alge-
braically equivalent to zero form an ideal, so B*(Y) is a commutative, graded,
ring with unit. If /: X —Y is a morphism, B, X is a B*Y-module; if X is also
non-singular, f* : B*Y — B* X is a homomorphism of graded rings.

Example 10.3.2. Assume the ground field is algebraically closed. Two k-
cycles a, a’ on a scheme X are algebraically equivalent in the sense of Defini-
tion 10.3 if and only if there is a non-singular variety T, of dimension m, with
(k+m)-dimensional subvarieties 7; of Xx T, flat over T, 1 =i = r, and points
t), t € T, such that

a—a = ; [(Vx)n] - [(Vl)lz] .

In addition, one may achieve this with T a projective, non-singular, curve. (If a
and @ are algebraically equivalent, by connecting points in parameter spaces
by chains of curves, one first constructs » non-singular affine curves 7, sub-
varieties #; < X x T; projecting dominantly to T;, and ¢;;, ;, € T such that

a—-da = gl [( VVI)IH] - [( Wi)hz] -

Here one uses the fact that if f:7— T’ is a morphism of non-singular
varieties, € T, and o is a cycle on Xx T, then, by Theorem 6.5, Uy = (f'),.
Taking closures of the %; in XxT;, where T; is a projective non-singular
completion of T}, one may have the same equation with all T; projective. Set

T=T/x...xT,
l‘j=t,~j><...xt,j, ]=1,2
7i=pri' (#7)

to achieve the required equation, with dim T'= r (cf. Baldassarri (1)VLT7). To
obtain r=1, by induction, it suffices to show that any two points on the
product of two curves can be joined by an irreducible curve; for Rosenlicht’s
simple proof of this last fact, sce Weil (5)I: Lemma 5.)

Example 10.3.3. Two positive cycles a, a’ on X are algebraically equivalent
if and only if there is a positive cycle b on X such that a+b and o'+ b are
members of an irreducible family (Chow variety) of positive cycles. (Use
Example 10.3.2 and proceed as in Example 1.6.2.)

Example 10.34.If Yc X, U=X—-Yasin Proposition 1.8, then the sequence
BkY—’BkX—’ BkU -0

is exact. With this and Proposition 10.3 other general calculations for Ay (e.g.
§ 3.3, § 6.7) extend without change to B,.
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10.4 An Enumerative Problem

A typical problem in enumerative geometry (cf. Schubert (1)§ 1) is to find the
number of geometric figures in a given family which satisfy certain conditions.
Such a condition would usually require the geometric figure to have a certain
relation with a given configuration, which is assumed to be in general position.

If a parameter space for the given family is a non-singular, »-dimensional
variety S, those figures satisfying a given condition form a closed subset of S,
which will be a hypersurface if the condition is “simple”. The problem
becomes one of finding the number of points in the intersection of r hyper-
surfaces H),...,H, in S. This problem of intersection theory is seldom
straightforward, however, because one wants to count only non-degenerate
solutions to the problem. The parameter space S for non-degenerate solutions
will usually not be compact (complete). If the family is compactified to S, the
hypersurfaces H,, ..., H, may intersect in the locus S— S of degenerate solu-
tions, even with an excess component.

Consider for example the problem of how many (non-singular) plane
conics are tangent to five given lines. If the conics are parametrized by P’
those tangent to a given line form a quadric hypersurface. The five hyper-
surfaces all contain the Veronese of double lines, whose equivalence for this
intersection problem is 31. Of the 2°= 32 solutions predicted by Bézout’s
theorem, only one corresponds to a non-singular conic (cf. Example 9.1.8). Of
course, the fact that there is one such conic can also be seen easily by
considering the dual problem.

One may proceed similarly to count the number of conics tangent to five
given conics. The conics tangent to a given conic form a hypersurface of degree
6, and the equivalence of the Veronese is 4512, leaving

6° — 4512 = 3264

as the required number (cf. Example 9.1.9).

In general it is difficult to calculate the equivalence of an excess degenerate
component directly. For example, if the plane curves of degree d are param-
etrized by a projective space of dimension d{(d + 3)/2, the locus of curves with
multiple components, for large d, is a complicated singular subset.

A classical procedure for such problems is to degenerate the given figures
to simpler ones, where the number satisfying the simpler conditions can be
computed, and then to appeal to the principle of conservation of number. Of
course, for this to be valid, there must be some compactness assumption. One
method is to construct a better (non-singular) compactification of S, where the
intersections are proper and correspond only to non-degenerate solutions. In
the example of conics, the space of “complete conics” — the blow-up of IP3
along the Veronese, is such a compactification.

Using refined intersections and the version of continuity given in § 10.2, it
may not be necessary to construct such a compactification. If the degeneration
of the given figures is parametrized by a variety T, what is essential is that the
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intersection of the corresponding varying hypersurfaces form a scheme % which
is proper over T. Or, if a compactification S is used, the components of 7
contained in Sx7T should not meet any components of %  contained in
(S~ S) xT. In these cases, by Corollary 10.2.1, the degree of the intersection
cycle of the varying hypersurfaces in S will be independent of ¢ € T. Of course,
if non-degenerate solutions (in S) approach degenerate solutions (in S — S) as
t varies, this will no longer be true (cf. Example 10.2.2).

We will illustrate these ideas by sketching a solution to the following
problem:

Given an r-dimensional family of plane curves, and r curves in general position
in the plane, how many curves in the family are tangent to the r given curves?

The solution is as follows. Let Dy, ..., D, be the given curves, n; the degree
of D;, and m; the class of D; (i.e., the number of lines passing through a given
general point and tangent to D; at some simple point). If the D; are in general
position, the number of curves in the family tangent to D,, ..., D, is

r

IT (mi e+ miv) .

i=1

This formula is to be interpreted as follows. Expand the polynomial formally:

L i+ vy = 3 Ny kv,
=1 =0

Ny = Z (Hm,)(H "j),
n\iep J¢P
card (P)=k
and substitute for u* v~ the corresponding characteristic of the family, i.e.,

u*v =¥ = the number of curves in the family passing through k general points
and tangent to r— k general lines.

For example if the given family is the family of all conics, then (in
characteristic not 2, cf. Example 10.4.3)

w=v=1, uv=pv=2, wWP=p2v=4.
Thus the number of conics tangent to Dy, ..., Ds is
No+2N;+4N,+4N3+ 2N, + N;

with N, as above. In case the D, are all non-singular conics (in characteristic

not2), n;=m;=2, N, = (Isc) - 25, and the number is

251 +2-5+4-10+4-10+2-5+1)=3264.

11_1 this problem it shall be assumed that the curves D,,..., D, have no
multiple components, and that the ground field is algebraically closed of
characteristic zero. The proof proceeds in several steps.
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Step 1. The set of lines in P2 denoted PP is identified with a projective

plane with homogeneous coordinates a, b, c; the point (a: b: ¢) corresponds to
the line

™) ax+by+cz=0.
The incidence correspondence I = P? x P2,
I={(P,L)|PelL},

1s the non-singular 3-fold defined by the global equation (*). If one defines the
bundle E on IP? by the exact sequence

0—-E— 18 23 (1) -0,

t}ﬁen I'=P(E). If 1 (resp. ) is the puli-back of ¢, (#p:(1)) (resp. ¢;(#¥:(1)) to I,
then

A=2+, VB=0=0,
and A*([) is a free Z-module with basis
LAGAL G 220=20.
This follows from the isomorphism (Example 8.3.4)
A*(P(E)) = A*(P*) [(1/C* + 1 (E) L + ¢, (E)),
and the formula ¢ (E) = ¢ (@p=(1))"' =1 — A + A2
For a line M in P?, set

M ={P,Lyel|L=M},

M’'={(P,Lyel|Pe M.
For a point Q in P2, set

O ={P,Lyel|P=0},

0"={(P,Lyel|QelL}.
Then A=[M"], (=[0Q"], 4*=[Q’], *=[M’']. From this one sees also that
fRe=§i0=1

Step 2. Let D be a curve in IP? with no multiple components. Define the
(reduced) curve D’ < I to be the closure of

{(P, L) € I| P is a simple point of D, and L is tangent to D at P}.
If n and m are the degree and class of D, then
(**) [D]=nM]+m[Ql=n{+m2

in 421, where M is a line, Q a point, as above. This can be seen by intersecting
[D’] with the dual basis 4, { of A'(I). For a general line M, D’ meets M”
transversally in n points (P, L;), where P,e M(1D, and L; is the tangent to D
at P;; this shows that the coefficient of {? is n. The dual argument gives the
coefficient of 42 (The fact that the intersections are transversal follows from
the general considerations in Step 3 below.)
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The rational equivalence (**) may be constructed explicitly. Choose a
general point Py and a general line M. Let Q,, ..., Q,, be the points where the
tangent lines to D through Py, meet M.

By gradually deforming D onto M, projecting from Py, we construct a
rational equivalence from [D’] to the cycle

**) n[M]+ ; [Qi].

We may assume Py=(0:0:1) and M is the line z=0; let F(X, Y, Z)=0 be
the equation for D, and let F,, F,, F; be the partial derivatives of F. For
t € A, 1 * 0, let g, be the automorphism of P? given by

o(x:y:z)=(x:y:tz).

Then ¢,(D) is defined by F(¢ X, tY, Z)=0. As ¢ varies in A' — {0}, there is a
family of curves ¢,(D)’ in I. There is a unique extension of this family to a
surface 2’ in I x A, flat over A'. The claim is that the fibre D} of @’ over r=0
is a curve whose cycle is n [M’] + D, [Q/]. To verify this, it suffices to show that
Dy is set-theoretically equal to the union of M’ and the Q’, for then the
previous calculation (**) determines the coefficients. If ¢ # 0, a point in o,(D)’
will have the form (x:y:tz)x(a:b:c) with ax+ by +ctz=0, F(x, y,z) =0,
and
(@:b:e)y=@F (@tx,ty, tz): tFy(tx, ty tz): F5(tx, ty, t2)),

with not all F(x, y, z) = 0. The displayed equation is equivalent to the three
equations

aFy(x,y,z2)=bF,(x, y, 2),
aF3(x! Y, Z) = [CFI (x) Y, Z) )
bF;(x,y,2)=tcFy(x, y,2).

One may set =0 in these equations to find Dj. For the point (x:y:0) x(a:b:c)
to be in Dj either a= b= 0, i.e., the point is in M’; or there must be a z so that
F(x,y,2)=0 and F3(x, y,z) =0, with (x: y: z) simple on D, i.e., (x:y:0) is
one of the Q;, so the point is in Q). (Singular points of D also give rise to
points satisfying the above equations, but since only a finite number of lines
through singular points are limits of tangents to nearby simple points, they
cannot produce curves in Dj.)

Step 3. Let < P?x S be a family of plane curves, flat over S, with S a
non-singular, r-dimensional variety. Assume the general curve X of the family
has no multiple components. Let S° be any non-empty open subset of S such
that X; is reduced for every s € S°. For example, if the general curve of the
family is non-singular, S° may parametrize the non-singular members of the
family.

Define the variety 2°(r) to be the locally closed subvariety of Ix...x I x S°
(r copies of I):

Z(r)={(P;,L)x...x(P,,L)xs | each P; is a simple point of X, and L, is
tangent to X, at P;}.
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Then %" (r) is smooth, of dimension 2r. Let
0:2(r)—> Ix...xI (rfactors)
be the projection
Given reduced curves Dy, ..., D, in P2 form the fibre square
W— D] x...x D,

.Q"(r)—‘p> Ix...x1I

Let G be the product of r copies of the automorphism group GL (P?) of P2
Since G acts transitively on I x ... x I, for an open set of 6 =(0,,...,0,) € G, if
D; is replaced by o;(D;), the above diagram is differentiably transversal
(Appendix B.9.2), and W consists of N (reduced) points. Moreover, if
Z <P?x §° is any compactification of the family, and 2(r) is the closure of
Z(r)inIx...xIx S°, and Z is any closed subset of 2 (r) of dimension less
than 2r (containing all of Z°(r) — 2 (¢)), then

Z(W@) Mo, (DY) x ... x 0,(D})) =0,

for an open set of ¢ € G. In particular, discarding any proper closed subset
from S does not affect the number N of solutions.

Step 4. Now construct a degeneration of each D; to a multiple line as in
Step 2, using a different general point and line for each curve. The product of
these degenerations is parametrized by A”. We have a diagram

W — D x..x D, —> N

! !

Xiry— I x...xI

with the square a fibre square. Since Z°(r) is complete, # is proper over A’
The fibres of # over t;=(1,...,1) and t,=(0,...,0) are finite, and disjoint
from any given proper closed subset Z of 2°(r) , for generic position of the D,
and the points and lines. Therefore if the above degenerations are restricted to
an open neighborhood T of {fy, #,} in A’, then % will be proper over T and
disjoint from Z. Now by Corollary 10.2,

deg(Z (r) ', Dix...x D7) =deg(Z'(r) ", (Ei x ... x E}))
where D) (resp. E}) is the fibre of 2 over 1 (resp. 0). The left side is N, the
number of tangencies. Writing out the E} according to (**'), the right side
expands to give the required formula.
One additional point must be verified. This intersection actually gives the
number
card {(Py, L) x... x(P,, L,) xs € Z(r) | L;is tangent to D; and X; at P

To obtain the original solution, one should check that, with the general
position assumption, each s € S will have at most one point in the above set;
any bitangents can be put in a proper subvariety Z as above. Similarly, one
sees that the N tangents that occur in the solution are all simple tangencies of
2(s) and each D,.
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For other approaches to this problem, we refer to Grayson (3), and Fulton-
Kleiman-MacPherson (1), cf. Example 14.7.18.

Example 10.4.1. The class of a non-singular plane curve of degree n (in
characteristic zero) is n(n—1) (cf. Example 4.4.5). The number of conics
tangent to five non-singular curves of degree n, in general position, is

N=r’((n—1+10(n—1D)*+40(n—1)*+40(n— 1)+ 10(n— 1)+ 1).
If n =2, this gives 3264. If n=3, N=168,399, while if n=11, N = 39,312,710,151.

Example 10.4.2. A circle in the plane is a conic passing through the two
“ideal” points (I1:% }J/—1:0). The circles form a P3, with a(x>+ y?) + bxz
+ cyz + dz? = 0 corresponding to the point (a: b: ¢ : d). The circles tangent to a
given line, and the circles tangent to a given circle, form quadric surfaces in P>.
There are 8 circles tangent to three circles (in general position), or to two
circles and a line, or to a circle and two lines, but there are only 4 circles
tangent to three lines in general position. (In the last case, the double line
z*=0 corresponds to a point in the intersection of the three quadrics, and the
intersection multiplicity of the three quadrics at this point is 4.)

The number of circles tangent to three curves of degrees n,, n,, n3 and
classes m,, my, ms, in general position, is

3

1T mip+ niv)

i=1
where 3 =1, u>v=2, u*=4,and v’ = 4.

When the three given curves are real, this analysis does not say how many
real circles satisfy the conditions. For lines and circles in various positions this
number is easy to determine, and the numbers given above can all be achieved

by appropriate real configurations. In general counting the number of real
solutions to enumerative problems appears to be very difficult.

Example 10.4.3. In characteristic two, the class of a nonsingular conic is 1.
The characteristics of the family of all plane conics in characteristic two are

wW=ptv=1>3v=1, 2=y v=y=9.
The number of conics tangent to five given conics in characteristic two is
w+2v°=1+5-2410-4=51
(cf. Example 9.1.9, and Vainsencher (3)).

Example 10.4.4 (cf. Example 14.7.18 and Fulton-Kleiman-MacPherson (1)).
The analysis of this section extends readily to finding the number of varieties
in an r-dimensional family of varieties in P¥ which are tangent to r given
varieties in general positon in IP". For example, given an r-dimensional family
of curves in IP?, the number tangent to » given surfaces in general position is

r

H (miv+n;0)

i=]
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where n; is the degree of the /™ surface, m; its first class (i.e. the number of
points in a general plane section at which the tangent plane passes through a
fixed general point), and the characteristic v/ "~ is the number of curves in the
family tangent to i general lines and r — i general planes. For the family of all

(plane) conics in IP?, these characteristics were found by Chasles, cf. Schubert
(1§ 20:

W=92, V=116, W*=128, vV @’=104, Vo*=64, v o'=32,
vf=16, vo'=8, ¢*=4.

Thus the number of conics tangent to 8 general quadric surfaces is
(2v+20)% = 4,407,296 .

Similarly, there are 666,841,088 quadric surfaces in IP? tangent to 9 given
quadrics in general position.

A method for calculating the characteristics for the family of all quadrics of
dimension m in P” was given by Schubert (4), based on the beautiful geometry
of complete quadrics. This was reconsidered by Semple (1) and Tyrell (1), and
recently by Demazure, Vainsencher, De Concini and Procesi.

Notes and References

The principle of conservation of number, known also as the principle of special
position, or the principle of continuity, has a long and stormy history. From the
time of Poncelet, it has been the basic tool of enumerative geometry. Early
justifications were based on the fact that the number of solutions of a
polynomial equation, when properly counted, remain constant when the
coefficients of the polynomial vary continuously.

Controversy has arisen when the principle has been asserted as a general
law regarding variations of geometric conditions. For each such formulation,
counterexamples were produced (cf. Examples 10.2.3 and 10.2.5), followed by
the addition of new hypotheses to rule out such examples, and so forth. When
the principle has been founded on intersection theory on appropriate param-
eter spaces, these difficulties have disappeared. Severi (4) made this point in
1912 to settle the dispute then raging. As we have mentioned, Cayley (2) had
advocated an intersection-theoretic approach to enumerative problems in 1868,
before most of the controversy arose. Perhaps the desire to keep geometry
“pure”, unsullied by coordinates or parameter spaces, contributed to the
resistance to this idea.

The articles of Zeuthen and Pieri (1), Berzolari (2), Dieudonné (1) and
Kleiman (7) are recommended for discussions of the role of the principle of
continuity in enumerative geometry, and for additional references.

It should be pointed out that there is not a single principle of continuity for
all situations. As intersection theory develops, those constructions which can be
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proved to vary in families lead to stronger formulations of the principle. For
example, Theorem 10.2 gives a version which is valid on singular and non-
complete parameter spaces. Severi (11) attempted definitions of intersections
on non-complete varieties, or on varieties “modulo” a closed subset. Severi’s
ideas have been examined by Zobel (2), (4); the ideas developed in § 10.4
resemble those of Zobel.

The theory of algebraic equivalence was developed along with rational
equivalence. Modern constructions were given by Weil (5) and Samuel (3) for
non-singular projective varieties, using the definition of Example 10.3.2. The
use of refined Gysin maps in the present version gives a simpler construction,
as well as more general results. The basic reason for this is that, with excess
intersections allowed, we can work directly with cycles on the ambient space of
a family even if they do not meet all fibres properly.

Results similar to Examples 10.1.6 and 10.1.7 are stated in the seminar of
Samuel (5).

Chasles (10) gave the formula for the number of conics in a one-parameter
family tangent to a given curve. Halphen, Schubert, and nearly every other
enumerative geometer, gave formulas for the number of varieties in a family
tangent to given varieties. The general formula of § 10.4 for plane curves
appears in Zeuthen (3)§ 165. The proof in § 10.4 represents joint work with
MacPherson. For the generalization to higher dimensions see Zobel (4) and
Fulton-Kleiman-MacPherson (1).

This tangency problem is only one of an unlimited number of enumerative
problems that can be solved using intersection theory. In addition to the
classical literature already referred to, the reader will find hundreds of
examples in Lemoyne (1). Recently enumerative geometry has played an
important role in moduli problems on curves, especially by Arbarello,
Cornalba, Griffiths and Harris (1), Harris and Mumford (1), Eisenbud and
Harris (1), Harris (1), and Mumford (7).

In 1866 Chasles (5) posed the problem of finding the characteristics u' v/ for
the family of all plane curves of degree n. For n = 3 and n = 4 answers were
given by Maillard and Zeuthen; verifying their answers is the subject of some
current research. For n > 4, the problem remains open.

For references to the transcendental study of the variation of algebraic
cycles, see § 19.3.6.
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Summary

Let X o Y be a regular imbedding of codimension d, with normal bundle
N,Y; let V be a k-dimensional subvariety of Y, W= XNV, N the restriction
of NyYto W, and C = N the normal cone to Win V. In Chap. 6 the intersec-
tion class X-V in Ay_4(W) has been constructed to be s§[C], where
Sy W — N is the zero-section.

If X & Y is imbedded in a family 2 & Y x T of regular imbeddings, with T
a non-singular curve, 0 € T, Xp= X, and ¥ <= Y x T is a deformation of V, then
there is a closed set }LI% (X,(\V), contained in W, and a class we denote

}irrg(X;V,) in Ak_d(linéX,ﬂ V,) which refines X-V, i.e, maps to X-V in
" .

Ay (W)

The Kodaira-Spencer homomorphism for the deformation 2° determines a
section s,- of N, and hence a class s;-[C] in s3' (C), which also refines X - V. In
fact,

lim (X,NV) = s71(C) = W
and, by these inclusions,
lim (X, V) = 54 [C) = X V.
If X, meets V, properly for generic t, then %1}13 (X,0\V,) has dimension k —d,
SO 1111% (X, V) is a well-defined cycle representing X - V. If dim 53! (C) = k — d,

this limit cycle must be s [C], in which case the limit cycle is determined by
infinitesimal data.

This allows a dynamic interpretation for the distinguished varieties and
their equivalences, which can be useful for calculations. For any closed subset
Z of X, let (X V)? be the part of X - V supported on Z (§ 6.1). If NyY is
generated by its sections, there is an open set I"(Z) of sections such that for
each s € I'(Z), s'[C] is a (k — d)-cycle, and the part of s' [C] which is supported
on Z is precisely (X - V)% Thus (X - V) is represented by the part of the limit
cycle 111_{% (X,- V,) supported on Z, for generic deformations, i.e., deformations

whose characteristic section is in I"(Z). Knowing (X - V)Z for all Z is the same
as knowing the equivalences of the distinguished varieties.
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For arbitrary cycles on an arbitrary non-singular quasi-projective variety,
there is a moving lemma which asserts that the given cycles are rationally
equivalent to cycles which meet properly. Intersection cycles constructed by
this procedure represent the intersection classes on the ambient variety, but,
unlike the cycles arising from geometric deformations, they do not give
refinements of the intersection products. The moving lemma has historical
importance as the foundation for previous constructions of intersection
products, and it can be used to simplify verifications of some intersection
formulas.

11.1 Limits of Intersection Classes

In this chapter, the ground field will be assumed to be algebraically closed. We
consider families parametrized by a non-singular curve T equipped with a
givenpoint0 € T. Let T* = T — {0}.

For a scheme % over T, the fibre of # over ¢t € T is denoted W,. Set

W=y — W(;:WXTT* .

Let 7~ be the closure of #* in #. The limit set 11m W, is defined to be the
fibre of #” over 0, i.e.,

Lim W, = (W), .
I d

When % has irreducible components contained entirely in W, Iirré W, will be
=

smaller than W,. If W, is purely k-dimensional for generic te T*, then
llin(} W, is a purely k-dimensional (or empty) closed subscheme of W,. Indeed,

by discarding a finite number of fibres, one may assume all components of #*,
and hence also %”, map dominantly to 7 and have dimension k + 1; the fibres
over 0 are Cartier divisors, so of dimension k.

Let a=) m[7] be a (k +1)-cycle on #* with 7; an irreduc1ble
subvariety of 7*. We define the limit cycle 11m o, a k-cycle on 11m W,, a
follows:

lrl_{r(} %=, n:[(Zno)

where 77 is the closure of 7 ;in %7, and (7)), is the scheme-theoretic fibre of
7 over 0.

Proposition 11.1. (a) If o and o’ are rationally equivalent (k + 1)-cycles on
»*, then 11m o, and hm o; are rationally equivalent k-cycles on 11m W,.
(b) If & is any cycle on’i// which restricts to « on #*, then lim «, is rationally
(=0

equivalent to dy on Wy. Here d, denotes the cycle constructed in § 10.1.
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Proof. Let i be the imbedding of 0 in T. There is a diagram
A1 (W) = Ay 77 L*/Akﬂ (r*)—-0
i -

e
A (W)

where " and j are the inclusion of W{ and #* in #”. The row is the exact
sequence of § 1.8. The composite i'i; is zero, since (Theorem 6.2(a) and
Corollary 6.3) i' i§ is multiplication by the top Chern class of the pull-back to
Ws of the normal bundle to 0 in T, and this normal bundle is trivial. Therefore
there is an induced homomorphism o as indicated with o/'* =i' (see
Example 6.3.7 for generalizations). With this notation, lllrr(} o, is o(a). This

proves (a), since ¢ is well-defined on rational equivalence classes. The same
argument, using % in place of %7, proves (b). O

For any class o € Ay, (#*), we will write lirré o, e Ag (lirr(l) W,) for the class
t— =

constructed using the preceding procedure for a cycle which represents «. Note
that this limit class is constructed from the class « on the punctured total space
#*, not from the classes «, on the fibres.
Consider a fibre square ;
Al
gl L
z a4

of schemes over T. Assume that / is a family of regular imbeddings of
codimension d, i.e., i and all fibres i,: X, » ¥, are regular imbeddings of
codimension d. Assume that 7" is flat over T of relative dimension k, and fis a
closed imbedding. Then for all r € T we have the intersection class

Xt.V;=Xt'YtI/rEAk—-d(VVz)=Ak—d(Xtﬂ V).

In particular, Xy Vg € Ax-4(Wy). By Proposition 10.1(c), X,- V,=Z -7),,
where 2" -7 € Ags1-4(#). We define the limit intersection class lir% (X, V) in
t—

Ak_d(lin(} W,) by setting
1—
lim (X, V;) = lim (F* - ¥"*),€ A\, (um XN V,) :
t=0 t—0 t-0
Corollary 11.1. The inclusion of lim(X,NV) in X,N\V, maps }1_{% X,V
to Xy V,. -0
Proof. Apply (b) of the propositionto d=2"-7. [
If X, meets V, properly for generic t€ T*, i.e., dim(X,NV,)=k—d for
generic te T*, then lim(X,\V) has pure dimension k—d. The class
t—+0
lim (X,-V,) is therefore a well-defined (k — d)-cycle on !irr(} X,NV,, which we
t—0 -

call the /imit intersection cycle. Since Z'* - 7* is a positive cycle whose support
is 7*, the limit intersection cycle is a non-negative cycle whose support is
lim (X,N ¥), and which represents X, V;.

t—0
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Example 11.1.1 (Fulton-MacPherson (2)). Care must be taken when passing
to limits when cycles have negative coefficients, due to possible cancellation in
the limit. Let 7= A', and define families of plane curves o/, % by

d=V(x(y—tx)+tz) <cP’xT
A=V(y—tx)cP*xT.
Let L= V(x), M= V(y). Set a2 = [«/] — [#]. Then
lim 2, = [4g] - [Ba] = L] .
Forallt 0, !
o - [M=[1:0:D]+[(—=1:0: D]=[(0:0:1)].

Thus lirrox (o, - [M]) and (Iiné oc,) - [M] are both well-defined zero-cycles, but they
1= r—

are not equal as cycles. If one modifies a, by adding the constant cycle
[V(x —z)] + [V(x + z)], one obtains an example of the same phenomenon where
both limit cycles have the same support. Of course, the two cycles are
rationally equivalent on M, since o, is rationally equivalent to o.

Example 11.1.2. Let s be a section of a vector bundle E on a scheme X, and
let V' be a subvariety of E. Form the fibre square

¥ - VxA!
1 U
XxA'—> ExA'

where i(x, ) =(4's(x), 4), and f is the product imbedding. Then # is the
union of 57! (V) x A' and sg! (V) x 0, so W= s3' (V), while the limit set W} is
s~'(V). The limit intersection class is s'[V] € A4(s™' (V). By Corollary 11.1,
s'[V] maps to sg[V] in A« (sz' (V)). This gives another proof of Corollary 6.5.

11.2 Infinitesimal Intersection Classes

Consider a family of regular imbeddings

24 YxT

of codimension d, deforming a given imbedding iy: X & Y, X = Xp. Let
A= .NO T be the tangent space to T at 0, and let Ay be the trivial line bundle on
X with fibre 4; equivalently, Ay = NyZ". From the fibre diagram

X2 vy -0
Lo
Z-oYXxT->T

one sees that Ny(YxT)=NyY @ NyZ = Ny Y @ Ay (Appendix B7.4). From
the inclusions X©2 < YxT one has an inclusion of normal bundles
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Nx# — Nx(Y x T). This takes the form

Ay U N, Y ©Ay
where ¢: Ay > Ny Y is the characteristic, or Kodaira-Spencer homomorphism.
Fixing a basis 0/0¢ for A, o(0/8r) is a section of Ny Y, which we call the
characteristic section of the deformation.

Let ¥"< Yx T be a closed subscheme, flat over T of relative dimension k. Let
V="V,, W= XV, and let N be the restriction of NyY to W. Let s, be the
section of N induced by the characteristic section of Ny Y. Let C = Cy V be the
normal cone to Win V, a closed subcone of N.

We call the class

5:[Cl € Ak_q(s3' (C))

the infinitesimal intersection class.

Theorem 11.2. With the above notation

1in(1)(X,ﬂV,) c 57 (C) e XNV.

These inclusions take the limit intersection class to the infinitesimal intersection
class, and the infinitesimal intersection class to the intersection class:

lirrg X, V) si[Clm XV
by the induced homomorphisms

Ap-q{lim (X, V)) > A_y(s71(C) > Aa(XNV).

Corollary 11.2. If dim 57! (C) = k — d, the limit intersection class is a well-
defined non-negative (k — d)-cycle, which depends only on the characteristic

homomorphism: ) '
in Ae-q(s7' (C)). O '

Proof of the Theorem. Let s = 0(0/0t) be the characteristic section of NyY.
We deform the given imbedding of X in Y to the imbedding of X in NyY
given by s, much as in § 5.1. Let # (resp. 2) be the blow-up of Y x T along
X x 0 (resp. of 7 along W), and let #°, (resp. 2°) be the complement of BlyY
(resp. Bl V) in 2 (resp. 2). Since X c X = Yx T, ZNY=X,and X is a Cartier
divisor on &, there is an inclusion i of =Bl & in #°, which over t =0, is
the inclusion of X in N, Y given by the section s:

XS NyY—0
! ! I
X - #° —-T.

Here #, denotes the inclusion of 0 in 7. In fact, the inclusion of Z° in Z induces
the inclusion of X = P(4y) in P(Nx(Yx T)) = P(NxY @ Ax) determined by
(o, 1), where g is the characteristic homomorphism. Choosing a basis d/0t for
A identifies the complement of P(NyY) in P(NyY @ Ay) with NyY. The
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imbedding of 7 in Y x T induces an imbedding of 2 in %, and hence of 2° in
#°. One obtains a fibre diagram

5(0)—C
! 1
XN32/—2°

X5—4VX YLO
! L L

P —T

Since (2 maps properly to Z (¥, and isomorphically over T*,
lim (1 2), maps onto Iing (X,NV). Since lin& @N9), < @*N),, and
t—0 t— t—
(% 1 2), projects (isomorphically) onto s, * (C),

lin(l) (X,NV) = s71(C).

1o
For any section s,: W —> N, s;'(C) = W. Likewise, the fact that s, [C] maps
to sy[C]=(n%)"'[C] in A,_,(X V) holds for any section of a bundle (Corol-
lary 6.5, or Example 11.1.2); since X-V=sy[C], sz [C]=X - Vin A,_,(X N V).

To prove that lin})(X, V) =5, [C] in Ay_q(s7(C)), we apply the com-
e d

mutativity theorem (§ 6.4), giving
'6[2°) = 151"[2°]
in A;_4(s7' (C)). Now
['15[2°1='[C] = s%[C]
by Theorem 6.2(c). Since i '[2°] restricts to 2* - ¥* over T*,
4'2°) = (7'[2° Do = lim (X, - )

in Ax_q(s7'(C)) by Proposition 11.1(b), which concludes the proof of the
theorem. O

11.3 Limits and Distinguished Varieties

Let X o Y be a regular imbedding of codimension d, V<Y a pure k-
dimensional subscheme, with k —d > 0. Let W=XNV, C = Cw V<N, N the
restriction of NyY to W, n: N — W the projection, sy: W — N the zero section.
Let Cy,..., C, be the irreducible components of C, m; the geometric multi-
plicity of C;in C, so [C] = Y. m;[C}), and

X V=s4[C]= Z,] m;sy[Ci]
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in 4,_,(XN V). The varieties Z; = n(C;) are the distinguished varieties for the
intersection (§ 6.1). For any closed subset Z of X, set

X-V)?2= 3, misy[C] € Ae-a(Z) .

ZicZ
For any cycle a = Y, n;[V;] on X, with V; irreducible, and Z < X closed, set

(XZ: Z ni[I/,'] .
VicZ
Proposition 11.3. Assume that I" is a finite dimensional vector space of sec-

tions of NyY which generates NyY. Let Z be a closed subset of X. Then there is a
non-empty open subset I' (Z) of I such that

(i) For all se I'(Z), dims™'(C) = k—d, so s'[C] is a well-defined (k— d)-
cycle, and

G$'Ch?=(X-V)*
in Ax-a(Z).
(1) For any deformation 2 YxT of XY whose characteristic section
belongs to I' (Z), }i_{l’%)X,' V is a well-defined (k — d)-cycle, and

(lirr})Xy V)Z =(X-V)?
t—
in Ag-a(Z).

Proof. Apply Serre’s Lemma (Appendix B.9.1) to the subvarieties C,, ..., C,
of the bundle N and the closed subsets W and Z of the base. This gives an
open set I'(Z) of I such that

(@) dims ' (C)=k—d for all i,

(b) dim (s" " (C)NZ)sk—d—1, if Ci¢ 7' (2).

Therefore, if s € I'(Z), dims ' (C) =k—d, so s'[C] is a well-defined (k— d)-

cycle. From (b),
($'[Ch* = Z m;s'[C}]
Cicn=Y(Z)
since s7'[C] can have no components in Z if C;¢ n'(Z). Since s'[C)]
represents sy[C;] (Corollary 6.5), (s'[C])? is a representative cycle for (X V)7,
which proves (i). Assertion (ii) follows from (i) and Corollary 11.2. 0

Remark 11.3. Assume NyY is generated by a subspace I" of sections,.z}nd
each section in I is characteristic for some deformation. Then the proposition
gives a dynamic interpretation for the classes (X~ 1Z:

(X- V)7 = lim (X, V)?

is the part of the limit intersection cycle supported on Z, for a generic
deformation 2 < YxT, i.e., a deformation whose characteristic section is In
I'(2).

Knowing the classes (X V)Z for all closed subsets Z of X is equivalent to
knowing the equivalences of the distinguished varieties Z; of the intersection
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of V by X, i.e., the canonical decomposition of X V. This may be described

s

explicitly as follows. For each point P € X, set
i(P)=(X-V)F.
Thus i (P) is zero unless P is a distinguished variety, in which case, i (P) is the

contribution of P to X+ V (cf. Definition 6.1.2). Dynamically, i (P) is the.com-
ponent of the limit cycle lin%) X, -V supported on P, for a generic deformation 2°
Iaad

of X< Y. For each irreducible curve C < X, set
J(O)=X-Ne,
MO=AO—}U@L

Thus i(C) =0 unless C is a distinguished variety, in which case i(C) is the
contribution of C to X V; j(C) is the component of the limit cycle }i_r'r})Xp V

supported on C, for generic Z, while i (C) is the part of }irr}]X,- V supported on

C, but not on any distinguished points of C. Inductively, for any irreducible
subvariety Z of X, set

i@ =X-7?,

i(2)=j@2)- X i(2),

zZ'gZ

the sum over all proper subvarieties Z' of Z. If i(Z) + 0, then Z is a distin-
guished variety, and i(Z) is the contribution of Z to X V. Conversely, if all
the contributions are positive — see § 12.2 for sufficient conditions — the
distinguished varieties Z are determined by the nonvanishing of i(Z).
Dynamically, /(Z) is the part of the generic limit cycle which is supported on
Z, but not on any proper distinguished subvariety of Z.

Suppose in addition that k=d, and that a generic section in I” is character-
istic for a deformation 2 such that X, meets V transversally for generic . Then
for each distinguished variety Z, the degree of its contribution i(Z) is the
number of points of X,(\V which approach Z, but not any proper distin-

guished subvariety of Z, for a generic deformation 2. Equivalently, for any
closed subset Z of X,

deg (X - V)* is the number of points of X,V which approach Z,
for a generic deformation & .

Example 11.3.1 (Severi (15), Lazarsfeld (1)). Let Hy,...,H,; be hyper-
surfaces in IP”, defined by forms F,, ..., Fyof degrees n;, ..., ny, and let V be
a pure k-dimensional subvariety of IP". Consider the intersection

d
N\ HNYV——m vV
i=1

| .
Hi x...xH;» P"x...xP".

Let X=H,x...xHy, Y=1P"x ... x P". Then (Appendix B.7.4)
NyY=0(m)x...x &(ng).
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The space
I'={(G,..., Gy | G;is a homogeneous polynomial in Xj, ..., X, of degree n;}

gives a space of sections of NyY satisfying the conditions of Proposition 11.3.
The deformation "< Yx A' defined by

Z=1{(Py,..., P, 1) EYxA'| F{(P) +1G:(P)=0 for i=1,...,d)

is a deformation whose characteristic section is (G4, ..., Gy). Using such defor-
mations, one has the dynamic interpretation for the distinguished varieties and
their intersections given in Remark 11.3. In particular this proves a theorem
stated in Lazarsfeld (1)§ 2, that the classes defined dynamically by Severi and
Lazarsfeld agree with the refined intersection classes of Fulton-MacPherson

(1, ).

Example 11.3.2 (B. Segre (3), Lazarsfeld (1)). Let H;, H, be plane curves
defined by forms
F1=FA], F2=FA2

where 4, and A4; have no common factors. Let C be the normal cone to
H,NH, in IP2. Define I as in the preceding example. If s = (G,, G,) is a sec-
tion in I” such that 4, G, — A, G, and F have no common factors, then s'[C] is a
well-defined cycle:

™ SC1=V(A4;Gr—A:G)) " V(F) +V(4) V(4 ,

where the cycles on the right are intersection cycles of properly intersecting
curves. In particular, for any deformations F;+ 1 G;+ 12G; + ... with G|, G; as
above, the limit cycle is well-defined and given by (*). Contributions of the
distinguished varieties may be deduced from this description (cf. Example
6.1.4). (Consider the deformations (H),= F;+1G;, te A. If w = P*xA' is
the intersection scheme, the closure #” of the restriction of % to A'—{0} has
equations
FA;+[G,'=O, Ale‘“AzGl=0.

If £, a;, g; are local equations for F, 4;, G; in a local ring & for IP? at a point, the
exact sequence

0=/, a2) Bo/(fay, faz) = /(f) = 0

remains exact after tensoring with #/(a;g,—a,g,). This implies that %~ is flat
over A, and that [W}j] is given by formula (*). See Lazarsfeld (1)§ 3 for
details.)

Segre’s formula (*) is also valid for effective curves on an arbitrary non-
singular surface; the equations for the curves should be replaced by sections of
appropriate line bundles.

Example 11.3.3 (Lazarsfeld (1)). Consider the plane curves H,, H, defined
by the equations x2y = 0 and x y* = 0.

(a) The distinguished varieties (for the intersection of the diagpnal by
H,x Hy) are the lines x =0, y =0, and the point (0:0:1). Each contributes a
zero-cycle of degree 3 to the intersection. (This may be seen from formula (*)
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of the preceding example, for F=xy, Ay =x, A,=y, G, and G, generic cubic
forms.)
(b) For the deformations

(H\),=V(xPy=12%), (H)=V(x—1y) (*—1x?)

none of the nine points of (H,),(\(H,), approach the distinguished point
(0:0:1) ast — 0. The characteristic section does not satisfy the condition of the
preceding example. Contrary to an assertion of Severi (15), the contributions of
distinguished varieties may not be described as the minimum over all deforma-
tions of hypersurfaces. In higher dimensions there are similar examples with
irreducible hypersurfaces, see Lazarsfeld (1) p. 283.

(c) If the curves H, and H, are deformed by the action of the projective
linear group acting on P2 i.e., (H)),= (¢,),(H)), for (o;), generic curves in
GL(IP?) converging to the identity, 5 of the points in (H,),N(H,), will
approach (0:0:1) as t —» 0, while two points approach each of the lines
x =0, y=0. The characteristic sections of such deformations do not generate
the normal bundle to H,x H, in P? x IP2.

(d) If the intersection class H,* H, is constructed instead from the diagram

H NH,—>H,xH,
) l
A]p? —’]PZX]PZ

the contribution of (0:0:1) is 5, while each line contributes 2. (In this case
deformations by automorphisms of IP? give enough sections to span the normal
bundle Tp-.)

(e) If the intersection class H,- H, is constructed from the diagram

H,(\H, - H,
\ i
H]“—) IPZ,

by deforming H, to V(x2y + ¢ G) for a generic cubic G, one sees that only the
lines x=0, y=0 are distinguished, with x =0 contributing a zero-cycle of
degree 3, y = 0 a zero-cycle of degree 6.

Example 11.34. Let H, = V(FA,), H, = V(FA,) be as in Example 11.3.2.
Let P be a point in V(F)(\V(4,), but P ¢V (A4,). Consider deformations
(H)), (H3), such that (H,), passes through P for ¢ infinitesimal, i.e. P € V(G)),
where (G|, G,) is the characteristic section. For generic (G, G,) satisfying this
condition, the limit cycle contains P with multiplicity equal to the multiplicity
of Fat P. (Use Segre’s formula (*).)

For example, of the four points of intersection of the two conics

xy+it(ax+by)z+12(.) =0,
x(mx+ny+pz)+i(cx+dy+ez)z+12(.)=0,

only one approaches (0:0:1) as 7 — 0, if the constants a, b, ¢, d, e, m, n, p are
generic (p+0, e+ pb will do). Severi (12) works out this example, and
discussed the subtlety of such limit problems.
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Example 11.3.5. The results of § 11.2 and 11.3 extend without essential
change to the case where the scheme V' maps to Y by an arbitrary morphism £,
not necessarily a closed imbedding, with W= £~ (X).

11.4 Moving Lemmas

Let a, b be cycles on a non-singular variety X over an algebraically closed field.

If there are families of cycles {a,}, {8,} parametrized by a non-singular curve 7,
with o9 = @, fiy = b, then

(1) a'b=1in})a,-ﬁ,
-

in A(X). Indeed, if o, f are the cycles on X x T giving the families, then o, 8, =
(o B); (Corollary 10.1), and the conclusion follows by Proposition 11.1(b). If

o, meets B, properly for general ¢, the right side of (i) gives a cycle which
represents g * b. If T'is a rational curve, then

(i) ab=o-p

for all 1 € T. For in this case o, and B, are rationally equivalent to a and b
respectively, and we have seen that the intersection product preserves rational
equivalence.

Such dynamic interpretations of the intersection product are particularly
valuable when the deformations arise naturally. Typical situations are: (1)
divisors may move in their linear systems; (2) subvarieties may move in
algebraic families of subvarieties (cf. Example 10.1.9, or § 11.3); (3) if X
parametrizes a family of varieties, cycles which parametrize varieties in a
certain relation to given geometric figures will move when the geometric
figures are deformed (cf. § 10.4); (4) if an algebraic group acts on X, it will
move all the cycles on X (cf. Example 11.4.5). In general, however, a positive
cycle may not move in any family of positive cycles; for example, a curve on a
projective surface with negative self-intersection number cannot be algebrai-
cally equivalent to an effective divisor not containing the curve. In its basic
form, the moving lemma asserts that, if non-positive cycles are permitted,
cycles can be moved to meet other cycles in the expected dimension.

Two cycles, «,  on X are said to meet properly, if for each variety V (resp.
W) which appears with non-zero coefficient in o (resp. f), V meets W
properly, i.e. dim (V(} W) = dim V + dim W — dim X.

Moving lemma. If X is non-singular and quasi-projective, and o, f§ are cycles
on X, then there is a cycle o rationally equivalent to o such that o meets B

properly.
In particular the intersection product on A(X), for X non-singular and

quasi-projective, is uniquely determined by the knowledge of products of
properly intersecting cycles. Historically, moving lemmas were used for con-
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structing the intersection product on A (X); for this, a more delicate statement
is required, to know that the rational equivalence class of a’- f is independent
of the choice of . Since we do not use the moving lemma either for founda-
tions or applications of intersection theory, we refer to the examples and literature
for the proof.

Example 11.4.1. Let X" be a non-singular quasi-projective variety over an
algebraically closed field, f:X— U a closed imbedding into an open sub-
scheme U of a projective space P™. Let V, W be irreducible subvarieties of X.
For a linear subspace L of IP" of dimension m—n—1, let C. (V) be the cone
over the closure of f(V), with vertex L, in P™, and let C; be the intersection
of C, (V) with U.

(a) For generic L, C; meets X properly, and this intersection is generically
transversal along V, i.e.,

SHC=V1+yL,

where y; is a cycle on X which does not contain V.
(o) If dim(VNW)=dimV +dim W—n+ e, with e >0, then, for generic
L,if y, = > m[V],
dim(V,NW)<dim (VN W).

The moving lemma follows by induction on the number e, and the fact that
cycles on P can be moved (Appendix B.9.2). (a) and (¢) are proved by
counting constants, much as in Example 8.4.12. For details, as well as the
extension to arbitrary ground field, see Roberts (1).

Example 11.4.2. Let X be a variety over an algebraically closed field. We
say that two cycles o, # on X meet transversally if for each variety V (resp. W)
appearing in o (resp. ff) with non-zero coefficient, each irreducible component
P of V(YW is simple on X, and V and W meet transversally on an open set of
P,ie,i(P,V-W;X)=1.1If X is non-singular and quasi-projective, and o, f are
cycles on X, then there is a cycle o’ on X, rationally equivalent to o, such that
o meets f transversally. (In the situation of Example 11.4.1, if ¥ and W meet
properly, the cycle y, meets W transversally, at least after replacing the

imbedding of X in IPY by a suitable Veronese imbedding. See Hoyt (1) for
details.)

Example 11.4.3. With the notation of Example 11.4.1, let P be a proper
component of the intersection of ¥ and W on X. Then, for generic, L, P is a
proper component of the intersection of C; and W on U, and

i(P,V-W;X)=i(P,Cr-W;U).

(By the refined projection formula of Example 8.1.7, f*[C,] x[W] maps to
[Cl v [W]in A, (C.NW)). If P, C,, W are the closures of P, C,, W in P,
then o

i(P,V-W.X)=i(P,C,- W, P™).
This method was used by Severi (9) to determine arbitrary intersection multi-

plicities from the case where the ambient variety is projective space (cf.
Example 8.2.6).
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Example 11.4.4 Uniqueness of intersection numbers. We have defined an
intersection number i(P, V-W; X) for a component P of the intersection of
subvarieties ¥, W of a non-singular variety X, when P is proper, and simple
on X. If every component of V(YW is proper the intersection cycle V-W =

D, i(P,V-W,X)[P] is defined. The following properties determine the inter-
section numbers:

(1) If X° is an open subscheme of X meeting P, and V°, W°, P° are the
intersections of X ° with V, W, P, then

i(P°,V° W X°)=i(P,V - W,X).

(i) (Projection formula). If f: X — Y is a closed imbedding of non-singular
varieties, C is a subvariety of Y meeting X transversally in a variety ¥, Wis a
subvariety of X, and P is a proper component of V(YW on X, then

i(P,V-W.X)=i(P,C-W.Y).

(ii1) (Continuity). If T is a non-singular curve, 7 < X x T a subvariety, flat
over T, W a subvariety of X such that each ¥V, meets W properly on X, then 7’
meets Wx T properly on Xx T, and

- (Wx T, =V, W

for all 1 € T;, here, for a cycle o on Xx T, o, denotes the cycle on X defined in
§ 10.1.

(iv) (Multiplicity one) If and W meet transversally in P, then
P,V W, X)=1.

(To see that (i)— (iv) determine the intersection number, use (i) and (ii) and
the argument of Example 11.4.3 to reduce to the case where X is an open
subscheme of projective space, and P is the only component of V\W. Put V
in a family 7 so that the generic ¥, meets W transversally. Then ¥ meets Wx T
transversally, and V- W= (#"- (Wx T)), is determined by (iii) and (iv).)

Note that by the moving lemma the intersection product characterized by
(i)— (iv) uniquely determines the intersection product on A4*X for any non-
singular quasi-projective variety X.

Example 11.4.5. Suppose a rational algebraic group G acts on a variety X;
e.g, G could be a product of general linear groups GL (n). For g € G let
¢,: X — X be multiplication by g. Then, for allg € G,

(@) ALX = AL X

is the identity. (Use Example 10.1.7(b)). If G acts transitively on X, then X is
non-singular, and if ¥, W are subvarieties on X, then ¢,(V) meets W
properly for generic g € G (Appendix B.9.2). Therefore the cycles ¢, (V) - (W)
represent the class V- W in Ay (X).

Example 11.4.6. Let X < A® be the singular surface defined by x*= yz> Let
V be the y-axis. There is no 1-cycle o on X which is rationally equivalqnt to
[V], which meets V properly. (There is a finite morphism f: A?— X which is
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an isomorphism off V. If « meets V properly, « = f; (o) for a 1-cycle o’ on A%
Since A,;(A%) =0, o~ f(0)=0, but 4,(X)=12Z/2Z, generated by [V], cf.
Example 1.9.5.)

Example 11.4.7. The moving lemma fails on general singular varieties, even
if rational coefficients are allowed. Let X = IP* be a cone over a non-singular
quadric surface Q = IP3, with vertex P. Let L = X be the plane spanned by a
line in Q and P. Then no non-zero multiple of [L] is rationally equivalent to a
cycle which does not pass through P. (The homology class of L in H,(X;®) is
not dual to any cohomology class in H?(X; @), i.e. c/(L) * ¢ n c/(X) for all
¢ € H*(X;Q). Indeed, cycles not meeting P do determine cohomology classes
on X (cf. Goresky (1)), and H?(X,Z) is generated by the cohomolgy class of Q,
i.e., by a hyperplane section.) This example was considered by Zobel (3).

If X is a quotient of a non-singular quasi-projective variety by a finite
group, one can prove a moving lemma for cycles with rational coefficients (cf.
Examples 1.7.6 and 8.3.12). Mumford (7) has extended this to certain varieties
— including moduli spaces of stable curves — which are locally such quotients.

Example 11.4.8. Let f:X—7Y be a morphism, with Y non-singular, n-
dimensional, and quasi-projective.

(a) If o is a k-cycle on X, § an /-cycle on Y, then there is cycle #’ on Y,
rationally equivalent to f, such that o« meets 8’ properly, i.e. dim (el f 1B
=k+ /!~ n. In this case the (k + /- n)-cycle a B 1s defined, and represents
the class o'/ f in A4 X. (Stratifying the restriction of f to the components of
|a|, one reduces this to the usual moving lemma, cf. Fulton (2)§ 2.3.). We
know from § 8.1 that the rational equivalence class of the cycle a ‘rf’ does not
change if §’ or o is replaced by a rationally equivalent cycle on Y or X. As
Demazure pointed out, the proof of this last fact in Fulton (2) §2.3 Prop. (2) is
faulty. Indeed, most foundational treatments of intersection theory based on a
moving lemma have failed to take care that all auxilliary constructions
preserve properness of intersections.

(b) Suppose X is a variety, f is dominant, and Y° is open in Y,
X°=f"1(Y®), such that the restriction f°:X°—Y° is flat. For any sub-
variety V of Y whose intersection V° with Y° is non-empty, and which meets
Y — Y® properly, the class f*[V] in A, X, defined in §8.1, is represented by
the cycle [(f°)™!(V°)]. (Use Propositions 8.1.1 (d) and 8.1.2 (a).) By the moving
lemma of (a), this determines the Gysin pull-back f*: A, Y4 X

Example 11.4.9 (Severi). Any k-cycle « on P” can be written as the proper
intersection of n— k divisors Dy, ..., D,
(X=D['...‘ Dn—k'

These divisors need not be effective, even if « is positive, cf. Example 9.1.2.

The proof uses the cone construction of Example 11.4.1. See Samuel 2)11.6.4
for details.
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Notes and References

The dynamic nature of intersection multiplicities is evident in all classical dis-
cussions of the subject. Severi’s definitions of these multiplicities were
dynamic, realizing non-transversal or non-proper intersections as limits of
transversal intersections. Severi (7) points out that these constructions anti-
cipated their use in topology. Severi used the cone construction of Example
11.4.1 for this dynamic interpretation. Samuel (3) and Chow (1) used this con-
struction to prove moving lemmas, on which they based their construction
of the intersection ring (“Chow ring”) of a smooth projective variety. Similar
proofs of moving lemmas have been given in Chevalley (2), Samuel (5), and
Roberts (1). Murre (1) and de Boer (1) used the same cone construction to
show how to assign intersection multiplicities to connected components of
VW, when V and W have complementary dimension on a non-singular pro-
Jective variety. Severi (15) compares static and dynamic approaches to inter-
section multiplicities.

The first three sections of this chapter are a presentation of published
(Lazarsfeld (1)) and unpublished work of R. Lazarsfeld, who began by
analyzing and correcting an idea of Severi (15). Limits of intersections were
also studied by B. Segre (3), who gave the formula of Example 11.3.2 for the
surprisingly non-trivial case of varying curves on a surface.

Weil (2) Appendix II gave an axiomatic characterization of intersection
numbers. His axioms included an associative axiom and a stronger form of the
projection formula than the one needed in Example 11.4.4. W.-L. Chow
(unpublished) has reworked his intersection theory, based on a strong moving
lemma as in Example 11.4.2.
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Summary

We have constructed intersection classes by intersecting a cone C in a normal
bundle N with the zero-section. If Z m;[C;] is the cycle of C, the intersection
class has a corresponding decomposition into Y, m;a;, o € Ax(Z),
Z;=Supp(C;). If the bundle N is suitably positive, one can deduce corre-
sponding positivity of the intersection classes, even if the intersections are not
proper. ,
Assume for simplicity that the restriction N; of N to Z; is generated by its
sections. Then o; is represented by a non-negative cycle. If N, is also ample, o; is
represented by a positive cycle. If N;® LV is generated by its sections, for an
ample line bundle L, then using L to compute degrees, the degree of a; is
bounded below by the degree of Z;.

For intersections on a non-singular variety X, the positivity of its tangent
bundle will imply corresponding positivity for all intersection classes on X. For
X=P", V,,..., V,subvarieties, a refined Bézout’s theorem follows:

VieoooVi=Ymioy,  [ldeg(V) =Y mideg(a) = 5 m;deg(Z),
=l

where the Z; are the distinguished varieties; all irreducible components of
(), V; are included among the Z;.

There are also applications to intersection multiplicities. For example, if

Vi,...,V, meet properly at a non-singular point P of an n-dimensional
variety X, and V; ¢ X are the blow-ups at P, then

iP,Vi- ..oV X)=11ep(V}) + deg(V,-...- V).
j=1
Here the intersection class_ V... ;17, is in Ag(E), E = P"! the exceptional
divisor. The degree of V,-...-V, is always non-negative, and one has
lower bounds as in the refined Bézout’s theorem, e.g.,

deg(V,-...- V) = Zl deg(W)),

where W, ,...,W, are the irreducible components of the intersection
(1; P(CpV)) of the projective tangent cones. Such positivity is noteworthy since
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the V; may have excess intersections, and general intersections on X can be
negative. There are similar inequalities for proper intersections of divisors on
a possibly singular variety.

Notation. A cycle 3. n;[V] on a scheme X is non-negative if each n, is non-nega-
tive, and positive if, in addition, at least one n; is positive. Let 4Z X (resp. A, X)
denote the set of classes in 4, X which can be represented by non-negative (resp.
positive) cycles. Thus

AZX = 47X U{0).

Both sets are closed under addition.

Let L be a line bundle on a complete scheme X. For a k-cycle or cycle
class o on X, the L-degree of a, denoted deg; (), is defined by

deg, (@) = § ¢, (L)%  a.
X
If Vis a subvariety of X, the L-degree of ¥V, deg; (V), is defined by
deg, (V) = deg,. ([V]) = )f(Cn (L™ A [v].

12.1 Positive Vector Bundles

A line bundle L on a scheme X is ample if there is a positive integer m and a
finite morphism f from X to a projective space P¥ such that L®" = f*Zp~(1).
In fact one may then find such m, f with f a closed imbedding, although we do
not use this fact.

Lemma 12.1. If L is an ample line bundle on X, and o is a non-negative (resp.
positive) k-cycle on X, then
deg () =0  (resp. deg.(«) > 0).
Proof. With f: X — PV, L®" = f*£(1) as above,
m* deg, (o) = )j{c,(f*ﬁ(l)) Na= éﬂcl(ﬁ(l))k N fx (@)

by Proposition 2.5(c). Since push-forward by finite morphisms preserves
positivity of cycles, we are reduced to the familiar fact that every §ubvar.1ety vV
of projective space IPY has positive degree. This can be verified by induction on
the dimension k of V, as follows. If k > 0, choose a hyperplane H which meets
Vbut does not contain V. Then the intersection cycle

H- V=Y i(W;H-V;P")- [W]
is a positive cycle which represents ¢, (0(1)) N [V], so
degV =deg(H-V)>0
by induction. [
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In particular, if X carries an ample line bundle, then 0 ¢ Af X. If X is not
projective, however, it may happen that 0 € Af X (cf. Example 12.1.1).

A vector bundle E is ample if the line bundle #gv (1) on P(EY) is an ample
line bundle. In case E has a finite dimensional vector space V of sections which
generate E, this is equivalent to saying that the induced morphism from P(EY)
to the projective space P (V") is a finite morphism. Any quotient bundle of an
ample bundle is ample, and any direct sum of ample bundles is ample. If E is a
vector bundle, and L an ample line bundle such that E ® LV is generated by
its sections, then E is ample.

Theorem 12.1. Let E be a vector bundle of rank r on a scheme X, n: E — X
the projection, sg: X — E the zero-section. Let V be a k-dimensional subvariety of
E k=

(a) If E is generated by its sections, then

SE(V] € A (X).

(b) If L is an ample line bundle on X such that E ® LV is generated by its
sections, then

deg, (s3[V]) = ; deg (W) > 0,

where Wi, ..., W, are the distinct irreducible components of sg' (V).
(¢) If E is ample and generated by its sections, then

sE[V1e 4,_.(X).
(d) If E is ample, and L is any ample line bundle on X, then

deg.(SE[V]) > 0.

Proof. (a) By assumption there is a surjection g: F — E from a trivial
bundle Fonto E. Let s = sz, 1 = sr denote the zero sections. The morphism g is
smooth of relative dimension n — r, n = rank (F), so o*[V]=[e<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>