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Preface

Ever since the concepts of the Galois group and the fundamental group emerged
in the course of the nineteenth century, mathematicians have been aware of
the strong analogies between the two notions. In its early formulation Galois
theory studied the effect of substitutions on roots of a polynomial equation;
in the language of group theory this is a permutation action. On the other
hand, the fundamental group made a first, if somewhat disguised, appearance
in the study of solutions of differential equations in a complex domain. Given
a local solution of the equation in the neighbourhood of a base point, one
obtains another solution by analytic continuation along a closed loop: this is
the monodromy action.

Leaving the naive idea of substituting solutions, the next important observa-
tion is that the actions in question come from automorphisms of objects that
do not depend on the equations any more but only on the base. In the context
of Galois theory the automorphisms are those of a separable closure of the
base feld from which the coefftients of the equation are taken. For differential
equations the analogous role is played by a universal cover of the base domain.
The local solutions, which may be regarded as multi-valued functions in the
neighbourhood of a base point, pull back to single-valued functions on the
universal cover, and the monodromy action is the effect of composing with its
topological automorphisms.

In fact, the two situations are not only parallel but closely interrelated. If
our complex domain D is just the complex plane minus fnitely many points, a
local solution of a linear holomorphic differential equation that becomes single-
valued on a cover with fiite fbres liesin a fnite algebraic extension of the feld
C(t) of meromorphic functions on D. We actually obtain a one-to-one corre-
spondence between fhite extensions of C(¢) and fnite covers of D, provided
that we allow fhnitely many exceptional points called branch points. This opens
the way for developing a unifed theory within the category of algebraic curves,
fist over the complex numbers and then over a general base feld. Algebraic
geometers working in the 1950s realized that the theory generalizes without
much effort to higher dimensional algebraic varieties satisfying the normality
condition.



viii Preface

A further step towards generality was taken by Grothendieck. He gave a
defnition of the fundamental group not as the automorphism group of some
space or feld but as the automorphism group of a functor, namely the one
that assigns to a cover its fbre over the fk ed base point. This point of view
permits a great clarifcation of earlier concepts on the one hand, and the most
general defnition of the fundamental group in algebraic geometry on the other.
One should by no means regard it as mere abstraction: without working in the
general setting many important theorems about curves could not have been
obtained.

Grothendieck’s concept of the algebraic fundamental group gives a satis-
factory theory as far as fnite covers of algebraic varieties or schemes are
concerned, but important aspects of previous theories are lost because one
restricts attention to fnite covers. According to the fruitful motivic philosophy
of Grothendieck and Deligne that underlies much of current research, this can
be remedied by considering the algebraic fundamental group as only one incar-
nation, the ‘étale realization’ of a more general object. Other incarnations are
the ‘topological realization’ where not necessarily fnite covers of topological
spaces are brought into play, and the ‘de Rham realization” which is an algebraic
formalization of the theory of differential equations. For the defnition of the
latter Grothendieck envisioned the algebraic formalism of Tannakian categories
worked out in detail by Saavedra and Deligne. The various realizations of the
fundamental group are related by comparison theorems. One instance of these
is the correspondence between covers and feld extensions mentioned above.
Another one is the Riemann—Hilbert correspondence relating linear differential
equations to representations of the fundamental group.

We have to stop here, as we have reached the viewpoint of present-day
algebraic geometers and algebraic analysts on the subject. The future may well
bring further unifcations highlighting hitherto neglected aspects. Still, we feel
that the time is ripe for a systematic discussion of the topic starting from the
basics, and this is the aim of the present book. A glance at the table of contents
shows that we shall be following the line of thought sketched above. Along the
way we shall also mention a number of applications and recent results.

The first three chapters may be read by anyone acquainted with basic feld
theory, point set topology and the rudiments of complex analysis. Chapter 4
treats algebraic geometry, but is meant to be accessible to readers with no previ-
ous knowledge of the subject; the experts will skip a few introductory sections.
The last two chapters are of a slightly more advanced nature. Nevertheless, we
give a detailed summary of the basics on schemes at the beginning of Chapter 5,
while most of Chapter 6 assumes only basic algebra and is largely independent
of previous chapters.
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1

Galois theory of felds

This fist chapter is both a concise introduction to Galois theory and a warmup
for the more advanced theories to follow. We begin with a brisk but reasonably
complete account of the basics, and then move on to discuss Krull’s Galois
theory for infnite extensions. The highlight of the chapter is Grothendieck’s
form of Galois theory that expresses the main theorem as a categorical anti-
equivalence between fnite étale algebras and fnite sets equipped with a con-
tinuous action of the absolute Galois group. This theorem is a prototype for
many statements of similar shape that we shall encounter later.

1.1 Algebraic field extensions
In this section and the next we review some basic facts from the theory of feld
extensions. As most of the material is well covered in standard textbooks on
algebra, we shall omit the proof of a couple of more diffcult theorems, referring
to the literature instead.

Definition 1.1.1 Let k be a feld. An extension L |k is called algebraic if every
element o of k is a root of some polynomial with coefftients in k. If this
polynomial is monic and irreducible over k, it is called the minimal polynomial
of a.

When L is generated as a k-algebra by the elements «, ..., a, € L, we
write L = k(ay,...,a,). Of course, one may fnd many different sets of
such «;.

Definition 1.1.2 A feld is algebraically closed if it has no algebraic extensions
other than itself. An algebraic closure of k is an algebraic extension k that is
algebraically closed.

The existence of an algebraic closure can only be proven by means of Zorn’s
lemma or some other equivalent form of the axiom of choice. We record it in the
following proposition, along with some important properties of the algebraic
closure.
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Proposition 1.1.3 Let k be a feld.

1. There exists an algebraic closure k of k. It is unique up to (non-unique)
isomorphism.

2. For an algebraic extension L of k there exists an embedding L — k
leaving k elementwise fied.

3. In the previous situation take an algebraic closure L of L. Then the
embedding L — k can be extended to an isomorphism of L onto k.

For the proof, see Lang [48], Chapter V, Corollary 2.6 and Theorem 2.8, or
van der Waerden [106], §72.

Thus henceforth when speaking of algebraic extensions of k¥ we may (and
often shall) assume that they are embedded in a fixed algebraic closure k.

Facts 1.1.4 A foite extension L of k is algebraic. Its degree over k, denoted
by [L : k], is its dimension as a k-vector space. If L is generated over k by
a single element with minimal polynomial f, then [L : k] is equal to the
degree of f. For a tower of fnite extensions M|L|k one has the formula
[M : k] =[M : L][L : k]. All this is proven by easy computation.

Definition 1.1.5 A polynomial f € k[x]is separable if it has no multiple roots
(in some algebraic closure of k). An element of an algebraic extension L|k is
separable over k if its minimal polynomial is separable; the extension L |k itself
is called separable if all of its elements are separable over k.

Separability is automatic in characteristic 0, because a well-known criterion
implies that an irreducible polynomial has no multiple roots if and only if its
derivative f’ is nonzero (see [106], §44). However, the derivative can be zero
in characteristic p > 0, e.g. for a polynomial x” — a, which is irreducible for
a ek \k*P.

In the case of fnite extensions there is the following important characteriza-
tion of separability.

Lemma 1.1.6 Letr L|k be a fuite extension of degree n. Then L has at most
n distinct k-algebra homomorphisms to k, with equality if and only if L|k is
separable.

Proof Choose fnitely many elements oy, ..., o, that generate L over k.
Assume fist m = 1, and write f for the minimal polynomial of «; over k. A
k-homomorphism L — k is determined by the image of o, which must be
one of the roots of f contained in k. The number of distinct roots is at most 7,
with equality if and only if « is separable. From this we obtain by induction on
m using the multiplicativity of the degree in a tower of fnite feld extensions
that L has at most n distinct k-algebra homomorphisms to &, with equality if
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the «; are separable. To prove the ‘only if” part of the lemma, assume o € L
is not separable over k. Then by the above the number of k-homomorphisms
k(at) — k is strictly less than [k(a) : k], and that of k(cz)-homomorphisms from
L tokisatmost [L : k(a)]. Thus there are strictly less than n k-homomorphisms
from L to k. 0

The criterion of the lemma immediately implies:

Corollary 1.1.7 Given a tower L|M |k of faite feld extensions, the extension
L\k is separable if and only if L|M and M |k are.

In the course of the proof we have also obtained:

Corollary 1.1.8 A fiite extension L|k is separable if and only if L =
k(ay, ..., ay) for some separable elements o; € L.

We now show that there is a largest separable subextension inside a fixed
algebraic closure k of k. For this recall that given two algebraic extensions
L, M of k embedded as subfelds in k, their compositum LM is the smallest
subfeld of k containing both L and M.

Corollary 1.1.9 If L, M are fuite separable extensions of k, their compositum
is separable as well.

Proof By defnition of LM there exist fnitely many separable elements
o, ...,y of L such that LM = M(«y, ..., a,). As the «; are separable
over k, they are separable over M, and so the extension LM |M is separable
by the previous corollary. But so is M|k by assumption, and we conclude by
Corollary 1.1.7. 0

In view of the above two corollaries the compositum of all fnite separable
subextensions of k is a separable extension k |k containing each fhite separable
subextension of k|k.

Definition 1.1.10 The extension k; is called the separable closure of k in k.

From now on by ‘a separable closure of k> we shall mean its separable
closure in some chosen algebraic closure.

The following important property of fnite separable extensions is usually
referred to as the theorem of the primitive element.

Proposition 1.1.11 A fuite separable extension can be generated by a single
element.

For the proof, see Lang [48], Chapter V, Theorem 4.6 or van der Waerden
[106], §46.
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A feld is called perfect if all of its fnite extensions are separable. By
defnition, for perfect felds the algebraic and separable closures coincide.

Examples 1.1.12

1. Fields of characteristic 0 and algebraically closed felds are perfect.

2. A typical example of a non-perfect feld is a rational function feld F(¢) in
one variable over a feld F of characteristic p: here adjoining a p-th root
& of the indeterminate ¢ defnes an inseparable extension in view of the
decomposition X?7 — ¢t = (X — §)P.

This is a special case of a general fact: a feld & of characteristic p > 0

is perfect if and only if k? = k ([48], Chapter V, Corollary 6.12 or [106],
§45). The criterion is satisfed by a fnite feld F,- as its multiplicative
group is cyclic of order p” — 1; hence fnite felds are perfect.

1.2 Galois extensions

Now we come to the fundamental defnition in Galois theory. Given an extension
L of k, denote by Aut(L|k) the group of feld automorphisms of L fking k
elementwise. The elements of L that are fixed by the action of Aut(L|k) form
afeld extension of k. In general it may be larger than k.

Definition 1.2.1 An algebraic extension L of k is called a Galois extension of
k if the elements of L that remain fk ed under the action of Aut(L|k) are exactly
those of k. In this case Aut(L|k) is denoted by Gal (L |k), and called the Galois
group of L over k.

Though the above defnition is classical (it goes back to Emil Artin), it may
not sound familiar to some readers. We shall now make the link with other
defnitions. The fist step is:

Lemma 1.2.2 A Galois extension L|k is separable, and the minimal polynomial
over k of each a € L splits into linear factors in L.

Proof Each element « € L is a root of the polynomial f = [[(x — o(a)),
where o runs over a system of (left) coset representatives of the stabilizer of «
in G = Gal (L|k). The product is indeed fnite, because the o () must be roots
of the the minimal polynomial g of «. In fact, we must have f = g. Indeed,
both polynomials lie in k[x] and have « as a root, hence each o (o) must be a
root of both. Thus f divides g but g is irreducible. Finally, by construction f
has no multiple roots, thus « is separable over k. O

The converse also holds. Before proving it, we consider the ‘most important’
example of a Galois extension.
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Example 1.2.3 A separable closure k; of a feld & is always a Galois extension.
Indeed, to check that it is Galois we have to show that each element « of k, not
contained in k is moved by an appropriate automorphism in Aut(k|k). For this
let o’ € k; be another root of the minimal polynomial of «, and consider the
isomorphism of feld extensions k() > k(o) obtained by sending « to &’. An
application of the third part of Proposition 1.1.3 shows that this isomorphism
can be extended to an automorphism of the algebraic closure k. To conclude
one only has to remark that each automorphism of Aut(k|k) maps k; onto itself,
since such an automorphism sends an element 8 of k to another root B’ of its
minimal polynomial; thus if 8 is separable, then so is '.
The group Gal (k,|k) is called the absolute Galois group of k.

We can now state and prove the following important characterization of
Galois extensions.

Proposition 1.2.4 Let k be a feld, k, a separable closure and L C k a subfeld
containing k. The following properties are equivalent.

1. The extension L|k is Galois.
The minimal polynomial over k of each a € L splits into linear factors
in L.

3. Each automorphism o € Gal (k;|k) satisfes o(L) C L.

Proof The proof of (1) = (2) was given in Lemma 1.2.2 above. The implica-
tion (2) = (3) follows from the fact that each o € Gal (k;|k) must map o € L
to a root of its minimal polynomial. Finally, for (3) = (1) pick « € L \ k. As
ks is Galois over k (Example 1.2.3), we fad o € Gal (k|k) with (o) # «. By
(3), this o preserves L, so its restriction to L yields an element of Aut(L|k)
which does not fk «. O

Using the proposition it is easy to prove the main results of Galois theory for
fnite Galois extensions.

Theorem 1.2.5 (Main Theorem of Galois theory for finite extensions) Let
Lk be a faite Galois extension with Galois group G. The maps

M H:=Au(L|M) and H+—> M:=L"

vield an inclusion-reversing bijection between subfelds L D M D k and sub-
groups H C G. The extension L|M is always Galois. The extension M|k is
Galois if and only if H is a normal subgroup of G; in this case we have
Gal (M |k) = G/H.

In the above statement the notation L¥ means, as usual, the subfeld of L
fk ed by H elementwise.
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Proof Let M be a subfeld of L containing k. Fixing a separable closure
ky|k containing L, we see from Proposition 1.2.4 (3) that L|k being Galois
automatically implies that L|M is Galois as well. Writing H = Gal (L|M), we
therefore have L7 = M. Conversely, if H C G, then L is Galois over LA by
defnition, and the Galois group is H. Now only the last statement remains to
be proven. If H C G is normal, we have a natural action of G/H on M = L,
since the action of g € G on an element of L only depends on its class
modulo H. As L|k is Galois, we have M9/ = LY = k, so M|k is Galois with
group G/H. Conversely, if M|k is Galois, then each automorphism o € G
preserves M (extend o to an automorphism of k; using Proposition 1.1.3 (3),
and then apply Proposition 1.2.4 (3)). Restriction to M thus induces a natural
homomorphism G — Gal (M|k) whose kernel is exactly H = Gal (M |k). It
follows that H is normal in G. O

Classically Galois extensions arise as splitting felds of separable polynomi-
als. Given an irreducible separable polynomial f € k[x], its splitting feld is
defned as the fhite subextension L|k of k;|k generated by all roots of f in k;.
This notion depends on the choice of the separable closure k.

Lemma 1.2.6 A fuite extension L|k is Galois if and only if it is the splitting
feld of an irreducible separable polynomial f € k[x].

Proof The splitting feld of an irreducible separable polynomial is indeed
Galois, as it satisfes criterion (3) of Proposition 1.2.4. Conversely, part (2) of
the proposition implies that a fnite Galois extension L|k is the splitting feld
of a primitive element generating L over k. O

Corollary 1.2.7 A fuite extension Lk is Galois with group G = Aut(L|k) if
and only if G has order [L : k].

Proof 1If L|k is Galois, it is the splitting feld of a polynomial by the proposi-
tion, so G has order [L : k] by construction. Conversely, for G = Aut(L|k) the
extension L|L¢ is Galois by defhition, so G has order [L : L] by what we
have just proven. This forces L¢ = k. ad

Remark 1.2.8 An important observation concerning the splitting feld L of a
polynomial f € k[x] is that by defnition Gal (L|k) acts on L by permuting
the roots of f. Thus if f has degree n, we obtain an injective homomorphism
from Gal (L|k) to S,, the symmetric group on n letters. This implies in par-
ticular that L|k has degree at most n!. The bound is sharp; see for instance
Example 1.2.9 (3) below.

In the remainder of this section we give examples of Galois and non-Galois
extensions.
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Examples 1.2.9

1. Letm > 2be aninteger and w a primitive m-th root of unity. The extension
Q(w)|Q is Galois, being the splitting feld of the minimal polynomial of
w, the m-th cyclotomic polynomial ®,,. Indeed, all other roots of ®,, are
powers of w, and hence are contained in Q(w). The degree of ®,, is ¢p(m),
where ¢ denotes the Euler function. The Galois group is isomorphic to
(Z/mZ)*, the group of units in the ring Z/mZ. When m is a prime power,
it is known to be cyclic.

2. For an example of infnite degree, let Q(1)|Q be the extension obtained
by adjoining all roots of unity to Q (in the standard algebraic closure Q
contained in C). Every automorphism in Gal (Q|Q) must send Q(x) onto
itself, because it must send an m-th root of unity to another m-th root of
unity. Thus by criterion (3) of Proposition 1.2.4 we indeed get a Galois
extension. We shall determine its Galois group in the next section.

By the same argument we obtain that for a prime number p the feld
Q(up~) generated by the p-power roots of unity is Galois over Q.

3. Letkbeafeld containing a primitive m-th root of unity » for an integer
m > 1 invertible in k (this means that the polynomial x™ — 1 splits into
linear factors over k). Pick an elementa € k* \ k*™, and let %/a be a root
of it in an algebraic closure k. The extension k( {/a)|k is Galois with group
Z./mZ, generated by the automorphism o : %/a — w %/a. This is because
all roots of x™ — a are of the form a)"% forsome 0 <i <m — 1.

4. When k does not contain a primitive m-th root of unity, we may not get a
Galois extension. For instance, take k = Q,m = 3anda € Q* \ Q*3. We
defie /a to be the unique real cube root of a. The extension Q(/a)|Q
is nontrivial because /a ¢ Q, but Aut(Q(/a)|Q) is trivial. Indeed, an
automorphism in Aut(Q(/@)|Q) must send /a to a root of x* —a in
Q(Ja), but Ja is the only one, since Q(s/a) C R and the other two
roots are complex. Thus the extension Aut(Q(/a)|Q) is not Galois. The
splitting feld L of x> — a is generated over Q by /a and a primitive third
root of unity w that has degree 2 over Q, so L has degree 6 over Q.

5. Finally, here is an example of a fnite Galois extension in positive char-
acteristic. Let k be of characteristic p > 0, and let a € k be an element
so that the polynomial f = x? — x — a has no roots in k. (As a concrete
example, one may take k to be the feld F,(¢) of rational functions with
mod p coefftients and a = t.) Observe that if « is a root in some extension
L|k, then the otherrootsare o + 1, ¢ + 2, ..., o + (p — 1), and therefore
f splits in distinct linear factors in L. It follows that f is irreducible over
k, and that the extension k(«)|k is Galois with group Z/pZ, a generator
sending o to o + 1.
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Remark 1.2.10 There exist converse statements to Examples 3 and 5 above.
The main theorem of Kummer theory says that for a feld k containing a
primitive m-th root of unity every cyclic Galois extension with group Z/mZ is
generated by an m-th root ¥/a for some a € k* \ k*™. This further generalizes
to Galois extensions with a fnite abelian Galois group of exponent m: they can
be generated by several m-th roots.

According to Artin-Schreier theory, in characteristic p > 0 every cyclic
Galois extension with group Z/ pZ is generated by a root of an ‘Artin—Schreier
polynomial’ x? — x — a as above. There are generalizations to extensions with
a fnite abelian Galois group of exponent p, but also to extensions with group
7./ p"Z; the latter uses the theory of Witt vectors. For details and proofs of the
above statements, see e.g. [48], Chapter VI, §8.

Our fhal example gives an application of the above ideas outside the scope
of Galois theory in the narrow sense.

Example 1.2.11 Let k be a feld, and K = k(xy, ..., x,) a purely transcen-
dental extension in n indeterminates. Make the symmetric group S, act on K
via permuting the x;. By defhition the extension K|K 5 is Galois with group
S,.. It is the splitting feld of the polynomial f = (x — x1)...(x — x,). As f is
invariant by the action of S,, its coefftients lie in K. These coefftients are
(up to a sign) the elementary symmetric polynomials

oy =X1+ X2+ Xy,

0y = X1X2 + X1X3 + -+ + Xp—1Xn,
Oy = X1X2 - Xy.

But by defnition K is also the splitting feld of f over the feld k(oy, ..., 0,).
Ask(oy,...,0,) C K% and [K : K5] = n!, Remark 1.2.8 shows that K5 =
k(oy, ..., 0p).

With a little commutative algebra one can say more. The x;, being roots
of f, are in fact integral over the subring k[oy,...,o0,] C k(oy,...,0,)
(see Section 4.1 for basic facts and terminology). Therefore the subring
k[xi, ..., x, 1% = k[x1,...,x,]N K% of k[xq,...,x,] is an integral ring
extension of k[0, ..., 0,]. Butas K D k(oy, ..., 0,) is a fhite extension con-
taining n algebraically independent elements, the o; must be algebraically
independent over k. Thus k[oy, ..., 0,] is isomorphic to a polynomial ring;
in particular, it is integrally closed in its fraction feld K5'. It follows that
k[xi, ..., x,1% = k[o1, ..., 0,]. This is the main theorem of symmetric poly-
nomials: every symmetric polynomial in n variables over k is a polynomial in
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the ;. For more traditional proofs, see [48], Chapter IV, Theorem 6.1 or [106],
§33.

Remark 1.2.12 The above example also shows that each fnite group G occurs
as the Galois group of some Galois extension. Indeed, we may embed G
in a symmetric group S, for suitable n and then consider its action on the
transcendental extension K |k of the above example. The extension K| K¢ will
then do. However, we shall see in the next section that the analogous statement
is false for most infnite G.

1.3 Infinite Galois extensions

We now address the problem of extending the main theorem of Galois theory to
infnite Galois extensions. The main difftulty is that for an infnite extension
it will no longer be true that all subgroups of the Galois group arise as the
subgroup fking some subextension M |k. The fist example of a subgroup
that does not correspond to some subextension was found by Dedekind, who,
according to Wolfgang Krull, already had the feeling that ‘die Galoissche
Gruppe gewissermafien eine stetige Mannigfaltigkeit bilde’. It was Krull who
then cleared up the question in his classic paper [47]; we now describe a modern
version of his theory.

Let K |k be a possibly infnite Galois extension. The first step is the observa-
tion that K is a union of fnite Galois extensions of k. More precisely:

Lemma 1.3.1 Each fiite subextension of K|k can be embedded in a Galois
subextension.

Proof By the theorem of the primitive element (Proposition 1.1.11), each
fnite subextension is of the form k(«) with an appropriate element o. We may
embed k(w) into the splitting feld of the minimal polynomial of « which is
Galois over k. O

This fact has a crucial consequence for the Galois group Gal (K |k), namely
that it is determined by its fhite quotients. We shall prove this in Proposition
1.3.5 below, in a more precise form. To motivate its formulation, consider
a tower of fnite Galois subextensions M|L|k contained in an infhite Galois
extension K |k. The main theorem of Galois theory provides us with a canonical
surjection ¢y, : Gal (M |k) — Gal (L|k). Moreover, if N |k is yet another fnite
Galois extension containing M, we have ¢n;, = ¢ o dnar. Thus one expects
that if we somehow ‘pass to the limitin M, then Gal (L |k) will actually become
a quotient of the infnite Galois group Gal (K |k) itself. This is achieved by the
following construction.
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Construction 1.3.2 A (fiter ed) inverse system of groups (G, ¢gp) consists
of:

e a partially ordered set (A, <) which is directed in the sense that for all
(a0, B) € A thereissome y € A witha <y, 8 <y;

¢ foreacha € A agroup Gy;

* foreacha < 8 ahomomorphism ¢, : Gg — G, such that we have equal-

ities doy = Pap 0 Pp, fora < g < y.

The inverse limit of the system is defned as the subgroup of the direct product
[l cs G consisting of sequences (g) such that ¢.s(gs) = g« for all @ < B.
It is denoted by lim G,,; we shall not specify the inverse system in the notation
when it is clear from the context. Also, we shall often loosely say that lim G,
is the inverse limit of the groups G,, without special reference to the ilTverse
system.

Plainly, this notion is not specift to the category of groups and one can
defne the inverse limit of sets, rings, modules, even of topological spaces in an
analogous way.

We now come to the key defnition.

Definition 1.3.3 A profaite group is defned to be an inverse limit of a system
of fnite groups. For a prime number p, a pro-p group is an inverse limit of
fnite p-groups.

Examples 1.3.4

1. A fnite group is profnite; indeed, it is the inverse limit of the system
(Gy, ¢qp) for any directed index set A, with G, = G and ¢,p = idg.

2. Givena group G, the set of its fhite quotients can be turned into an inverse
system as follows. Let A be the index set formed by the normal subgroups
of fhite index partially ordered by the following relation: U, < Ug <
U, D Ug. For each pair U, < Ug of normal subgroups we have a quotient
map ¢op : G/Ug — G/U,. The inverse limit of this system is called the
profaite completion of G, customarily denoted by G. There is a canonical
homomorphism G — G.

3. Take G = Z in the previous example. Then A is just the set Z., since
each subgroup of fnite index is generated by some positive integer m. The
partial order is induced by the divisibility relation: m|n iff mZ O nZ. The
completion Zis usually called zed hat (or zee hat in the US). In fact, Zis
also a ring, with multiplication induced by that of the Z/mZ.

4. In the previous example, taking only powers of some prime p in place of
m we get a subsystem of the inverse system considered there; it is more
convenient to index it by the exponent of p. With this convention the
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partial order becomes the usual (total) order of Z. (. The inverse limit is
Z,, the additive group of p-adic integers. This is a commutative pro-p-
group. The Chinese Remainder Theorem implies that the direct product
of the groups Z, for all primes p is isomorphic to Z. Again the Z,, carry
a natural ring structure as well, and this is in fact a ring isomorphism.

Now we come to the main example, that of Galois groups.

Proposition 1.3.5 Let K|k be a Galois extension of felds. The Galois groups
of faite Galois subextensions of K|k together with the homomorphisms
our - Gal (Mk) — Gal (L|k) form an inverse system whose inverse limit is
isomorphic to Gal (K |k). In particular, Gal (K |k) is a profaite group.

Proof Only the isomorphism statement needs a proof. For this, defne a group
homomorphism ¢ : Gal (K |k) — [ Gal (L|k) (where the product is over all
fnite Galois subextensions L|k) by sending a k-automorphism o of K to the
direct product of its restrictions to the various subfelds L indexing the product.
That o(L) C L for all such L follows from Proposition 1.2.4. The map ¢ is
injective, since if an automorphism o does not fk an element « of kg, then its
restriction to a fnite Galois subextension containing k(«) is nontrivial (as we
have already remarked, such an extension always exists). On the other hand,
the main theorem of Galois theory assures that the image of ¢ is contained
in hm Gal (L|k). It is actually all of hm Gal (L|k), which is seen as follows:
take an element (o) of hm Gal (L|k) and defne a k-automorphism o of K
by putting o () = o () w1th some fhite Galois L containing k(«). The fact
that o is well-defned follows from the fact that by hypothesis the o, form a
compatible system of automorphisms; fnally , o maps to (o) € 1i<1_n Gal (L|k)

by construction. m|

Corollary 1.3.6 Projection to the components of the inverse limit of the pro-
position yields natural surjections Gal (K |k) — Gal (L|k) for all fuite Galois
subextensions L|k contained in K.

Examples 1.3.7

1. Let F be a fnite feld of order g, and F, a separable closure of F. It
is well known that for each integer n > O the extension F,|F has a
unique subextension F,|F with [F, : F] = n. Moreover, the extension
F,|F is Galois with group Gal (F,|F) = Z/nZ, a generator being given
by the Frobenius automorphism o +— «. Via this isomorphism the nat-
ural projections Gal (F,,|F) — Gal (F,|F) correspond to the projections
Z/mnZ — Z/nZ (see [48], Chapter V, §5 or [106], §§43, 57). It follows
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that Gal (F,|F) = Z, the element 1 on the right-hand side corresponding
to the Frobenius automorphism on the left.

2. Consider now the infnite extension Q(u ) obtained by adjoining to Q
all p-power roots of unity for a fk ed prime p. We have seen in Example
1.2.9 (2) that this is a Galois extension. It is the union of the chain
of foite subextensions Q(u,) C Q(2) C Q(u,3) C ..., where i, is
the group of p”-th roots of unity. As mentioned in Example 1.2.9 (1),
one has Gal (Q(u,)|Q) = (Z/p"Z)*. It follows that Gal (Q(u~)|Q) is
lim(Z/p"Z)* = Z}, the group of units in the ring Z,. This group is known
to be isomorphic to Z/(p — 1)Z x Z,, for p > 2, and to Z/27Z x Z, for
p = 2 (see e.g. [90], Chapter II, Theorem 2).

Similarly, one obtains that the Galois group of the extension Q(u)|Q
is isomorphic to ZX, where Q(w) is the extension of Q generated by all
roots of unity.

Profnite groups are endowed with a natural topology as follows: if G is an
inverse limit of a system of fhite groups (G, ¢ug), endow the G, with the
discrete topology, their product with the product topology and the subgroup
G C [] G, with the subspace topology. It immediately follows from this con-
struction that the natural projection maps G — G, are continuous and their
kernels form a basis of open neighbourhoods of 1 in G (for the last statement,
note that the image of each element g # 1 of G must have nontrivial image in
some G, by defnition of the inverse limit).

To state other topological properties, we need a lemma.

Lemma 1.3.8 Let (G, ¢op) be an inverse system of groups equipped with the

discrete topology. The inverse limit lim G, is a closed topological subgroup of
<«

the product [ | G,.

Proof Take an element g = (g,) € [[ Go. If g ¢ lim G,, we have to show
that it has an open neighbourhood which does not meet lim G,. By assumption
for some o and B we must have ¢5(gg) # go. Now tak% the subset of [ G,
consisting of all elements with «-th component g, and B-th component gg.
It is a suitable choice, being open (by the discreteness of the G, and by the
defnition of topological product) and containing g but avoiding liin Gy. a

Corollary 1.3.9 A profaite group is compact and totally disconnected (i.e.
the only connected subsets are the one-element subsets). Moreover, the open
subgroups are precisely the closed subgroups of fuite index.

Proof Recall that fnite discrete groups are compact, and so is a product of
compact groups, by Tikhonov’s theorem ([66], Theorem 37.3). Compactness of
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the inverse limit then follows from the lemma, as closed subspaces of compact
spaces are compact. Complete disconnectedness follows from the construction.
For the second statement, note that each open subgroup U is closed since its
complement is a disjoint union of cosets gU which are themselves open (the
map U +— gU being a homeomorphism in a topological group); by compact-
ness of G, these must be fnite in number. Conversely, a closed subgroup of
fnite index is open, being the complement of the fnite disjoint union of its
cosets which are also closed. O

Remarks 1.3.10

1. In fact, one may characterize profnite groups as being those topological
groups which are compact and totally disconnected. See e.g. [96], §1,
Theorem 2 for a proof.

2. One may ask whether all subgroups of fnite index in a profnite group
are actually open. This is false already for the absolute Galois group
of Q (see Exercise 4). However, it has been conjectured for a long time
whether the property holds for those profnite groups that are topologically
fhitely generated (i.e. contain a dense fnitely generated subgroup). This
conjecture was recently proven by Nikolov and Segal [71].

We may now state and prove the main theorem of Galois theory for possibly
infnite extensions. Observe fist thatif L is a subextension of a Galois extension
K |k, then K is also a Galois extension of L and Gal (K |L) is naturally identifed
with a subgroup of Gal (K |k).

Theorem 1.3.11 (Krull) Let L be a subextension of the Galois extension K |k.
Then Gal (K |L) is a closed subgroup of Gal (K |k). Moreover, the maps

L— H:=Gal(K|L) and Hw~ L := K"

vield an inclusion-reversing bijection between subfelds K D L D k and closed
subgroups H C G. A subextension Lk is Galois over k if and only if Gal (K |L)
is normal in Gal (K |k); in this case there is a natural isomorphism Gal (L |k) =
Gal (K |k)/Gal (K |L).

Proof Take fist a fnite separable extension L|k contained in K. Using
Lemma 1.3.1 we may embed itin a fnite Galois extension M |k contained in K.
Then Gal (M k) is one of the standard fnite quotients of Gal (K |k), and it con-
tains Gal (M|L) as a subgroup. Let U, be the inverse image of Gal (M|L) by
the natural projection Gal (K |k) — Gal (M |k). Since the projection is con-
tinuous and Gal (M|k) has the discrete topology, U, is open. We claim
that U; = Gal (K|L). Indeed, we have U; C Gal (K|L), for each element
of U fx es L; on the other hand, the image of Gal (K|L) by the projection



14 Galois theory of felds

Gal (K |k) — Gal (M|k) is contained in Gal (M|L), whence the reverse inclu-
sion. Now if L|k is an arbitrary subextension of K |k, write it as a union of
fnite subextensions L, |k. By what we have just proven, each Gal (K |L,,) is an
open subgroup of Gal (K |k), hence it is also closed by Corollary 1.3.9. Their
intersection is precisely Gal (K|L) which is thus a closed subgroup; its fk ed
feld is exactly L, for K is Galois over L.

Conversely, given a closed subgroup H C G, it fixes some extension L|k
and is thus contained in Gal (K|L). To show equality, let o be an element of
Gal (K|L), and pick a fundamental open neighbourhood Uy, of the identity
in Gal (K|L), corresponding to a Galois extension M|L. Now H C Gal(K|L)
surjects onto Gal (M |L) by the natural projection; indeed, otherwise its image
in Gal (M |L) would fix a subfeld of M strictly larger than L according to fnite
Galois theory, which would contradict our assumption that each element of
M \ L is moved by some element of H. In particular, some element of H must
map to the same element in Gal (M|L) as o. Hence H contains an element
of the coset o Uy, and, as Uy, was chosen arbitrarily, this implies that ¢ is in
the closure of H in Gal (K|L). But H is closed by assumption, whence the
claim. The assertion about fnite extensions follows from the above in view of
Corollary 1.3.9.

Finally, the relation between Galois subextensions and normal subgroups is
proven exactly as in the fnite case. O

Remark 1.3.12 To see that the Galois theory of infnite extensions is really
different from the fnite case, we must exhibit non-closed subgroups in the
Galois group. We have already seen such a subgroup in the last two examples
of 1.3.4: the absolute Galois group of a fhite feld is isomorphic to Z, which in
turn contains Z as a nontrivial dense (hence non-closed) subgroup; there are in
fact many copies of Z embeddded in VA

The original example of Dedekind was very similar: he worked with the
extension Q(u,~)|Q. However, he did not determine the Galois group itself
(profnite groups were not yet discovered at the time); he just showed the exis-
tence of a non-closed subgroup. His proof was generalized in Krull [47] to
establish the existence of non-closed subgroups in the Galois group of any
infnite extension as follows. First one shows that given a nontrivial Galois
extension K;|K, each automorphism of K; may be extended to an automor-
phism of K, in at least two ways. From this one infers by taking an infnite
chain of nontrivial Galois subextensions of an infhite Galois extension L |k that
Gal (L|k) is uncountable. By the same argument, all infnite closed subgroups
of Gal (L|k) are uncountable, hence countable subgroups in an infnite Galois
group are never closed.
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Remark 1.3.13 The absolute Galois group is a rather fne invariant for felds
of fnite type. In 1995 Florian Pop proved the following remarkable theorem:
Let K, L be two infaite felds that are faitely generated over their prime
feld. Fix separable closures K, Ly of K and L, respectively, and assume
there exists a continuous isomorphism ® : Gal (K| K) = Gal(L,|L) of profi
nite groups. Then there exist purely inseparable extensions K'|K, L'|L with
K’ = L'. Moreover, there is an isomorphism ¢ : L'Ly — K'K of separable
closures such that ®(g) = ¢~ o g o ¢ for all g € Gal (K'K,|K").

Here recall that an algebraic extension is called purely inseparable if all of
its separable subextensions are trivial. Of course, in characteristic 0 such exten-
sions are trivial, and one has K = K’, L = L’. In fact, already the case L = K
of Pop’s theorem is interesting: it shows that every continuous automorphism
of the absolute Galois group comes from a feld automorphism. The fist non-
trivial case of this theorem, that of fnite Galois extensions of Q, was proven
by J. Neukirch [68]. Already this special case is quite surprising: for instance,
it shows that if p and ¢ are different primes, then the absolute Galois groups of
Q(/p) and Q(,/q) cannot be isomorphic. For more on this fascinating topic,
see [77] and [101].

1.4 Interlude on category theory

In the next section we shall give another formulation of Galois theory which
roughly states that ‘up to isomorphism it is the same to give a fnite separable
extension of £ and a fnite set equipped with a continuous transitive Gal (k,|k)-
action’. In order to be able to formulate the ‘up to isomorphism it is the same’
part of the above statement rigorously, it is convenient to recall some basic
notions from category theory. These notions will be of constant use in what
follows.

Definition 1.4.1 A category consists of objects as well as morphisms between
pairs of objects; given two objects A, B of a category C, the morphisms from
A to B form a set, denoted by Hom(A, B). (Notice that in contrast to this we
do not impose that the objects of the category form a set.) These are subject to
the following constraints.

1. For each object A the set Hom(A, A) contains a distinguished element
id4, the identity morphism of A.

2. Given two morphisms ¢ € Hom(B, C) and ¥ € Hom(A, B), there exists
a canonical morphism ¢ o ¥ € Hom(A, C), the composition of ¢ and .
The composition of morphisms should satisfy two natural axioms:
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e Given ¢ € Hom(A, B), one has ¢ oid4 = idg o ¢ = ¢.
* (Associativity rule) For morphisms A € Hom(A, B), ¢ €
Hom(B, C), » € Hom(C, D) onehas (p o) oA = ¢ o (¥ o A).

Some more defnitions: a morphism ¢ € Hom(A, B) is an isomorphism if
there exists ¥ € Hom(B, A) with ¥y o ¢ = ida, ¢ o ¥ = idp; we denote the set
of isomorphisms between A and B by Isom(A, B). If the objects themselves
form a set, one can associate an oriented graph to the category by taking objects
as vertices and defning an oriented edge between two objects corresponding
to each morphism. With this picture in mind, it is easy to conceive what the
opposite category C°P of a category C is: it is ‘the category with the same
objects and arrows reversed’; i.e. for each pair of objects (A, B) of C, there is
a canonical bijection between the sets Hom(A, B) of C and Hom(B, A) of C°
preserving the identity morphisms and composition.

The product of two categories C; and C; is the category C; x C; whose
objects are pairs (Cy, C) with C; € C; and whose morphisms are pairs (¢;, ¢2)
of morphisms in the C;. One defnes arbitrary fnite products of categories in a
similar way.

A subcategory of a category C is just a category D consisting of some
objects and some morphisms of C; it is a full subcategory if given two objects
in D, Homp(A, B) = Hom¢(A, B), i.e. all C-morphisms between A and B are
morphisms in D.

Examples 1.4.2 Some categories we shall frequently encounter will be the
category Sets of sets (with morphisms the set-theoretic maps), the category
Ab of abelian groups (with group homomorphisms) or the category Top of
topological spaces (with continuous maps). Both Ab and Top are naturally
subcategories of Sets but they are not full subcategories; on the other hand, Ab
is a full subcategory of the category of all groups.

Now comes the second basic defnition of category theory.

Definition 1.4.3 A (covariant) functor F between two categories C; and C,
consists of a rule A +— F(A) on objects and a map on sets of morphisms
Hom(A, B) - Hom(F(A), F(B)) which sends identity morphisms to identity
morphisms and preserves composition. A contravariant functor from C; to C,
is a functor from C; to C5".

Examples 1.4.4 Here are some examples of functors.

1. The identity functor is the functor id¢ on any category C which leaves all
objects and morphisms fixed.

2. Other basic examples of functors are obtained by fking an object A
of a category C and considering the covariant functor Hom(A, ) (resp.
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the contravariant functor Hom( , A)) from C to the category Sets which
sends an object B the set Hom(A, B) (resp. Hom(B, A)) and a morphism
¢ : B — C to the set-theoretic map Hom(A, B) — Hom(A, C) (resp.
Hom(C, A) - Hom(B, A)) induced by composing with ¢.

3. Anexample of a functor whose defnition is not purely formal is given by
the set-valued functor on the category Top that sends a topological space
to its set of connected components. Here to see that this is really a functor
one has to use the fact that a continuous map between topological spaces
sends connected components to connected components.

Definition 1.4.5 If F and G are two functors with same domain C; and target
C,, a morphism of functors ® between F and G is a collection of morphisms
®,: F(A) = G(A)inC, for each object A € C; such that for every morphism
¢ : A — B in C; the diagram

F(A) —25 G(A)

F (¢)l JG@)

F(B) -2 G(B)

commutes. The morphism ® is an isomorphism if each ® 4 is an isomorphism;
in this case we shall write F' = G.

Remark 1.4.6 In the literature the terminology ‘natural transformation’ is
frequently used instead of ‘morphism of functors’. We prefer the latter name,
as it refects the fact that given two categories C; and C, one can defne a
new category called the functor category of the pair (Cy, C;) whose objects are
functors from C; to C; and whose morphisms are morphisms of functors. Here
the composition rule for some ¢ and W is induced by the composition of the
morphisms ® 4 and W, for each object A in C;.

We can now give one of the notions which will be ubiquitous in what follows.

Definition 1.4.7 Two categories C; and C, are equivalent if there exist two
functors F : C; — C; and G : C; — C;, and two isomorphisms of functors
®:FoG —ide, and W: G o F = ide,. In this situation we say that the
functor G is a quasi-inverse for F (and F is a quasi-inverse for G).

If we can actually fnd F and G with F o G = id¢, and G o F = idg,, we say
that C; and C, are isomorphic. Finally, we say that C; and C, are anti-equivalent
(resp. anti-isomorphic) if C; is equivalent (resp. isomorphic) to C5".

One sees that equivalence of categories has all properties that equivalence
relations on sets have, i.e. it is refé xive, symmetric and transitive. Also, the
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seemingly asymmetric defnition of anti-equivalence is readily seen to be
symmetric.

In practice, when one has to establish an equivalence of categories it often
turns out that the construction of one functor is easy but that of the quasi-inverse
is rather cumbersome. The following general lemma enables us to make do with
the construction of only one functor in concrete situations. Before stating it,
we introduce some terminology.

Definition 1.4.8 A functor F : C; — C, is faithful if for any two objects A and
B of C, the map of sets Fap : Hom(A, B) - Hom(F(A), F(B)) induced by
F is injective; it is fully faithful if all the maps F4p are bijective.

The functor F is is essentially surjective if every object of C, is isomorphic
to some object of the form F(A).

Lemma 1.4.9 Two categories C; and C, are equivalent if and only if there
exists a functor F : C; — C, which is fully faithful and essentially surjective.

There is an analogous characterization of anti-equivalent categories with
fully faithful and essentially surjective contravariant functors (defned in the
obvious way).

Proof For the proof of the ‘if” part fix for each object V of C, an isomor-
phism iy : F(A)— V with some object A of C;. Such an isomorphism exists
by the second condition. Defne a functor G : C; — C; by sending each object
V in C;, to the A fk ed above, and each morphism ¢ : V — W to G(¢) = FA_I;
(i‘;/l o¢oiy)for¢p € Hom(V, W), where B = G(W) and F,p is the bijection
appearing in the defnition of fully faithfulness. The maps iy : F(G(V)) — V
induce an isomorphism ® : F o G — id¢, by construction. To construct an iso-
morphism ¥ : Go F S ide,, we first need functorial maps W4 : G(F(A)) —
A for each A in C;. By fully faithfulness of F it is enough to construct maps
F(W,): F(G(F(A)) - F(A), and we may take as F'(V,) the unique preim-
age of idp4) by @ ra). A similar construction yields a map A — G(F(A))
that is an inverse to W4. As the construction is functorial in A, we obtain an
isomorphism of functors.

For the ‘only if” part assume there exist a functor G : C; — C; and isomor-
phisms of functors ® : F o G — ide,and ¥ : Go F = idc, . Essential surjec-
tivity is immediate: given an object C of C,, it is isomorphic to F(G(C)) via ®.
For fully faithfulness fix any two objects A, B of C; and consider the sequence
of maps

Hom(A, B) - Hom(F(A), F(B))— Hom(G(F(A)), G(F(B)))— Hom(A, B)

induced respectively by Fag, G ra), F(p) and W. Their composite is the identity,
which implies that F4p is a bijection. O
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Note that in the above proof the construction of G depended on the axiom of
choice: we had to pick for each V an isomorphism iy . Different choices defne
different G’s but the categories are equivalent with any choice. This suggests
that the notion of equivalence of categories means that “‘up to isomorphism the
categories have the same objects and morphisms’ but this does not mean at all
that there are bijections between objects and morphisms. In order to stress this
point we discuss an example that expresses a basic fact from linear algebra in
the language of category theory.

Example 1.4.10 Consider afeld k and the category Vecf; of fnite dimensional
k-vector spaces (with linear maps as morphisms). We show that this category
is equivalent to a category C that we defne as follows. The objects of C are to
be the non-negative integers, and the set of morphisms between two integers
n, m > 0isto be the set of all n by m matrices with entries in k; here the identity
morphisms are given by the identity matrices and composition by multiplication
of matrices. There are also canonical morphisms 0 — n and n — 0 for each
n > 0. (Notice that this is an example of a category where morphisms are not
set-theoretic maps.)

To show the asserted equivalence, we introduce an auxiliary subcategory C’
and show it is equivalent to both categories. This category C’ is to be the full
subcategory of Vecf; spanned by the standard vector spaces k". The equivalence
of C’ and Vecf} is immediate from the criterion of the previous lemma applied
to the inclusion functor of C’' to Vecf: the fist condition is tautological as
we took C’ to be a full subcategory and the second holds because any fhite
dimensional vector space is isomorphic to some k”.

We now show the equivalence of C’ and C. Defne a functor F : C' — C by
sending k" to n and a morphism k" — k™ to its matrix with respect to the
standard bases. The fact that F is indeed a functor hides a nontrivial result of
linear algebra, namely that the matrix of the composition of two linear maps
¢ and v is the product of the matrix of ¢ with that of v/. One constructs an
inverse functor G by reversing this procedure. In this case F o G and G o F
are actually equal to the appropriate identity functors.

We close this brief overview with a very important notion due to Groth-
endieck. It will not be used until the next chapter.

Definition 1.4.11 Let C be a category. A functor F from C to the category Sets
is representable if there is an object C € C and an isomorphism of functors
F = Hom(C, ).

Recall that the latter functor sends an object A to the set of morphisms from
C to A. There is also an analogous notion for contravariant functors. The object
C is called the representing object.
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The following well-known lemma is of pivotal importance. Observe that if
C and D are objects of C, every morphism D — C induces a morphism of
functors Hom(C, ) — Hom(D, ) via composition.

Lemma 1.4.12 (Yoneda Lemma) If F and G are functors C — Sets rep-
resented by objects C and D, respectively, every morphism ® : F — G of
functors is induced by a unique morphism D — C as above.

Proof The morphism ®¢ : F(C) — G(C) can be rewritten as a map
Hom(C, C) — Hom(D, C) using the representability of the functors. The
image of the identity morphism id¢c € Hom(C, C) by & then identifes with
a morphism p : D — C; we claim this is the one inducing &. Indeed, for
an object A each element of F(A) = Hom(C, A) identifes with a morphism
¢ : C — A. Observe that ¢ as an element of F'(A) is none but the image of
ide € Hom(C, C) = F(C) via F(¢). As ® is a morphism of functors, we get
D 4(¢) = G(¢)(p), which under the isomorphism G(A) = Hom(D, A) corre-
sponds exactly to ¢ o p. O

Corollary 1.4.13 The representing object of a representable functor F is
unique up to unique isomorphism.

Proof Assume C and D both represent F, and apply the Yoneda Lemma to
the identity map of F. O

We shall encounter several interesting examples of representable functors
from Chapter 2 onwards.

1.5 Finite étale algebras
We now return to Galois theory and give a second variant of the main theorem
which is often referred to as ‘Grothendieck’s formulation of Galois theory’.

We start again from a base feld k, of which we fk separable and algebraic
closures k; C k. We use the shorthand Gal (k) for Gal (k,|k). Let L be a fnite
separable extension of k; here we do not consider L as a subextension of k;.
We know that L has only fnitely many k-algebra homomorphisms into k (the
number of these is equal to [L : k] by Lemma 1.1.6); actually the images of
these homomorphisms are contained in k;. So we may consider the fnite set
Homy (L, ky) which is endowed by a natural left action of Gal (k) given by
(g, )~ go¢for g € Gal(k), » € Homy(L, k;).

The first property we shall show about this action is its continuity. Recall
that the action of a topological group G on a topological space X is said to be
continuous if the map m : G x X — X given by (g, x) — gx is continuous.
In our case X is discrete, and the property is equivalent to the openness of
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the stabilizer G, of each point x € X. Indeed, the preimage of x (which is an
open subset of X)in G x X is U, ={(g,y) € G x X : gy = x}, which is the
disjoint union of the sets {(g, y) € G x {y} : gy = x} for fixed y € X. Each of
these is either empty or homeomorphic to G, via the map g — (gh, y), where
h € G is an element with 7y = x. Thus the openness of G, implies that of Uy,
i.e. the continuity of m. On the other hand, G, is the preimage of x by the
composite map G 5 G x X5 X, where ix(g) = (g, x), so the continuity of
m implies the openness of G, .

Lemma 1.5.1 The above left action of Gal (k) on Hom (L, ky) is continuous
and transitive, hence Homy(L, ky) as a Gal (k)-set is isomorphic to the left
coset space of some open subgroup in Gal (k). For L Galois over k this coset
space is in fact a quotient by an open normal subgroup.

Proof The stabilizer U of an element ¢ consists of the elements of Gal (k)
fking ¢(L). Hence by Theorem 1.3.11 U is open in Gal (k), or in other words
Gal (k) acts continuously on Homy(L, k;). If L is generated by a primitive
element o with minimal polynomial f, each ¢ € Homy(L, k) is given by
mapping « to a root of f in k. Since Gal (k) permutes these roots transitively,
the Gal (k)-action on Homy (L, k) is transitive. The above argument also shows
that the map g o ¢ — gU induces an isomorphism of Hom (L, k) with the
left coset space U \Gal (k). For U normal we obtain the quotient Gal (k)/U;
by Theorem 1.3.11 this case arises if and only if L is Galois over k. O

If M is another fnite separable extension of k, each k-homomorphism
¢ : L — M induces a map Homy (M, k;) — Homy(L, k) by composition with
¢. This map is Gal (k)-equivariant, so we have obtained a contravariant functor
from the category of fnite separable extensions of k to the category of fnite
sets with continuous transitive left Gal (k)-action.

Theorem 1.5.2 Let k be a feld with fied separable closure k. The contravari-
ant functor mapping a faite separable extension Lk to the fuite Gal (k)-set
Homy (L, ky) gives an anti-equivalence between the category of fiite separable
extensions of k and the category of faite sets with continuous and transitive
left Gal (k)-action. Here Galois extensions give rise to Gal (k)-sets isomorphic
to some fiite quotient of Gal (k).

Proof We check that Hom,( , k) satisfes the conditions of Lemma 1.4.9.
We begin by essential surjectivity. To show that any continuous transitive left
Gal (k)-set S is isomorphic to some Homy(L, k;), pick a point s € S. The
stabilizer of s is an open subgroup U of Gal (k) which fk es a fnite separable
extension L of k. Now defne a map of Gal (k)-sets Homy (L, k;) — S by the
rule g oi > gs, wherei is the natural inclusion L — k; and g is any element of
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G. This map is well-defned since the stabilizer of i is exactly U; and is readily
seen to be an isomorphism; in fact, both Gal (k)-sets become isomorphic to the
left coset space U, \ Gal (k) by the maps sending i (resp. s) to Us.

For fully faithfulness we have to show that given two fnite separable exten-
sions L, M of k, the set of k-homomorphisms L — M corresponds bijec-
tively to the set of Gal (k)-maps Homy(M, k;) — Homy(L, k). Since both
Homy (M, k;) and Homy(L, k) are transitive Gal (k)-sets, a Gal (k)-map f
between them is determined by the image of a fixed ¢ € Homy(M, k). As f
is Gal (k)-equivariant, the elements of the stabilizer U of ¢ fk f(¢) as well,
whence an inclusion U C V, where V is the stabilizer of f(¢). By what we
have just seen, taking the fixed subfelds of U and V respectively, we get an
inclusion of subfelds of k; which is none but the extension f(¢)(L) C ¢(M).
Denoting by ¥ : ¢(M) — M the map inverse to ¢ we readily see that ¥ o f(¢)
is the unique element of Homy (L, M) inducing f.

The last statement follows from Lemma 1.5.1. O

If we wish to extend the previous anti-equivalence to Gal (k)-sets with not
necessarily transitive action, the natural replacement for fnite separable exten-
sions of k is the following.

Definition 1.5.3 A fnite dimensional k-algebra A is étale (over k) if it is
isomorphic to a fnite direct product of separable extensions of k.

As above, the Gal (k)-action on k; induces a left action on the set of k-algebra
homomorphisms Homy (A, k).

Theorem 1.5.4 (Main Theorem of Galois Theory — Grothendieck’s version)
Let k be a feld. The functor mapping a fuite étale k-algebra A to the fiite
set Homy (A, k) gives an anti-equivalence between the category of faite étale
k-algebras and the category of fuite sets with continuous left Gal (k)-action.
Here separable feld extensions give rise to sets with transitive Gal (k)-action
and Galois extensions to Gal (k)-sets isomorphic to faite quotients of Gal (k).

Proof This follows from the previous theorem in view of the remark that
given a decomposition A =[] L; into a product of felds and an element
¢ € Homy(A, k), the map ¢ induces the injection of exactly one L; in k.
Indeed, if ¢(L;) # 0, then being a feld, L; injects in k, and on the other
hand, a product L; x L; cannot inject in k, since k, has no zero-divisors. Thus
Homy (A, ky) decomposes into the disjoint union of the Homy(L;, k;); this is in
fact its decomposition into Gal (k)-orbits. For a similar reason, given another
étale k-algebra A’ =[] L/j ,amorphism A — A’ identifes with a collection of
morphisms L; — L/j, one for each i, and these in turn correspond bijectively
to morphisms of the corresponding Gal (k)-sets by the previous theorem. O
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Remark 1.5.5 The theorem generalizes immediately to an arbitrary Galois
extension K |k: if one restricts attention to fnite étale k-algebras that are prod-
ucts of subfelds of K, the functor A — Homy (A, K) induces an equivalence
with the category of fnite continuous left Gal (K |k)-sets.

To conclude this section we give another characterization of fnite étale k-
algebras which ties in with more classical treatments. Recall that a commutative
ring is reduced if it has no nonzero nilpotent elements.

Proposition 1.5.6 Let A be a faite dimensional commutative k-algebra. Then
the following are equivalent:

1. Ais étale.
2. A ®y kis isomorphic to a fuite product of copies of k;
3. A Q®kisreduced.

In the literature, fhite dimensional k-algebras satisfying the third condition
of the proposition are often called separable k-algebras. The proposition thus
provides a structure theorem for these.

Note that it may well happen that A has no nilpotents but A ®; k does. A
typical example is the following: let k be an imperfect feld of characteristic
p >0, and set A := k[x]/(x? — a) for an a € k that is not a p-th power in
k. Then A is a degree p feld extension of &, so it has no nilpotents. But
A= A®; k = k[x]/(x” — a). Choosing « € k with «” = a and denoting by
% the image of x in A we have (X — @)? = ¥” —a” = 0in A.

For the proof we need the following lemma which is the commutative version
of the Wedderburn—Artin theorem.

Lemma 1.5.7 A faite dimensional commutative algebra over a feld F is
isomorphic to a direct product of fuite feld extensions of F if and only if it is
reduced.

The proof is taken from Frohlich-Taylor [25].

Proof The ‘only if” part is obvious. To prove the ‘if” part, by decomposing a
fnite dimensional F-algebra A into a fnite direct product of indecomposable
F-algebras we may assume that A is indecomposable itself. Notice that under
this restriction A can have no idempotent elements other than 0 and 1; indeed,
if e # 0, 1 were an idempotent then A = Ae x A(1 — e) would be a nontrivial
direct product decomposition since e(1 — ¢) = e — e¢*> = 0 by assumption. The
lemma will follow if we show that every nonzero element x € A is invertible
and thus A is a feld. Since A is fnite dimensional over F, the descending
chain of ideals (x) D (x?) D ...(x") D ... must stabilize and thus for some
m we must have x" = x"*!y with an appropriate y. By iterating this formula
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we get x" = x"*yl for all positive integers i, in particular x" = x?"y". Thus
x"y" = (x"y")?,i.e. x"y" is an idempotent. By what has been said above there
are two cases. If x"y" = 0, then x" = (x")(x"y") = 0, which is a contradiction
since x # 0 by assumption and A is reduced. Otherwise, x"y" = 1 and thus x
is invertible. O

Remark 1.5.8 The lemma already implies that a fhite dimensional commuta-
tive algebra over a perfect feld is étale if and only if it is reduced.

Proof of Proposition 1.5.6 The derivation of the third condition from the
second is immediate; actually, the lemma applied to A ®; k shows that they
are equivalent. We therefore only have to prove the equivalence of the first
two conditions. To see that (1) implies (2) we may restrict to fnite separable
extensions L of k. We then have L = k[x]/(f) with some polynomial f which
decomposes as a product of n distinct factors (x — ;) in k. We conclude by
the chain of isomorphisms

L@k Zk[x/(f) =kIx)/(x — o)+ (x —a) Z [ [RIx)/(x =) = ] [ £,

i=1 i=1
the middle isomorphism holding by the Chinese Remainder Theorem (see e.g.
[48], Chapter II, Theorem 2.1).

Now to derive (1) from (2), let A be the quotient of A by the ideal formed by its
nilpotent elements. The lemma implies that A is a sum of fhite extension felds
of k. Since k is reduced, each k-algebra homomorphism A — k factors through
A and hence through one of its decomposition factors L. By Lemma 1.1.6, the
number of k-algebra homomorphisms L — k can equal at most the degree of
L over k, with equality if and only if L|k is separable, whence Hom, (A, k) has
at most dimy (A) elements with equality if and only if A = A and A is étale.
To see that equality indeed holds, observe that we have a canonical bijection
of fnite sets

Homy (A, k) = Homg(A ®y k, k).

[To see this, observe that given a k-algebra homomorphism A — k, tensor-
ing by k and composing by the multiplication map gives a k-homomorphism
A ®i k — k ®; k — k; on the other hand the natural inclusion k — k induces
a k-homomorphism A = A ®; k — A ®; k which composed by homomor-
phisms A ®; k — k gives a map from the set on the right-hand side to that on
the left which is clearly inverse to the previous construction.] The assumption
now implies that the set on the right-hand side has dimz(A ®; k) elements. But
dim;(A ®; k) = dim; A, whence the claim. O
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Exercises

1.

Show that an inverse limit of nonempty finite discrete sets (for any directed index set)
is nonempty. [Hint: For such an inverse system {X, : @ € A} consider the subsets
X C ] X, consisting of the sequences (x,) satisfying ¢, (x,) = x; for a fk ed
pair & < u and use the compactness of the topological product of the X,. We shall
go through this argument in a more general case in Lemma 3.4.12.]

. Let G be a profnite group, p a prime number. A pro-p-Sylow subgroup of G is a

pro-p-group whose image in each fnite quotient of G is of index prime to p. Show
that pro-p-Sylow subgroups exist and they are conjugate in G. [Hint: Apply the
previous exercise to the inverse system formed by the sets of p-Sylow subgroups in
each fnite quotient of G.]

. Let k be a perfect feld, p a prime number. Show that there exists an algebraic

extension kP |k such that each fhite subextension is of degree prime to p, and k»
has no nontrivial fnite extensions of degree prime to p. Is such an extension unique
inside a fixed algebraic closure? [Hint: Use the previous exercise.]

. Consider the compositum E of all quadratic extensions of Q inside a fixed algebraic

closure Q.

(a) Show that Gal (E|Q) is uncountable and has uncountably many subgroups of
index 2.

(b) Deduce that there are uncountably many subgroups of index 2 in Gal (Q|Q)
that are not open.

. Let G be a profnite group acting via feld automorphisms on a feld K. Assume that

the action is continuous when K carries the discrete topology, and that each nontrivial
element in G acts nontrivially on K. Show that G = Gal (K |k), where k = K©.

. (Leptin, Waterhouse) Show that every profnite group G arises as the Galois group

of some Galois extension K |k. [Hint: For each open normal subgroup N C G fk a
system of left coset representatives 1 = oY, ..., 0. Let F be a perfect feld, and
K|F the purely transcendental extension obtained by adjoining an indeterminate
x} for each o;¥. Make G act on F trivially, and on K via o(x") = xj-v , Where xf’
corresponds to oY witho ¥ N = o (0" N). Verify that this action satisfes the criterion
of the previous exercise.]

[Remark: The statement does not hold if one requires K to be a separable closure
of k. For instance, Artin and Schreier showed in [3] that among the nontrivial fhite

groups only Z/2Z can arise as an absolute Galois group.]

. Letk be afield, and A a finite étale k-algebra equipped with an action of a fhite group

G via k-algebra automorphisms; we call such algebras G-algebras. We moreover

say that A is Galois with group G if dim(A) equals the order of G and A® = k.

(a) Consider the G-algebra structure on A ®; k given by gla ® a) = g(a) ® a.
Prove that A is Galois with group G if and only if A ®; k is isomorphic to the
group algebra k[G] as a G-algebra.

(b) Making G acton Homy (A, k) via¢ — ¢ o g, show that in the correspondence
of Theorem 1.5.4 Galois algebras with group G correspond to fhite continuous
Gal (k)-sets with simply transitive G-action.
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8. Let k be a field of characteristic different from 2, and S a continuous left Gal (k)-set
with n elements. Consider the subset X(S) C S" consisting of n-tuples (sy, ..., s,)
with x; # x; fori # j. It inherits a continuous left action of Gal (k) from the product
action on S", and it also has a natural action by the symmetric group S, via permu-
tation of the components. Denote by A(S) the quotient of X(S) by the action of the
alternating group A, C S,. It is a 2-element continuous left Gal (k)-set.

(a) Show that the fnite étale k-algebra corresponding to A(S) via Theorem 1.5.4
is isomorphic to k x k if Gal (k) acts on A(S) by even permutations, and is a
degree 2 field extension of k otherwise.

(b) If A is the finite étale k-algebra corresponding to S via Theorem 1.5.4, denote
the k-algebra of (a) by A(A). Show that if A = k[x]/(f) for a polynomial f
without multiple roots, then A(A) = k[x]/(x> — d(f)), where d(f) € k is the
Vandermonde determinant formed from the roots of f.

[Remark: The k-algebra A(A) is called the discriminant of the finite étale k-algebra

A. For a description of A(A) in the general case, see [45], Proposition 18.24.]
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Fundamental groups in topology

In the last section we saw that when studying extensions of some feld it is
plausible to conceive the base feld as a point and a fnite separable extension
(or, more generally, a fnite étale algebra) as a fnite discrete set of points
mapping to this base point. Galois theory then equips the situation with a
continuous action of the absolute Galois group which leaves the base point
fk ed. It is natural to try to extend this situation by taking as a base not just a
point but a more general topological space. The role of feld extensions would
then be played by certain continuous surjections, called covers, whose fbres
are fhite (or, even more generally, arbitrary discrete) spaces. We shall see in
this chapter that under some restrictions on the base space one can develop
a topological analogue of the Galois theory of felds, the part of the absolute
Galois group being taken by the fundamental group of the base space.

In the second half of the chapter we give a reinterpretation of the main theo-
rem of Galois theory for covers in terms of locally constant sheaves. Esoteric as
these objects may seem to the novice, they stem from reformulating in a modern
language very classical considerations from analysis, such as the study of local
solutions of holomorphic differential equations. In fact, the whole concept of the
fundamental group arose from Riemann’s study of the monodromy representa-
tion for hypergeometric differential equations, a topic we shall briefy discuss
at the end of the chapter. Our exposition therefore traces history backwards, but
hopefully refécts the intimate connection between differential equations and
the fundamental group.

2.1 Covers
We start with the basic defnitions.

Definition 2.1.1 Let X be a topological space. A space over X is a topo-
logical space Y together with a continuous map p : Y — X. A morphism
between two spaces p; : ¥; — X (i = 1, 2) over X is given by a continuous map
f Yy — Y, making the diagram

Y, 4](,)/2

commute.



28 Fundamental groups in topology

A cover of X is a space Y over X where the projection p : ¥ — X is subject
to the following condition: each point of X has an open neighbourhood V for
which p~!(V) decomposes as a disjoint union of open subsets U; of ¥ such
that the restriction of p to each U; induces a homeomorphism of U; with V.

We defhe a morphism between two covers of a space X to be a morphism
of spaces over X.

In the literature the terms ‘covering space’ and ‘covering’ are also used for
what we call a cover; we shall stick to the above terminology. Note an easy
consequence of the defnition: if p : ¥ — X is a cover, the map p is always
surjective.

Example 2.1.2 Take a nonempty discrete topological space / and form the
topological product X x I. The fist projection X x I — X turns X x [ into
a space over X which is immediately seen to be a cover. It is called the trivial
cover.

Trivial covers may at first seem very special but as the next proposition
shows, every cover is locally a trivial cover.

Proposition 2.1.3 A space Y over X is a cover if and only if each point of
X has an open neighbourhood V such that the restriction of the projection
p:Y = X to p~'(V) is isomorphic (as a space over V) to a trivial cover

Proof The ‘if’ part follows from the previous example and the ‘only if” part
is easily seen as follows: given a decomposition p~! (V) = [l;c; Ui for some
index set I as in the defnition of covers, mapping u; € U; to the pair (p(u;), i)
defhes a homeomorphism of [[,,
the discrete topology. By construction this is an isomorphism of covers of
V. O

U; onto V x I, where I is endowed with

In the notation of the previous proof, the set / is the fore of p over the points
of V. The proof shows that the points of X over which the fbre of p equals /
form an open subset of X. Thus making / vary yields a decomposition of X
into a disjoint union of open subsets. In particular:

Corollary 2.1.4 If X is connected, the fbr es of p are all homeomorphic to the
same discrete space 1.

Notice that this does not mean at all that the cover is trivial. Indeed, let us
give an example of a nontrivial cover with a connected base.

Example 2.1.5 Consider arectangle XY ZW and divide the sides XY and ZW
into two equal segments by the points P and Q. Identifying the sides XY and
ZW with opposite orientations we get a Mobius strip on which the image of



2.1 Covers 29

the segment P Q becomes a closed curve C homeomorphic to a circle. The
natural projection of the boundary B of the Mobius strip onto C coming from
the perpendicular projection of the sides XW and Y Z of the rectangle onto
the segment P Q makes B a space over C. It is actually a cover since locally
it is a product of a segment by a two-point space, i.e. a trivial cover of the
segment. However, the cover itself is nontrivial since B is not homeomorphic
to a disjoint union of two circles.

Other important examples arise from group actions on topological spaces.
To obtain covers we need a technical restriction.

Definition 2.1.6 Let G be a group acting continuously from the left on a
topological space Y. The action of G is even if each point y € Y has some
open neighbourhood U such that the open sets gU are pairwise disjoint for all
g€G.

This terminology is that of Fulton [26]. Older texts use the much more
awkward term ‘properly discontinuous’. Now recall that if a group G acts from
the left on a topological space Y, one may form the quotient space G\Y whose
underlying set is by defnition the set of orbits under the action of G and the
topology is the fnest one that makes the projection Y — G\Y continuous.

Lemma 2.1.7 If G is a group acting evenly on a connected space Y, the
projection pg : Y — G\Y turns Y into a cover of G\Y.

Proof The map pg is surjective, and moreover each x € G\Y has an open
neighbourhood of the form V = pg(U) with a U as in Defnition 2.1.6. This
V is readily seen to satisfy the condition of Defnition 2.1.1. a

Example 2.1.8 With this tool at hand, one can give lots of examples of
covers.

1. LetZ actonR by translations (which means that the automorphism defned
by n € Z is the map x — x 4 n). We obtain a cover R — R/Z, where
R/Z is immediately seen to be homeomorphic to a circle.

2.  The previous example can be generalized to arbitrary dimension: take any
basis {x, ..., x,} of the vector space R" and make Z" act on R” so that
the i-th direct factor of Z" acts by translation by x;. This action is clearly
even and turns R” into a cover of what is called a linear torus; forn = 2,
this is the usual torus. The subgroup A of R” generated by the x; is usually
called a lattice; thus linear tori are quotients of R” by lattices.

3. For an integer n > 1 denote by p, the group of n-th roots of unity.
Multiplying by elements of p,, defnes an even action on C* := C\ {0},
whence a cover p, : C* — C*/u,. In fact, the map z +> 7" defnes a
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natural homeomorphism of C*/u, onto C* (even an isomorphism of
topological groups) and via this homeomorphism p, becomes identifed
with the cover C* — C* given by z > z". Note that this map does not
extend to a cover C — C; this phenomenon will be studied further in
Chapter 3.

2.2 Galois covers

Henceforth we fk a base space X which will be assumed locally connected
(i.e. each point has a basis of neighbourhoods consisting of connected open
subsets). Givenacover p : Y — X, its automorphisms are to be automorphisms
of Y as a space over X, i.e. topological automorphisms compatible with the
projection p. They form a group with respect to composition that we shall
denote by Aut(Y | X). By convention all automorphisms will be assumed to act
from the left. Note that for each point x € X the group Aut(Y|X) maps the fbre
p~l(x) onto itself, so p~!(x) is equipped with a natural action of Aut(Y|X).

First we prove a necessary and sufftient condition for a topological auto-
morphism of Y to be an element of Aut(Y|X). We begin with:

Lemma 2.2.1 An automorphism ¢ of a connected cover p : Y — X having a
Jxed point must be trivial.

Instead of proving the lemma we establish a more general statement which
will also be needed later. The lemma follows from it by taking Z =Y, f =id
and g = ¢.

Proposition 2.2.2 Let p : Y — X be a cover, Z a connected topological space,
fs & : Z — Y two continuous maps satisfying p o f = p o g. If there is a point
z € Zwith f(2) = g(2), then f = g.

Proof Suppose z € Z is as above, y = f(z) = g(z). Take some connected
open neighbourhood V' of p(y) satisfying the condition in the defnition of a
cover (such a V exists since X is locally connected) and let U; = V be the
component of p~!(V) containing y. By continuity f and g must both map
some open neighbourhood W of z into U;. Since p o f = p o g and p maps
U; homeomorphically onto V, f and g must agree on W. The same type of
reasoning shows that if f(z') # g(z’) for some point 7/ € ¥, f and g must
map a whole open neighbourhood of 7’ to different components of p~!(V).
Thus the set {z € Z : f(z) = g(z)} is nonempty, open and closed in Z, so by
connectedness it is the whole of Z. O

Here is a first application of Lemma 2.2.1.
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Proposition 2.2.3 If p : Y — X is a connected cover, the action of Aut(Y | X)
onY is even.

Proof Let y be a point of Y, and set x = p(y). Let V be a connected open
neighbourhood of x such that p~!(V) is a disjoint union of open sets U; as in
Defhition 2.1.1. One of these, say U;, contains y. We contend that U; satisfes
the condition of Defnition 2.1.6. Indeed, a nontrivial ¢ € Aut(Y|X) maps U;
isomorphically onto some U}, by defhition of a cover automorphism. Since
Y is connected, Lemma 2.2.1 applies and shows that for ¢ # idy we must
have i # j. O

Conversely, we have:

Proposition 2.2.4 If G is a group acting evenly on a connected space Y, the
automorphism group of the cover pg : Y — G\Y is precisely G.

Proof Notice first that we may naturally view G as a subgroup of
Aut(Y |(G\Y)). Now given an element ¢ in the latter group, look at its action on
an arbitrary point y € Y. Since the fbres of p¢ are precisely the orbits of G we
may fad g € G with ¢(y) = gy. Applying Lemma 2.2.1 to the automorphism
pog ! wegetg=og. O

Now given a connected cover p : Y — X, we may form the quotient of
Y by the action of Aut(Y|X). It is immediate from the defnition of cover
automorphisms that the projection p factors as a composite of continuous
maps

Y = Aut(Y|X)\Y > X
where the fist map is the natural projection.

Definition 2.2.5 A cover p : Y — X is said to be Galois if Y is connected and
the induced map p above is a homeomorphism.

Remark 2.2.6 Note the similarity of the above defnition with that of a Galois
extension of felds. This analogy is further confrmed by remarking that the
cover pg in Proposition 2.2.4 is Galois.

Proposition 2.2.7 A connected cover p :Y — X is Galois if and only if
Aut(Y | X) acts transitively on each fbr e of p.

Proof Indeed, the underlying set of Aut(Y|X)\Y is by defnition the set of
orbits of Y under the action of Aut(Y|X), and so the map p is one-to-one
precisely when each such orbit is equal to a whole fbre of p,i.e. when Aut(Y | X)
acts transitively on each fbre. O
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Remark 2.2.8 In fact, for a connected cover p : ¥ — X to be Galois it sufftes
for Aut(Y|X) to act transitively on one fbr e. Indeed, in this case Aut(Y | X)\Y
is a connected cover of X where one of the fbres consists of a single element;
it is thus isomorphic to X by Remark 2.1.4.

Example 2.2.9 Consider the linear torus X = R"/A with lattice A = Z", and
let m > 1 be an integer. The multiplication-by-m map of R” maps A into itself
and hence induces a map X — X. It is a Galois cover with group (Z/mZ)".

Now we can state the topological analogue of Theorem 1.2.5.

Theorem 2.2.10 Let p : Y — X be a Galois cover. For each subgroup H of
G = Aut(Y|X) the projection p induces a natural map py : H\Y — X which
turns H\Y into a cover of X.

Conversely, if Z — X is a connected cover fiting into a commutative
diagram

then f :Y — Z is a Galois cover and actually Z = H\Y for the subgroup
H = Aut(Y|Z) of G. The maps H — H\Y, Z — Aut(Y|Z) induce a bijec-
tion between subgroups of G and intermediate covers Z as above. The cover
q : Z — X is Galois if and only if H is a normal subgroup of G, in which case
Aut(Z|X) = G/H.

Before starting the proof we need a general lemma on covers.

Lemma 2.2.11 Assume given a connected cover q : Z — X and a continu-
ous map f :Y — Z. If the composite g o f : Y — X is a cover, then so is
f:Y - Z

Proof Letzbeapointof Z, x = g(z) and V a connected open neighbourhood
of x satisfying the property of Defnition 2.1.1 for both p = g o f and ¢, giving
rise to decompositions p~'(V) = [ [ U; and ¢! (V) = [ [ V;. Here for each U;
its image f(U;) is a connected subset of Z mapping onto V by g, hence there
is some j with f(U;) C V;. But this is in fact a homeomorphism since both
sides get mapped homeomorphically onto V by g. This implies in particular
that f(Y) is open in Z.

Now to prove the lemma we fist show that f is surjective. For this it is enough
to see by connectedness of Z and openness of f(Y) that the complement of
f(Y) in Z is open. If z is a point of Z \ f(Y) and V is a neighbourhood of
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x = q(z) as above, the whole component V; of g~ (V) containing z must be
disjoint from f(Y). Indeed, otherwise by the previous argument the whole of V;
would be contained in f(Y’), which is a contradiction. This settles the openness
of Z\ f(Y), and to conclude the proof of the lemma it remains to notice that
the preimage of the above V; by f is a disjoint union of some U;. O

Proof of Theorem 2.2.10  Since H C Aut(Y|X), the projection p factors as a
composite Y g \Y %4 X. Here Py 1s continuous because p is continuous
and py is a local homeomorphism by Lemma 2.1.7. By Proposition 2.1.3, over
sufftiently small subsets V of X we have p~!(V) = V x F with a discrete
set F' equipped with an H-action. The open set ﬁ;l(V) C H\Y will then be
isomorphic to a product of V by the discrete set of H-orbits of F', so by applying
Proposition 2.1.3 again we conclude that p, : H\Y — X is a cover.

For the converse, apply the previous lemma to see that f : ¥ — Z isacover.
Then H = Aut(Y|Z) is a subgroup of G, so to show that the cover is Galois it
sufftes by Proposition 2.2.7 to check that H acts transitively on each fbre of
f.To do so, take a point z € Z and let y; and y, be two points of f~!(z). They
are both contained in the fore p~!(g(z)), so since p : ¥ — X is Galois, we
have y; = ¢(y,) with some ¢ € G. We are done if we show ¢ € H, which is
equivalent to saying that the subset S = {y € Y : f(y) = f(¢(y))} is equal to
the whole of Y. But this follows from Proposition 2.2.2, applied to our current
Y,Zand f aswellas g = f o ¢.

It is immediate that the two constructions above are inverse to each other, so
only the last statement remains, and it is proven similarly as the corresponding
statement in the Galois theory of felds (see the proof of Theorem 1.2.5).
One implication is easy: if H is normal in G, then G/H acts naturally on
Z = H\Y, and this action preserves the projection g. So we obtain a group
homomorphism G/H — Aut(Z|X) which is readily seen to be injective. But
(G/H\Z =G\Y =X,s0 G/H = Aut(Z|X) and q : Z — X is Galois. For
the converse assume that Z — X is a Galois cover. We fist show that each
element ¢ of G = Aut(Y|X) induces an automorphism of Z over X. In other
words, we need an automorphism ¥ : Z — Z which can be inserted into the
commutative diagram
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For this take a point y € Y with image x = (¢ o f)(¥) in X. By commuta-
tivity of the diagram f(y) and f(¢(y)) are in the same fbre ¢~ '(x) of q.
Since Aut(Z|X) acts transitively on the fbres of g, there is an automorphism
Y € Aut(Z|X) with the property that ¥ (f(y)) = f(¢(y)). In fact, ¥ is the
unique element of Aut(Z|X) with this property, for if A € Aut(Z|X) is another
one, Lemma 2.2.1 implies that 1 o A~! is the identity. We contend that 1 is the
map we are looking for, i.e. the maps ¢ o f and f o ¢ are the same. Indeed,
both are continuous maps from the connected space Y to Z that coincide at
the point y, and moreover their compositions with g are equal, so the assertion
follows from Proposition 2.2.2. The map ¢ + ¢ is in fact a homomorphism
G — Aut(Z|X). Its kernel is none but H = Aut(Y|Z), which is thus a normal
subgroup in G. O

2.3 The monodromy action

Our next goal is to prove an analogue of Theorem 1.5.4 for covers. The role of
the absolute Galois group will be played by the fundamental group of the base
space, about which we quickly recall the basic facts.

Let X be a topological space. A path in X is a continuous map
f:10,1] = X, where [0, 1] is the closed unit interval. The endpoints of the
path are the points f(0) and f(1); if they coincide, the path is called a closed
path or a loop. Two paths f, g : [0, 1] — X are called homotopic if f(0) =
g(0), f(1) = g(1) and there is a continuous map 4 : [0, 1] x [0, 1] — X with
h(0,y) = f(y) and h(1, y) = g(y) for all y € [0, 1]. It is an easy exercise to
check that homotopy of paths is an equivalence relation.

Now given two paths f, g : [0, 1] — X with f(0) = g(1), defne their com-
position f e g : [0, 1] — X by setting (f e g)(x) = g(2x)for0 < x < 1/2and
(feg)x)= f(2x — 1) for 1/2 < x < 1. It is again an easy exercise to verify
that this operation passes to the quotient modulo homotopy equivalence, i.e. if
f1, f» are homotopic paths with f1(1) = f>(1) = g(0) then so are f; e g and
f> e g, and similarly for the homotopy class of g.

Remark 2.3.1 The above convention for composition of paths is the one used
by Deligne in his fundamental works [12] and [13]. It differs from the con-
vention of many textbooks: most authors defne the composition by first going
through f and then through g. However, several reasons speak for our con-
vention. One is that it is parallel to the usual convention for composition of
functions. For another particularly pregnant one, see Remark 2.6.3 below.

Composition of paths thus induces a multiplication map on the set 7;(X, x)
of homotopy classes of closed paths with endpoint equal to some fk ed x € X.
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In fact, 71(X, x) equipped with this operation is a group: the unit element is
the class of the constant path [0, 1] — {x} and the inverse of a class given by a
path £ : [0, 1] — X is the class of the path f~! obtained by composing f with
the map [0, 1] — [0, 1], x — 1 — x. It is called the fundamental group of X
with base point x. If X is path-connected, i.e. any two points x and y may be
joined by a path f, then 7r;(X, x) is non-canonically isomorphic to 7; (X, y) via
g+ f ege f~! hence the isomorphism class of the fundamental group does
not depend on the base point. A path-connected space is always connected; it
is simply connected if its fundamental group is trivial.

We now show that given a cover p : Y — X, the fbre p~!(x) over a point
x € X carries a natural action by the group 71 (X, x). This will be a consequence
of the following lemma on ‘lifting paths and homotopies’.

Lemma 2.3.2 Let p : Y — X be a cover, y a point of Y and x = p(y).

1. Given a path f : [O 1] - X with f(O) = x, there is a unique path
f [0, 1]—>ththf(0)—yandpof f.

2. Assume moreover given a second path g : [0, 1] — X homotopic to f.
Then the unique g :[0,1]1 — Y with g(0)=y and pog = g has the
same endpoint as f~ i.e. we have f(l) =g(1).

Actually, the proof will show that in the second situation the liftings fand
g are homotopic, but this will not be needed later.

Proof For the fist statement, note first that uniqueness follows from Propo-
sition 2.2.2 applied with X, Y and Z replaced by our current X, [0, 1] and Y.
Existence is immediate in the case of a trivial cover. To reduce the general
case to this, for each x € f([0, 1]) choose some open neighbourhood V, sat-
isfying the condition in the defhition of a cover. The sets f~'(V,) form an
open covering of the interval [0, 1] from which we may extract a fnite sub-
covering since the interval is compact. We may then choose a subdivision
0=t <t <---<t,=10f[0, 1] such that each closed interval [#;, t; ;] is
contained in some f~'(V,), hence the cover is trivial over each f([t;, t;+1]).
We can now construct f inductively: given a lifting ﬁ of the path f restricted
to [fo, #;] (the case i = 0 being trivial), we may construct a lifting of the
restriction of f to [t;, #;1] starting from ]7, (;); piecing this together with f;
gives fiy1.

For statement (2) we first show that given ahomotopy % : [0, 1] x [0, 1] - X
with 2(0, t) = f(¢)and h(1, t) = g(¢), there is aliftingﬁ: [0,1] x[0,1] = Y
with p o h=h, E(O, 1) = f(t) and E(l, t) = g(¢). The construction is similar
to that for f: first choose a sufftiently fne fnite subdivision of [0, 1] x [0, 1]
into small subsquares S;; so that over each h(S;;) the cover is trivial. That this
may be done is assured by a well-known fact from the topology of compact
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metric spaces called Lebesgue’s lemma (see e.g. Munkres [66], Lemma 27.5;
we have used a trivial case of it above). Then proceed by piecing together
liftings over each subsquare, moving ‘serpent-wise’ from the point (0, 0) (for
which we put E(O, 0) = y) towards the point (1, 1). Note that by uniqueness
of path lifting it is sufftient to fod a local lifting which coincides with the
previous one at the left corner of the side where two squares meet; they will
then coincide over the whole of the common side. Again by uniqueness of path
lifting we get successively that the patht — h(0, 1) is f (since both are liftings
of f starting from y), the path s — h(s 0) is the constant path [0, 1] — {y}
and that  — h(l t) is none but g. Finally, s h(s 1) is a path joining f(l)
and g(1) which lifts the constant path [0, 1] — {f(1)}; by uniqueness it must
coincide with the constant path [0, 1] — {f(l)}, whence f(l) =g(). O

We can now construct the promised left action of m;(X, x) on the fbre

p(x).

Construction 2.3.3 Given y € p~!(x) and a € m(X, x) represented by a path
f:10,1] = X with f(0) = f(1) = x, we defne ay := f(l), where fis the
unique lifting f to Y with f (0) = y given by part (1) of the lemma above.
By part (2) of the lemma «y does not depend on the choice of f, and it lies
in p~!(x) by construction. This is indeed a left action of 7;(X, x) on p~!(x):
(¢ @ B)y = a(By) for «, B € m(X, x). It is called the monodromy action on
the fore p~!(x).

The monodromy action is the analogue of the Galois action on homomor-
phisms encountered in Theorem 1.5.4. We now state a category equivalence
analogous to the algebraic case as follows. Fix a space X and a point x € X.
First we defne a functor Fib, from the category of covers of X to the category
of sets equipped with a left (X, x)-action by sending a cover p : ¥ — X the
fore p~'(x). This is indeed a functor since a morphism f : ¥ — Z of covers
respects the fbres over x by defnition, and sends the unique lifting of a closed
path through x starting with a pointin y € Y to the unique lifting in Z starting
with f(y), by uniqueness of the lifting.

Theorem 2.3.4 Let X be a connected and locally simply connected topological
space, and x € X a base point. The functor Fib, induces an equivalence of the
category of covers of X with the category of left m(X, x)-sets. Connected
covers correspond to (X, x)-sets with transitive action and Galois covers to
coset spaces of normal subgroups.

Here local simply connectedness means that each point has a basis of simply
connected open neighbourhoods.
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The proof of this classiftation result relies on two crucial facts. The first one
uses the notion of representable functors introduced in Defnition 1.4.11.

Theorem 2.3.5 For a connected and locally simply connected topological
space X and a base point x € X the functor Fib, is representable by a cover
X, - X.

The cover X, depends on the choice of the base point x, and comes equipped
with a canonical point in the fore 7 ~'(x) called the universal element. Let
us spell this out in detail. By defnition, cover maps from 7 : Yx — X to
a fixed cover p:Y — X correspond bijectively (and in a functorial way)
to points of the fore p~!(x) C Y. In particular, since ix itself is a cover
of X via mw, we have a canonical isomorphism Fibx(}N(X) = HomX(}N(X, ix),
where Homy denotes the set of maps of spaces over X. Via this isomorphism
the identity map of X, corresponds to a canonical element X in the fbre

7~ !(x); this is the universal element. Now for an arbitrary cover p : ¥ — X
and element y € 7~ !(x) the cover map 7, : X, >vY corresponding to y via
the isomorphism Fib,(Y) = HomX(Xx, Y) maps X to y by commutativity of
the diagram

Homy(X,, X,) ——— Fib,(X,)

l l

Homy(X,,Y) ——— Fib,(Y)

where the vertical maps are induced by .

We next recover the monodromy action. Notice that given an automorphism
¢ X, — X, of X, as a cover of X, composition by ¢ induces a bijection of
the set HomX(Xx, Y) onto itself for each cover Y. In this way we obtain a rlght
action on HomX(Xx, Y) = Fib,(Y) from the left action of Aut(X |X) on X
We would like to compare it with the monodromy action, which is a left action.
To this end we introduce the following notion:

Definition 2.3.6 For a group G the opposite group G°7 is the group with the
same underlying set as G but with multiplication defned by (x, y) — yx.

Note that (G°P)”” = G, and moreover G is canonically isomorphic to G?
via the map g — g~!. This bemg said, the above right action of Aut(X |X) on
X becomes a left action of Aut(X | X)°P.

Theorem 2.3.7 The cover )?X is a connected Galois cover of X, with automor-
phism group isomorphic to w1(X, x). Moreover, for each cover Y — X the left
action of Aut(X, | X)°P on Fib,(Y) given by the previous construction is exactly
the monodromy action of m1(X, x).
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We postpone the proof of the above two theorems to the next section, and
prove Theorem 2.3.4 assuming their validity.

Proof of Theorem 2.3.4  The proof is strictly parallel to that of Theorem 1.5.4:
we check that the functor satisfes the conditions of Lemma 1.4.9. For full faith-
fulness we have to show that given two covers p: Y — X and g : Z — X,
each map ¢ : Fib,(Y) — Fib,(Z) of m;(X, x)-sets comes from a unique map
Y — Z of covers of X. For this we may assume Y, Z are connected and
consider the map 7y, : X x — Y corresponding to a fixed y € Fib,(Y). By The-
orem 2.2.10 the map m, realizes Y as the quotient of X x by the stabilizer
U, = Aut()N(x|Y) of y; let ¥, : Y > Uy\)?)C be the inverse map. Since U,
injects into the stabilizer of ¢(y) via ¢, the natural map 7, : X, — Z cor-
responding to ¢(y) induces a map U},\gx — Z by passing to the quotient;
composing it with v, gives the required map Y — Z. For essential surjectivity
we have to show that each left (X, x)-set S is isomorphic to the fbre of
some cover of X. For § transitive we may take the quotient of X, by the action
of the stabilizer of some point; in the general case we decompose S into its
(X, x)-orbits and take the disjoint union of the corresponding covers. O

Remark 2.3.8 If we compare the above theorems with Theorem 1.5.4, we
see that the cover X x plays the role of a separable closure k;; the choice
of x corresponds to the choice of the separable closure. The fundamental
group is the counterpart of the absolute Galois group. The functor inducing the
equivalence is A — Hom(A, k) in the case of felds (it is contravariant), and
Y~ Homx()?x, Y) = Fib,(Y) in the topological case.

We now state a corollary of Theorem 2.3.4 that is even closer to Theorem
1.5.4 in its formulation and will be invoked in subsequent chapters. First a
defnition: call a cover Y — X faite if it has fnite fbres; for connected X
these have the same cardinality, called the degree of X.

Corollary 2.3.9 For X and x as in the Theorem 2.3.4, the functor Fib, induces
an equivalence of the category of fnite covers of X with the category of faite
continuous left nm)-sets. Connected covers correspond to fhite nm)-
sets with transitive action and Galois covers to coset spaces of open normal
subgroups.

Here nm) denotes the profaite completion of m (X, x) (Example 1.3.4
(2)). We need a well-known lemma from group theory.

Lemma 2.3.10 /n a group G each subgroup H of fiite index contains a normal
subgroup N of fuite index.
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Proof Consider the natural left representation py of G on the left coset space
of H, and take N := ker(pg). It is of fhite index in G as [G : H] is fnite, and
it is contained in H as it fk es H considered as a coset. O

Proof of Corollary 2.3.9 For a fnite connected cover p : ¥ — X the action
of 71 (X, x) on p~'(x) factors through a fhite quotient, so we obtain an action
of nm) as well. The stabilizer of each point y € Y is a subgroup of fnite

index, and hence contains a normal subgroup of fhite index by the lemma.
Therefore the stabilizer of y under the action of nm) is an open subgroup
in the profnite topology (being a union of cosets of an open normal subgroup),
which means that the action is continuous. Conversely, a continuous action of
nm) on a fnite set factors through a fnite quotient which is also a quotient
of (X, x), and as such gives rise to a fnite cover ¥ — X. O

2.4 The universal cover

In this section we prove Theorems 2.3.4 and 2.3.7. We begin with the construc-
tion of the space X, .

Construction 2.4.1 We construct the space X « as follows. The points of )?x are
to be homotopy classes of paths starting from x. To defne the projection r, we
pick for each point y € X.a path f : [0, 1] - X with f(0) = x representing
v, and put 7(y) = f(1) = y. This gives a well-defned map since homotopic
paths have the same endpoints by defnition. We next defne the topology on X X
by taking as a basis of open neighbourhoods of a point y the following sets U:
we start from a simply connected neighbourhood U of y, andif f : [0, 1] — X
is a path representing y, we defie (7; to be the set of homotopy classes of
paths obtained by composing the homotopy class of f with the homotopy
class of some path g : [0, 1] - X with g(0) = y and g([0, 1]) C U. Notice
that since U is assumed to be simply connected, two such g having the same
endpoints have the same homotopy class. Thus in more picturesque terms, U
is obtained by ‘continuing homotopy classes of paths arriving at y to other
points of U’. This indeed glves a basis of open nelghbourhoods of y, for
given two neighbourhoods U and V their intersection U N V contains W~
with some simply connected neighbourhood W of y contained in U N V; one
also sees immediately that 7 is continuous with respect to this topology. The
inverse image by 7 of a simply connected neighbourhood of a point y will
be the disjoint union of the open sets 17_; for all inverse images y of y, so we
have obtained a cover of X. Finally note that there is a ‘universal element’
% of the fbre 7w ~!(x) corresponding to the homotopy class of the constant
path.
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Proof of Theorem 2.3.5 We show that the cover X x — X constructed above
represents the functor Fib,. This means that for a cover p: Y — X each
point y of the fore p~'(x) should correspond in a canonical and functorial
manner to a morphism 7, : X, — Y over X. We defne 7y as follows: given a
point X’ € X, represented by a path f : [0, 1] - X, we send it to f(l), where
f : [0, 1] — Y is the unique path lifting f with f (0) = y whose existence
is guaranteed by Lemma 2.3.2 (1). Part (2) of the lemma implies that this
map is well defned, and there is no diffeulty in checking that it is indeed a
map of covers. The map y > 7, is a bijection between p~!(x) and the set
Homy(X,, Y), an inverse being given by sending a morphism ¢ to the image
¢(X) of the universal element X. Finally, the above bijection is functorial: given
a morphism Y — Y’ of covers of X mapping y to some y’ € ¥, the induced
map Homx(fx, Y)— Homx(}?x, Y’) maps m, to 7y, since these are the maps
sending X to y and y’, respectively. O

The proof of Theorem 2.3.7 will be in several steps. We begin with:
Lemma 2.4.2 The space X, is connected.

Proof It is enough to see that )?x is path-connected, for which we show that
there is a path in Yx connecting the universal point X to any other point x’.
Indeed, let f : [0, 1] — X be a path representing X’. The multiplication map
m: [0, 1] x [0, 1] — [0, 1], (s, t) > st is continuous, hence so is f om and
the restriction of f o m to each subset of the form {s} x [0, 1]; such a restriction
defnes a path f; from X to f(s), with f, the constant path [0, 1] — {x} and
f1 = f. The defnition of the topology of )?x implies that the map sending
s € [0, 1] to the homotopy class of f; is continuous and thus defnes the path
we need; in fact, it is the unique lifting of f to X « beginning at X. Alternatively,
one may start by taking this unique lifting and check by going through the
construction that its endpoint is indeed X”. a

Next we prove:
Proposition 2.4.3 The cover 1 : X, — X is Galois.
For the proof we need some auxiliary statements.

Lemma 2.4.4 A cover of a simply connected and locally path-connected space
is trivial.
Here ‘locally path-connected’ means that each point has a basis of path-

connected open neighbourhoods.

Proof 1t is enough to show that given a connected cover p:Y — X of a
space X as in the lemma, the map p is injective. For this, note first that
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since X is locally path-connected and p is a local homeomorphism, Y has a
covering by path-connected open subsets. The connectedness assumption on Y
then implies that it must be path-connected as well. Now consider two points
Yos Vi in Y with p(yo) = p(y1)- By path connectedness of Y there is a path
f [0, 1] — Y with f(O) = yp and f(l) =i The path f must be the unique
lifting starting from yy of the path f = p o f which is a closed path around
x = p(yo) = p(y1)- Since X is simply connected, this path is homotopic to the
constant path [0, 1] — {x} of which the constant path [0, 1] — {yo} provides
the unique lifting to Y starting from yo. By Lemma 2.3.2 (2) this is only possible
if yo = y1. m

Corollary 2.4.5 Let X be a locally simply connected space. Given two covers
p:Y—>X and q : Z—Y, their composite g o p : Z— X is again a cover
of X.

Proof Given a point of X, choose a simply connected neighbourhood U'.
According to the proposition, the restriction of p to p~!(U) gives a trivial cover
of U. Repeating this argument for g over each of the connected components of
p~'(U) (which are simply connected themselves, being isomorphic to U) we
get that the restriction of p o g to (p o ¢)~'(U) is a trivial cover of U. a

Proof of Proposition 2.4.3 By Remark 2.2.8 it is enough to show that the
group Aut(X | X) acts transitively on the fore 7 ~!(x). For each pomt y of the
fore w~'(x) Theorem 2.3.5 gives a continuous map er X — X compat-
ible with 7 and mapping the universal element X to y. We show that 7y is
an automorphism. Since X x is connected, by Lemma 2.2.11 7y endows )N(

with a structure of a cover over itself; in particular it is surjective. Take an
element 7 € Ty !(%). Since 7 o Ty X, — X isalso a cover of X according to
Corollary 2.4. 5 we may apply Theorem 2.3.5 to this cover to get a continuous
and surjective map 7z : X, — X, with 7:(X) =% and 7 o my oy = . But
7y o wx(X) = X, hence 7y o 7y is the identity map of X, by Lemma 2.2.2. By
surjectivity of sz this implies that 75 is injective and we are done. O

We now turn to the second statement of Theorem 2.3.7.
Proposition 2.4.6 There is a natural isomorphism Aut()fo | X)°P = m(X, x).

Proof First observe that X x 1s endowed with a natural right action of ; (X, x)
defied as follows: given a point X’ € X, and an element o € (X, x) with
respective path representatives f and f,, we may take the composition f e f,
and then take the homotopy class of the product. It is straightforward to check
that the map ¢, : }?x — ix thus obtained is continuous and compatible with
m, i.e. it is a cover automorphism. As by convention Aut()?x|X ) acts on ?x
from the left, this defnes a group homomorphism 7{(X, x) — Aut()?x|X )oP
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that is moreover injective, since any nontrivial @ moves the distinguished
element X. It remains to prove the surjectivity of this homomorphism. For
this purpose, take an arbitrary ¢ € Aut(X,|X)and a point X’ € X, represented
by some path f : [0, 1] — X. The point ¢(X’) is then represented by some
g :[0,1] = X with g(1) = f(1). Now f~'eg is a closed path around x
in X satisfying f e (f~! e g) = g; denote by « its class in m (X, x). The
automorphism ¢ o ¢! fk es X', so it is the identity by connectedness of X, and
Lemma 2.2.1. This shows ¢, = ¢. a

Proof of Theorem 2.3.7 Everything was proven above except for the last
statement concerning the monodromy action. By Theorem 2.3.5 each point y
of the fbre corresponds to a morphism of covers 7, : X, — Y and the proof
shows that 7y maps points of X, represented by paths f to points of the form
f (1) where f [0, 1] — Y is the lifting of f with f (0) = y; in particular y,
being the image of the class of the constant path ¢ : [0, 1] — {x}, corresponds to
the constant path [0, 1] — {y}. By the proof of the previous lemma an element
of (X, x) represented by a path f, acts on ¢ by mapplng it to the class of f,.

Hence the action of @ on p~!(x) maps y to fa(l) where fa [0, 1] — Y isthe
canonical lifting of f,, starting from y. This is the monodromy action. O

We now examine the dependence of the fundamental group on the choice of
the base point. Assume given a path-connected and locally simply connected
space X and two base points x, y € X. Pick a path f from x to y. There is
a map X y = X x induced on homotopy classes by the map g — g e f (here
g is a path starting from y representing a point of X y)- 1t only depends on
the homotopy class of f and is an isomorphism of spaces over X, the inverse
coming from composition with f~'.

Proposition 2.4.7 The above construction yields a bljectlon between homotopy
classes of paths joining x to y and isomorphisms X = X in the category of
covers of X.

Proof Anisomorphism A : X y —> X, takes the distinguished element y € X y
of the fbre over y to an element A(Y) € X,. It must also lie above v, and hence
is the homotopy class of a path from x to y. The reader will check that it induces
the isomorphism X in the manner described above. O

Remark 2.4.8 A cover isomorphism A : X y = X, induces a group isomor-
phism Aut()?y|X) > Aut()N(x |X) by the map ¢ + A o ¢ o A~!. Via the isomor-
phism of Proposition 2.4.6 it corresponds to an isomorphism A% : (X, y) —
m1(X, x). If & is induced by the homotopy class of a path f in the above
construction, then A°” corresponds at the level of homotopy classes of paths
to the map g — f ! e g @ f. We thus recover the familiar dependence of the
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fundamental group on the base point. Changing the path f to f; changes 1°7
to its composite with the inner automorphism of ; (X, x) induced by the class
of fl_l e f, so A°? is uniquely determined up to an inner automorphism of
T (X, x).

Most textbooks neglect the role of the base point explained above and call
any cover isomorphic to some X, a universal cover of X. The next proposition
shows that one can easily detect universal covers in practice.

Proposition 2.4.9 Let X be a path-connected and locally simply connected
space. A cover X — X is universal if and only if it is simply connected.

For the proof we need a lemma.

Lemma 2.4.10 Consider a space X as in the proposition, a base point x € X
and a connected cover p . Y — X. The cover map X, — X factors through
Y, and X, represents Fib, for eachy € P ().

Proof Since X represents | Fib,, the point y corresponds to a canonical map

X — Y which turns X into a cover of Y by virtue of Lemma 2.2.11.
Our task is to show that this cover represents the functor Fib,. So take a
cover g : Z — Y and pick a point z € ¢~ '(y). Since by Corollary 2.4.5 the
composition p o g turns Z into a cover of X with z € (p o ¢)~!(x), the point z
corresponds to a morphism 7, : X, — Z of covers of X mapping the universal
point X of X, to z. It is now enough to see that i, is also a morphism of covers
of Y,i.e.my =g om,. But pom, = p o g om, by construction, and moreover
both 7, and g o 7, map the universal point X to y, so the assertion follows from
Lemma 2.2.2. O

Proof of Proposition 2.4.9 To prove simply connectedness of X, for some
x € X, apply the lemma to see that X, as a trivial cover of itself represents the
fbre functor Fibs for the universal element X. Then it follows from Theorem
2.3.7 that (X, ¥) = Aut()?xﬁx)”" = {1}. Conversely, if X’ is a simply con-
nected cover of X, then X' = (X, x/)\fx = fx with some point x’ € X/,
by Lemma 2.4.10 and Theorem 2.3.7. O

Example 2.4.11 Since R” is simply connected for any n, we see that the first
two examples in 2.1.8 actually give universal covers of the circle and of linear
tori, respectively. On the other hand, the third example there does not give
a universal cover since C* is not simply connected. However, the complex
plane C, being a two-dimensional R-vector space, is simply connected and the
exponential map C — C*, z = exp(z) is readily seen to be a cover. Hence C
is the universal cover of C*.
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Having determined the universal covers, we can compute the fundamental
groups as well. The first two examples were quotients by group actions, so we
obtain that the fundamental group of a circle is isomorphic to Z, and that of a
linear torus of dimension n to Z". In the case of C* the fundamental group is
again Z, because the exponential map is periodic with respect to 27i.

Example 2.4.12 Let us spell out in more detail an example similar to that of
C*; it will serve in the next chapter. Let D be the punctured complex disc
{ze C:72#0, |z] < 1}. As in the previous example, the exponential map
Z > exp(z) restricted to the left half plane L = {z € C : Rez < 0} furnishes
a universal cover of D. The automorphism groups of fbres are isomorphic to
Z, the action of n € Z being given via translation by 2anmwi. Thus if we let Z
act on L via translation by multiplies of 2774, the disc D becomes the quotient
of L by this action. But then by Theorem 2.2.10 each connected cover of D is
isomorphic to a quotient of L by a subgroup of Z. These subgroups are 0 and
the subgroups kZ for integers k > 1; the corresponding covers of D are L and
D itself via the map z — z*. If we choose a base point x € D, we obtain an
isomorphism m(D,x) 2 Z. A path representative of a generator is given by a
circle around O going through x, oriented counterclockwise.

The previous considerations showed that one way to eliminate the role of
the base point is to work up to non-canonical isomorphism. A better way is to
consider all possible base points at the same time, as we explain next.

We fist need to recall the notion of the fbr e product Y xx Z of two spaces
p:Y —> Xandg: Z — X over X. By defnition it is the subspace of Y x Z
consisting of points (y, z) satisfying p(y) = ¢(z). It is equipped with natural
projections gy : ¥ xx Z — Y and pz : Y xx Z — Z making the diagram

YxyZ —2 5y

| I

Z 7. x

commute. In fact, it satisfes a universal property: it represents the set-valued
functor on the category of spaces over X that maps a space S — X to the set of
pairs of morphisms (¢ : S — Y, ¢ : § — Z)over X satisfyingpo¢p =g o .
Incase p: Y — X isacover, thensois pz : Y xy Z — Z and moreover the
fbre p}l(z) over z € Z is canonically isomorphic to p~'(g(z)). Indeed, using
Proposition 2.1.3 it suffces to check these properties in the case when ¥ — X
is a trivial cover, which is straightforward. The cover pz : Y xx Z — Z is
called the pullback of p : Y — X along g and is also denoted by ¢*Y — Z.
Now we come to:
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Construction 2.4.13 Let again X be a connected and locally simply connected
space. We construct a space X over X x X as follows. For each pair of points
(x,y) € X x X we consider the set Xx y of homotopy classes of paths from x
to y and we defne X to be the disjoint union of the Xx y for all pairs (x, y).
The projection X — X x X is induced by mapping a path to its endpoints and
the topology on X is defned similarly as in Construction 2.4.1: one continues
homotopy classes of paths into small neighbourhoods of both of their endpoints.
The fact that X is a cover of X x X is again checked as in 2.4.1. Notice that the
cover X, constructed in 2.4.1 is none but the pullback of X — X x X via the
inclusion map {x} x X — X x X. Thus X can be thought of as a continuous
family of the X,; it is called the path space or the fundamental groupoid of
X. This is the promised base point free construction. The name ‘fundamental
groupoid’ is explained in Exercise 7.

Remarks 2.4.14

1. Fix a pair of points (x, y) € X x X. Pulling back the cover X—>XxX
via the inclusion map {(x,y)} - X x X we get back the space )?x y
viewed as a cover of the one point space {(x v)}. Notice that it carries
a natural right action X, oy XX, y) — XX y by the fundamental group
m1(X, y) coming from composition of paths. This action is in fact simply
transitive: given two paths f, g : [0, 1] = X with f(0) = g(0) = x and
f(1)=g(l) =y, we may map f to g by composing with the closed path
g e f~!around y. A topological space equipped with a continuous simply
transitive action of a topological group G is sometimes called a G-forsor.
In our case we thus obtain discrete ;(X, y)-torsors Yw and we may
view ?x as a continuous family of 7{(X, y)-torsors. The space X is then
a continuous 2-parameter family of torsors.

2. Aninteresting cover of X is given by the pullback of X —> X x X viathe
diagonal map A : X — X x X sending x € X to (x,x) € X x X. The
fbre of the resulting cover X A overapoint x € X is precisely 71 (X, x); in
particular, it carries a group structure. Thus X a encodes the fundamental
groups of X with respect to varying base points. For some of its properties
see Exercise 6.

2.5 Locally constant sheaves and their classification

In this section we shall reformulate Theorem 2.3.4 in terms of locally constant
sheaves. The first step is to introduce presheaves and sheaves.

Definition 2.5.1 Let X be a topological space. A presheaf of sets F on X is
a rule that associates with each nonempty open subset U C X a set F(U) and
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each inclusion of opensets V . C U amap pyy : F(U) = F(V), the maps pyy
being identity maps and the identity pyw = pyw o pyv holding for a tower of
inclusions W C V C U. Elements of F(U) are called sections of F over U.

Remarks 2.5.2

1. Similarly, one defhes a presheaf of groups (resp. abelian groups, or rings,
etc.) by requiring the F(U) to be groups (resp. abelian groups, rings, etc.)
and the pyy to be homomorphisms.

2. Here is a more fancy formulation of the defnition. Let us associate a
category X, with our space X by taking as objects the nonempty open
subsets U C X, and by defning Hom(V, U) to be the one-element set
consisting of the natural inclusion V — U whenever V C U, and to be
empty otherwise. Then a presheaf of sets is just a set-valued contravariant
functor on the category Xrp.

With this interpretation we see immediately that presheaves of sets (abelian
groups, etc.) on a fixed topological space X form a category: as morphisms
one takes morphisms of contravariant functors. Recall that by defnition this
means that a morphism of presheaves ® : 7 — G is a collection of maps (or
homomorphisms) ® : F(U) — G(U) such that for each inclusion V C U the
diagram

FV) =2 gv)

pﬁvl lpﬁv
FU) =2 6)

commutes.

Example 2.5.3 The basic example to bear in mind is that of continuous real-
valued functions defned locally on open subsets of X; in this case, the maps
pyv are given by restriction of functions to some open subset.

Motivated by the example, given an inclusion V C U, we shall also use the
more suggestive notation s|y instead of pyy (s) for a section s € F(U).

The presheaf in the above example has a particular property, namely that con-
tinuous functions may be patched together over open sets. More precisely, given
two open subsets U; and U, and continuous functions f; : U; — Rfori = 1,2
with the property that fi(x) = f»(x) for all x € U; N U, we may unambigu-
ously defne a continuous function f : U; U U, — R by setting f(x) = f;(x)
if x € U;. We now axiomatize this property and state it as a defnition.

Definition 2.5.4 A presheaf F (of sets, abelian groups, etc.) is a sheaf if it
satisfes the following two axioms:
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Given a nonempty open set U and a covering {U; :i € I} of U by
nonempty open sets, if two sections s, t € F(U) satisty s|y, = t|y, for
alli € I, thens =t.

For an open covering {U; : i € I} of U as above, given a system of sections
{s; € F(U;) : i € I} with the property that s; lv.nu; = $jlv,nu; whenever
U;NU; # 1, there exists a section s € F(U) such that s|y, = s; for all
i € 1. By the previous property such an s is unique.

The category of sheaves of sets (or abelian groups, etc.) on a space X

is defned as the full subcategory of the corresponding presheaf category.
This means that a morphism of sheaves is just a morphism of the underly-
ing presheaves.

Examples 2.5.5

1.

If D is a connected open subset of C, we defne the sheaf of holomorphic
functions on D to be the sheaf of rings O whose sections over some
open subset U C D are the complex functions holomorphic on U. This
construction carries over to any complex manifold. One defnes the sheaf
of analytic functions on some real analytic manifold, or the sheaf of C*
functions on a C* manifold in a similar way.

Let S be a topological space (or abelian group, etc.) and X another topo-
logical space. Defne a sheaf Fs on X by taking Fs(U) to be the set
(abelian group, etc.) of continuous functions U — S for all nonempty
open U C X. As in the case of real-valued functions, this is a sheaf.

In the previous example assume moreover that § is discrete. In this case
Fs is called the constant sheaf on X with value S. The name comes from
the fact that over a connected open subset U the sections of Fy are just
constant functions, i.e. Fs(U) = S.

Here is a more eccentric example. Fix an abelian group A and a point x of
a given topological space X. Defne a presheaf F* of abelian groups on X
by therule 7*(U) = Aif x € U and F*(U) = 0 otherwise, the restriction
morphisms being the obvious ones. This presheaf is easily seen to be a
sheaf, called the skyscraper sheaf with value A over x.

Given an open subset U of a topological space X, there is an obvious notion

of the restriction F|y of a presheaf F from X to U: one simply considers the
sections of F only over those open sets that are contained in U. This remark
enables us to defne locally constant sheaves.

Definition 2.5.6 A sheaf F on a topological space is locally constant if each
point of X has an open neighbourhood U such that the restriction of F to U is
isomorphic (in the category of sheaves on U) to a constant sheaf.
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In fact, as we shall instantly show, these are very familiar objects. Assume
henceforth that all spaces are locally connected. First a defnition that will
ultimately explain the use of the terminology ‘section’ for sheaves.

Definition 2.5.7 Let p : Y — X be a space over X, and U C X an open set.
A section of p over U is a continuous map s : U — Y such that p os = idy.

Given a space p : Y — X over X, defne a presheaf Fy of sets on X as
follows: for an open set U C X take Fy(U) as the set of sections of p over
U, and for an inclusion V C U defne the restriction map Fy(U) — Fy(V) by
restricting sections to V.

Proposition 2.5.8 The presheaf Fy just defied is a sheaf. If moreover
p Y — X is a cover, then Fy is locally constant. It is constant if and only if
the cover is trivial.

We call the sheaf Fy the sheaf of local sections of the space p: Y — X
over X.

Proof The sheaf axioms follow from the fact that sections over U are con-
tinuous functions U — Y and therefore satisfy the patching properties. Now
assume p : Y — X is a cover. Given a point x € X, take a connected open
neighbourhood V of x over which the cover is trivial, i.e. isomorphic to V x F
where F is the fbre over x. The image of a section V — Y is a connected open
subset mapped isomorphically onto V by p, hence it must be one of the con-
nected components of p~!(V). Thus sections over V correspond bijectively
to points of the fbre F and the restriction of Fy to V is isomorphic to the
constant sheaf defned by F. We get the constant sheaf if and only if we may
take V to be the whole connected component of X containing x in the above
argument. O

Thus for instance Example 2.1.5 which shows a simple example of a non-
trivial cover also gives, via the preceding proposition, a simple example of a
locally constant but non-constant sheaf.

Given a morphism ¢ : ¥ — Z of covers of X, it induces a natural morphism
Fy — Fz of locally constant sheaves by mapping a local sections : U — Y of
p:Y — X to¢ os. Tosee that we indeed obtain a local sectionof g : Z — X
over U in this way, it is enough to show by the sheaf axioms that there is a
covering of U by open subsets U; such that (¢ o s)|y, is a local section over U;
for all i. But this holds if we choose each U; to be so small that both covers are
trivial over U;. Thus the rule Y + Fy is a functor.

Theorem 2.5.9 The above functor induces an equivalence between the cate-
gory of covers of X and that of locally constant sheaves on X.
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For the proof of the theorem we construct a functor in the reverse direction;
the construction will in fact work for an arbitrary presheaf on X. We first need
a defnition:

Definition 2.5.10 Let F be a presheaf of sets on a topological space X, and
let x be a point of X. The stalk F, of F at X is defned as the disjoint union of
the sets F(U) for all open neighbourhoods U of x in X modulo the following
equivalence relation: s € F(U) and t € F(V) are equivalent if there exists an
open neighbourhood W C U NV of x with s|w = tw.

In case F is a sheaf of abelian groups (or rings, etc.), the stalk JF, carries
a natural structure of abelian group (ring, etc.) For example, if F is the sheaf
of continuous real-valued functions on X, then F, is the ring of ‘germs of
continuous functions’ at x.

Remark 2.5.11 The above defnition is a special case of a more general con-
struction. Namely, a (fiter ed) direct system of sets (Sq, ¢pog) consists of sets S,
indexed by a directed partially ordered set A together with maps ¢p : So — Sp
for all @ < B. The direct limit of the system is defned as the quotient of the
disjoint union of the S, modulo the equivalence relation in which s, € S, and
sg € Sg are equivalent if ¢y, (S¢) = g, (sg) for some y > «, B. In our case
A consists of the open neighbourhoods of x with the partial order in which
U <V means V C U. This partially ordered set is directed since for any U,
V we have U,V < U N V. The sets F(U) form a direct system indexed by
A whose direct limit is F,. Again, one can defne direct limits of systems of
abelian groups (rings, etc.) in an analogous manner.

Notice that a morphism of presheaves 7 — § induces a natural morphism
F, — G, on stalks. Hence taking the stalk of a presheaf at some point defnes
a functor from the category of presheaves of sets (abelian groups, etc.) on X to
the category of sets (abelian groups, etc.)

Construction 2.5.12 Having the notion of stalks at hand, we now associate
a space pr : Xy — X over X with a presheaf of sets F in such a way that
moreover p}l(x) = F, for all x € X. As a set, X is to be the disjoint union
of the stalks F, for all x € X. The projection pr is induced by the constant
maps F, — {x}. Todefne the topology on X r, note first that given an open set
U C X, asections € F(U) gives rise to amap i; : U — Xr sending x € U
to the image of s in F,. Now the topology on X r is to be the coarsest one in
which the sets i;(U) are open for all U and s; one checks that the projection pr
and the maps i, are continuous for this topology. In case F is locally constant,
the space X r is a cover of X. Indeed, if U is a connected open subset of X
such that F|y is isomorphic to the constant sheaf defned by a set F, then we
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have F, = F for all x € U and hence p}l(U ) is isomorphic to U x F, where
F carries the discrete topology.

A morphism ¢ : F — G of presheaves induces maps F, — G, for each
x € X, whence a map of sets ® : X — Xg compatible with the projections
onto X.

Lemma 2.5.13 The map ® is a morphism of spaces over X.

Proof To see that ® is continuous, pick an open subset U C X, a section
t € G(U) and a point x € X. The basic open set i,(U) meets the stalk G, in the
image t, of 7 in G,. Each preimage s, € ®~!(¢,) lies in F, and comes from
a section s € F(V), with a V C U containing x that can be chosen so small
that ¢(s) = ¢t|y. Then s, is contained in the basic open set i;(V) C X whose
image by & is exactly i,(V). Thus -1, (U)) is openin X r. a

By the lemma, the rule 7 — X £ is a functor from the category of sheaves on
X to that of spaces over X. On the full subcategory of locally constant sheaves
it takes values in the category of covers of X, and the stalk F, at a point x
equals the fbre of Xz over x.

Proof of Theorem 2.5.9 We have to show that given a locally constant sheaf
F we have Fx, = F functorially in F and conversely, given a cover ¥ — X
we have Xz, = Y functorially in Y. In any case we have a natural morphism of
sheaves J' — Fx, sending a section s € F(U) to the local section i : U —
X ritdefnes, and a morphism of covers Y — Xz, sending a pointy € Y in the
fore Y, over a point x € X to the corresponding point of the fbre Fy, =Y,
of X, over x. To show that these maps are isomorphisms it is enough to show
that their restrictions over a suitable open covering of X are. Now choose the
open covering {U; : i € I} so that F|y, is constant for each i. Replacing U; by
X we may thus assume F is a constant sheaf with values in a set F. But then
Xy = X x F, and conversely the sheaf of local sections of the trivial cover
X x F — X is the constant sheaf defned by F'. This fnishes the proof. O

Now that we have proven the theorem, we may combine it with Theorem
2.2.10 to obtain:

Theorem 2.5.14 Let X be a connected and locally simply connected topolog-
ical space, and let x be a point in X. The category of locally constant sheaves
of sets on X is equivalent to the category of sets endowed with a left action of
w1(X, x). This equivalence is induced by the functor mapping a sheaf F to its
stalk F, at x.

Finally, we consider sheaves with values in sets with additional structure.
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Theorem 2.5.15 Let X and x be as above, and let R be a commutative ring.
The category of locally constant sheaves of R-modules on X is equivalent to
the category of left modules over the group ring R[m(X, x)].

Proof The stalk F, is an R-module by construction, and it is also equipped
with a left action by m;(X, x) as a set. To show that it is an R[m(X, x)]-
module we have to show that the action of 7(X, x) is compatible with the
R-module structure. For this let 7 x F be the direct product sheaf defned by
(F x F)U)=FU) x F(U) over all open U C X its stalk over a point x is
just Fy x Fy. The addition law on F is a morphism of sheaves F x F — F
given over an open set U by the formula (s;, s2) > s; + s2; the morphism
Fr X Fr = Fy induced on the stalk at x is the addition law on F,. But this
latter map is a map of 7 (X, x)-sets, which means precisely that o (s; + s52) =
os; +os, forall sy, s, € F, and 0 € (X, x). One verifes the compatibility
with multiplication by elements of R in a similar way. The rest of the proof is
a straightforward modiftation of that given for sheaves of sets; we leave the
details to the reader. O

2.6 Local systems

In this section we investigate a most interesting special case of the preceding
construction, which is also the one that historically fist arose.

Definition 2.6.1 A complex local system on X is a locally constant sheaf of
fnite dimensional complex vector spaces. If X is connected, all stalks must
have the same dimension, which is called the dimension of the local system.

With this defnition we can state the following corollary of Theorem 2.5.15:

Corollary 2.6.2 Let X be a connected and locally simply connected topological
space, and x a point in X. The category of complex local systems on X is
equivalent to the category of fuite dimensional left representations of w1(X, x).

Thus to give a local system on X is the same as giving a homomorphism
m1(X, x) = GL(n, C) for some n. This representation is called the monodromy
representation of the local system.

Remark 2.6.3 This is a point where the reader may appreciate the advantage
of the convention we have chosen for the multiplication rule in 7; (X, x) in the
previous chapter. With our convention, the monodromy representation is indeed
a homomorphism for the usual multiplication rule of matrices in GL(n, C). Had
we defned the composition of paths ‘the other way round’, we would be forced
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to use here an unorthodox matrix multiplication of columns by rows instead of
rows by columns.

The following example shows where to fad local systems ‘in nature’. It
uses the straightforward notion of a subsheaf of a sheaf F: it is a sheaf whose
sections over each open set U form a subset (subgroup, subspace etc.) of F(U).

Example 2.6.4 Let D C C be a connected open subset. Consider over D a
homogeneous n-th order linear differential equation

Y +ay" V- a1y +ay =0 2.1)

where the g; are holomorphic functions on D. We look at local holomorphic
solutions of the equation over each open subset U C D. As C-linear combi-
nations of local solutions of (2.1) over U are again local solutions, they form
a C-vector space S(U). Moreover, by a classical theorem due to Cauchy (see
[23], Theorem 11.2 or any basic text on differential equations) each point of
D has an open neighbourhood U where the C-vector space S(U) has a fhite
basis xy, ..., x,. The second sheaf axiom then shows that the local solutions of
the equation (2.1) form a subsheaf S C (O0"; this is a sheaf of complex vector
spaces. Since the restrictions of the above x; to smaller open sets still form a
basis for the solutions, we conclude that the sheaf S is a complex local system
of dimension 7.

A similar observation can be made when one considers solutions of a sys-
tem of n linear differential equations in n variables, given in matrix form
by y' = Ay, where A is an n X n matrix of holomorphic functions and

y=(1,...,¥y) is an n-tuple of variables. In fact, by a classical trick the
solutions of (2.1) are the same as the solutions of the linear system in the n vari-
ables yy =y, y2=Y,...,ya=y"" D givenby y/ = yipy for  <i <n—1
and y}/1 = —Aaiyn — - — ap)1-

Remark 2.6.5 According to Corollary 2.6.2, the local system S of the above
example is uniquely determined by an n-dimensional left representation of
m1(X, x), where x is a point of D (notice that D is locally simply connected).
Let us describe this representation explicitly. Take a closed path f : [0, 1] - D
representing an element y € (X, x) and take an element s € S, which is,
in classical terminology, a germ of a (vector-valued) holomorphic function
satisfying the equation (2.1). Now s is naturally a point of the fbre over x of
the cover ps : Ds — D associated with S by Theorem 2.5.9. By defnition
of the monodromy action, the element y acts on s as follows: s is mapped to
the element f (1) of the fbre pgl(x) = S,, where f is the unique lifting of
f to Ds. By looking at the construction of the unique lifting in the proof of
Lemma 2.3.2, one can make this even more explicit as follows. There exist
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open subsets Uy, ..., U of D such that the f~'(U)), ..., f~'(Uy) give an
open covering of [0, 1] and S is constant over each U;. There are moreover
sections s; € S(U;) such that the restrictions of s; and s;,1 to U; N U; 1| coincide
forall 1 <i <k — 1, and such that s (resp. s;) maps to s (resp. ys) in S;.
Classically this is expressed by saying that ys is the analytic continuation of
the holomorphic function germ s along the path f representing y.

Notice that the existence and the uniqueness of ys are guaranteed by the
fact that S is a locally constant sheaf and hence Ds — D is a cover. Had we
worked with the bigger sheaf 0" instead of S, the analytic continuation of an
arbitrary germ may not have been possible.

Example 2.6.6 Let us work out the simplest nontrivial case of the above theory
in detail. Take as D an open disc in the complex plane centred around 0, of
radius 1 < R < oo, with the point 0 removed. We choose 1 as base point for
the fundamental group of D. We study the local system of solutions of the first
order differential equation

v =fy (22)

where f is a holomorphic function on D that extends meromorphically into
0. It is well known that the solutions to (2.2) in some neighbourhood of a
point x € D are constant multiples of functions of the form exp o F where
F is a primitive of f. Thus the solution sheaf is a locally constant sheaf of
one-dimensional complex vector spaces. The reason why it is locally constant
but not constant is that, as we learn from complex analysis, the primitive F
exists locally but not globally on the whole of D. A well-defhed primitive
F_ of f exists, for instance, over U_ = D \ (0, —i R) and another primitive
F, over Uy = D\ (0, iR). The intersection U_ N U, splits in two connected
components C_ C {z : Re(z) < 0} and C; C {z: Re(z) > 0}. As F; and F_
may differ only by a constant on each component, we are allowed to choose
them in such a way that F_ = F on C_. The local system of solutions to (2.2)
is isomorphic over U_ to the constant sheaf defned by the one-dimensional
subspace of O(U_) generated by exp o F_, and similarly for U,.

Now we compute the monodromy representation r;(D, 1) - GL(1, C) of
this local system. We have seen in Example 2.4.12 that (D, 1) = Z. Explic-
itly, a generator y is given by the class of the path g : [0, 1] — D, t +> &7
which ‘goes counterclockwise around the unit circle’. A one-dimensional rep-
resentation of 7y (D, 1) is determined by the image m of y in GL(1, C) = C*.
By the recipe of the previous remark, in our case m can be described as fol-
lows: given a holomorphic function germ ¢ defned in a neighbourhood of 1
and satisfying (2.2) with y = ¢, the analytic continuation of ¢ along the path g
representing y is precisely m¢. But we may take for ¢ the function exp o F_;
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when continuing it analytically along g, we obtain exp o F since we have to
switch from F_ to F, somewhere on C_. Thus

m = exp (F_(1)(exp (Fy (1))~ = exp (F_(1) = F_(=1) + Fy(=1) = Fi(1))

— exp / f | =exp(@miResg(f))

14

by the Residue Theorem (see e.g. Rudin [80], Theorem 10.42), where Resg ( f)
denotes the residue of f at 0. So we have expressed m in terms of the function
f occurring in the equation (2.2).

Remark 2.6.7 One sees from the above example that for any one-dimensional
monodromy representation on the punctured open disc D we may fod a dif-
ferential equation of type (2.2) whose local system has the given monodromy;
if m is the image of y, one may take, for example, y'(z) = uz~'y(z) with
€ C satisfying exp (2mi ) = m. This equation has the additional virtue that
the coefftient z~! has only a simple pole at 0.

We can generalize this to higher dimension. An n-dimensional represen-
tation of the punctured open disc D of radius R is again determined by the
image of y which is a matrix M € GL,(C). To fod a system of n differen-
tial equations y’ = Ay with the above monodromy representation and with
coefftients holomorphic on D except for a simple pole at the origin, we may
take A = Bz~!, where B € GL,(C) is a matrix with exp (27i B) = M. Here
exp (2i B) is defned by the absolutely convergent power series

exp(2miB) =Y (2riB)y

i!
i=0

Given M € GL,(C), one constructs B with exp (2i B) = M using the Jordan
decomposition of M (see [23], 11.8 for details).

2.7 The Riemann- Hilbertcorrespondence

Our discussion of complex local systems would not be complete without the
introduction of connections. We shall only defne them in the classical situation
where the basis is a connected open subset D C C, but everything holds in
much greater generality; see the remarks below.

To begin with, consider the ring sheaf O of holomorphic functions on our
open domain D C C. A sheaf of O-modules is a sheaf of abelian groups F
on X such that for each open U C X the group F(U) is equipped with an
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O(U)-module structure O(U) x F(U) — F(U) making the diagram
OWU) x F(U) —— F(U)

l l

OWV)x F(V) —— F(V)

commute for each inclusion of open sets V C U. A morphism of O-modules
is a morphism of sheaves of abelian groups compatible with the (O-module
structure just described.

We say that F is locally free if every point of D has an open neighbourhood
V C D such that F|y = O"|y for some n > 0, where O" denotes the n-fold
direct sum of O. The integer n is called the rank of F. We say that F is free of
rank n if there is actually an isomorphism F = O" on the whole of D.

Remark 2.7.1 Locally free sheaves on D are related to holomorphic vec-
tor bundles on D. The latter are defied as complex manifolds £ equipped
with a holomorphic surjection p : £ — D (see Remark 3.1.2 below for these
concepts) such that p~'(z) has the structure of a complex vector space for
each z € D, and moreover each z € D has an open neighbourhood V C D
for which there is an isomorphism p~'(V) = V x C" of complex manifolds
over V inducing vector space isomorphisms on the fbres. Given a holomor-
phic vector bundle p : £ — D, its sheaf of holomorphic sections Hg is given
over U C D by the holomorphic maps s : U — & satisfying p o s = idy. The
restriction of Hg to an open subset V. C D where p~! (V) = V x C" is isomor-
phic to O"|y, therefore He is a locally free sheaf. This construction induces
an equivalence between the category of holomorphic vector bundles on D and
that of locally free sheaves on D, the functor in the reverse direction being
defned by sending F|y to V x C”", and then patching the resulting complex
manifolds together. For the above reason locally free sheaves are often called
vector bundles in the literature.

We shall also need the sheaf 2}, of holomorphic 1-forms on D. It may be
defned as follows. Given a holomorphic function f on some U C D, consider
the function df : U — C given by z > f'(z). A section of 2], over U is then
defned as a complex function wy : U — C such that each z € U has an open
neighbourhood V C U mapped isomorphically onto an open disc around O
in C by a holomorphic function g € O(V) such that wy |y = f dg with some
f € O(V). This is a sheaf of @-modules on D.

The above defnition is a bit clumsy, but it extends well to more general situa-
tions. Note thatdz : D — C is a global section of Q1, (because d(z — a) = dz
for all @ € D), and so is df for an arbitrary f € O(D) (because df = f'dz).
In particular, we may identify the function df/dz : D — C with ' € O(V).
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Now we come to the main defnition.

Definition 2.7.2 A holomorphic connection on D is a pair (£, V), where £ is
alocally free sheafon D, and V : € — € ®o Q1) is a morphism of sheaves of
C-vector spaces satisfying the ‘Leibniz rule’

V(fs)=df ®s+ fV(s) (2.3)
forallU ¢ D, f € O(U)and s € £(U). We call V the connection map.

Here the tensor product £ ®o QL is defhed in the obvious way, by the
rule U = E(U) Qo) Q'D(U ). Holomorphic connections form a category: a
morphism (€, V) — (€', V') is a morphism of O-modules ¢ : £ — £’ making
the diagram

commute.

Example 2.7.3 Assume that £ = O" is a free O-module. In this case we
may identify sections s € £(U) with n-tuples (fi, ..., f,) of holomorphic
functions on U. We can defhe an obvious connection map d : 0" — (QB)GB"
by setting d(fi, ..., fu) = dfi1, ..., df,); the formula (2.3) follows from the
usual Leibniz rule for differentiation.

Now given any other connection map V on 0", formula (2.3) implies that
the map V—-d: 0" — (QID)@” satisfes (V —d)(fs) = f(V —d)(s) for all
f € O(D) and s € £(D). It follows that V — d is given by an n X n matrix
of holomorphic 1-forms, called the connection matrix of V. In other words,

V((fio-- fa) =S, df) + Qf1 - fo)

By the remarks preceding Defnition 2.7.2, we can actually identify each
entry w;; of & with a 1-form of the shape f;; dz, so ‘division of Q by dz’
yields a matrix [ f;;] with entries in O(D). Hence setting f = (fi, ..., f,) and
A = —[f;;] we see that V(f) =0 if and only if f satisfes the system of
differential equations y’ = Ay.

In general, a section s € £(U) of a connection (£, V) is called horizontal if
it satisfes V(s) = 0. Horizontal sections form a subsheaf of C-vector spaces

EV CE.

Lemma 2.7.4 The sheaf £V is a local system of dimension equal to the rank
of £.
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Proof According to a general fact on non-compact Riemann surfaces ([23],
Theorem 30.4), every locally free sheaf on D is actually free. Therefore by the
above example the sections of £Y over U C D correspond to local solutions
of a linear system y’ = Ay of holomorphic differential equations on D. We
conclude by Cauchy’s theorem reinterpreted in Example 2.6.4. O

We can now prove a proposition that belongs to the family of statements that
usually go by the name of ‘Riemann-Hilbert correspondence’ in the literature.

Proposition 2.7.5 The functor (£, V) — &Y induces an equivalence between
the category of holomorphic connections on D and that of complex local
systems on D.

Proof To construct a functor in the reverse direction, take a local system £
on D. Therule U — L(U) ®c O(U) defnes a locally free sheaf £; on D. We
defne a connection map V. on &, as follows. Given an open subset U where
Lly = C", fix a C-basis sy, ..., s, of L(U). Then each section of £,(U) can
be uniquely written as a sum Y _s; ® f; with some f; € O(U). Now defne
Vely by setting Vo (O sy ® fi) := > s; ® df;. As two bases of L(U) differ by
a matrix whose entries are in C and hence are annihilated by the differential
d, the defnition does not depend on the choice of the s;. Therefore the V.|y
defned over the various U patch together to a map V. defned over the whole
of D.

To check that the functors (£, V) = £V and L > (€., V) induce an equiv-
alence of categories, one may argue over open subsets where & (resp. £) are
trivial, and there it follows from the construction. O

Remark 2.7.6 The Riemann—Hilbert correspondence holds for arbitrary
Riemann surfaces, and extends to higher dimensional complex manifolds
as well. In the higher dimensional case, however, one has to impose a fur-
ther condition on the connection (£, V) which is automatic in dimension 1:
namely that it is fit (or integrable). This means the following. Write Q%
for the sheaf of holomorphic 1-forms on the complex manifold X, and Q%
for its second exterior power. For each connection (£, V) one may defhe a
map Vi : € Qo Q;( —- &R0 Qi by setting Vi(s ® ) = V(s) Aw + s @ dw.
Here d : Q4 — Q% is the usual differential given by d(fdz;) = df Adz,
where dzy, ..., dz, are free generators of Q% in the neighbourhood of a point.
One then says that the connection is fht if the composite map V; o V is triv-
ial. The Riemann—Hilbert correspondence for complex manifolds asserts that
the category of holomorphic fat connections on a complex manifold X is
equivalent to that of complex local systems on X. For a proof, see e.g. [110],
Proposition 9.11.
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Combined with Corollary 2.6.2, Proposition 2.7.5 implies that every fnite
dimensional representation of 71 (D, x) for some base point x is the monodromy
representation of some linear system of holomorphic differential equations.
Assume now that D is a complement of fnitely many points in C. Then one
may consider a more subtle question, namely realizing representations of the
fundamental group as monodromy representations of linear systems satisfying
additional restrictions on the local behaviour of the coefftients around the
missing points.

Traditionally, this problem is studied over the projective line P'(C). The
precise defnition of P'(C) as a Riemann surface will be given in Example 3.1.3
(2), but it can be easily introduced in an ad hoc way: it is just the complex plane
with a point co added at infnity . A system of complex open neighbourhoods
of 0o is given by the complements of closed discs around 0, and a function f is
holomorphic around oo if z = f(z~!) is holomorphic around 0. Thus we may
extend the notion of sheaves of @-modules to P'(C). One difference should
be noted, however: whereas over a domain D C C all locally free sheaves are
free, over P!(C) this is not so any more.

Consider a fhite set S = {xi, ..., x,,} of points of P!(C), and set henceforth
D :=P'(C)\ S. We may safely assume x,, = co. Defhe an extension Q'(S) of
Q}, toan O-module on P!(C) as follows: the sections of ! (S) are P!(C)-valued
functions that restrict to sections of 2, over open subsets contained in D, and in
aneighbourhood of an x; can be written in the form f dz with f having at mosta
simple pole at x; (for x; = oo one of course requires a representation of the form
fd (z~1)). The sheaf Q'(S) is called the sheaf of 1-forms with logarithmic poles
along S. The name is explained by writing f = g(z — x;)~' with a function g
holomorphic around x;: we then obtain fdz = g(z — x;)"'d(z — x;), and we
recognize the logarithmic derivative of z — x; on the right-hand side.

A connection with logarithmic poles along S is a pair (£, V), where € is
a locally free sheaf on P!(C), and V : £ — EQp Q'(S) is a C-linear map
satisfying (2.3). As in Example 2.7.3, in the case when & is free a connection
with logarithmic poles corresponds to a linear system y’ = Ay of differential
equations where the entries of the matrix A are holomorphic functions on
D that have at worst a simple pole at the x;. Such linear systems are called
Fuchsian.

Proposition 2.7.7 Given a holomorphic connection (£,V) on D, there is
a connection (€,V) on PY(C) with logarithmic poles along S satisfying
(&, V)Ip = (&, V).

The proof uses a general construction for patching sheaves that will also
serve later.
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Construction 2.7.8 Let X be atopological space, {U; : i € I}anopencovering
of X, and F; a sheaf of sets on U; fori € /. Assume further given for each pair
i # j isomorphisms

0ij : Filviou, = Fjluinu,

satisfying 0 o 6;; = 6;; over U; N U; N Uy for every triple (i, j, k) of different
indices. Then there exists a sheaf 7 on X with F|y, = F; foreachi € I;itis
unique up to unique isomorphism.

To defne F(U) over an open subset U C X, set

FU) = {(si)ier : 5i € F(UNU;) and
0ij(silunv,nu;) = sjlunuinu,  forall i # j}.

The F(U) together with the obvious restriction maps form a presheaf F, and
the sheaf axioms for the F; imply that F is in fact a sheaf. Its restrictions
over the U; yield the F; by construction. The veriftation of the isomorphism
statement is left to the readers.

One says that F is obtained by patching (or gluing) the F; together. Of
course the lemma also holds for sheaves with additional structure (sheaves of
groups, rings, etc.) In particular, patching locally free sheaves on a complex
domain yields a locally free sheaf. Also, patching locally constant sheaves on
a topological space results in a locally constant sheaf.

Proof of Proposition 2.7.7 Take small open discs D; C P'(C) around each
x; that do not meet, and write n for the rank of the connection (&£, V).
We know from Remark 2.6.7 that for each i there exists an n x n system
y' = A;y of linear differential equations having a simple pole at x; and holo-
morphic elsewhere. Write (£;, V;) for the connection given by & = (’)|’z)i and
Vil(fis-.., fu)=fi1,....df,) + Ai(fi1, ..., fn). We can cover each open
set DN D; = D; \ {x;} by two simply connected open subsets U;, and U;_
as in Example 2.6.6. Over each U;, and U;_ the locally constant sheaves £V
and Siv" are both trivial of dimension n by Lemma 2.4.4. Consequently, we
may patch the locally free sheaves £ = €Y ®c O and &; = é’iv" ®c O together
using the above construction. The restrictions of £ and &; to the U; and U, _
are both equipped with the trivial connection map since they correspond to
trivial local systems, so the connections also patch. O

Corollary 2.7.9 There is an essentially surjective functor from the category of
connections on P'(C) with logarithmic poles along S to that of fuite dimen-
sional left representations of (D, x) for some base point x € D.

Proof Combine the proposition with Proposition 2.7.5 and Corollary 2.6.2.
]
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Remarks 2.7.10

1.

In his fundamental work [12], Deligne proved a vast generalization of the
above results. He considered a complex algebraic variety U, and intro-
duced the notion of regular connections on the associated analytic space
U®. In the case when U is a Zariski open subset in a smooth projective
variety X whose complement S is a divisor with normal crossings (which
means that its irreducible components are smooth of codimension 1 and
meet transversely), a regular connection is a holomorphic fht connection
on U*" that extends to a meromorphic connection on X with logarithmic
poles along S. The extension is then actually an algebraic connection,
which in our very special case corresponds to the fact that the functions
occurring in the construction of our connections are meromorphic over
P!(C) and hence are rational functions. Deligne showed that all holomor-
phic fat connections on U?" are regular, and consequently every fhite
dimensional representation of the fundamental group of U®" can be con-
structed in a purely algebraic way. For a nice introduction to these ideas,
see [40].

Corollary 2.7.9 does not say that every representation p (D, x) —
GL,(C) is the monodromy representation of a Fuchsian system of lin-
ear differential equations, because the sheaf £ we constructed above is
not necessarily free. The question whether every such p is the mon-
odromy representation of a Fuchsian system is usually called the Riemann—
Hilbert problem in the literature, though it is due neither to Riemann nor
to Hilbert. However, the 21st problem on Hilbert’s famous list, which
he did not formulate completely rigorously, may be interpreted in this

way.
The fundamental group of D = P'(C) \ S is known to have a presen-
tation of the form (yy, ..., Y |v1---¥» = 1), where y; is the class of a

closed path going through z that turns around x;. Thus the representation
p is determined by the image of the y; in GL,(C), i.e. by a system of m
invertible matrices My, ..., M,, € GL,(C) satisfying M, --- M,, = 1.

It was believed for a long time that Pljemelj gave a positive answer
to the question as early as 1908. However, the last step of his argument
contains a gap, and only works under the additional assumption that one
of the matrices M, is diagonalizable; see [37], Theorem 18.6 for a proof of
Pljemelj’s result. At the end of the 1980s Bolibrukh came up with a series
of counterexamples showing that the answer can be negative in general,
already for n = 3. For expositions of the problem and of Bolibrukh’s
counterexamples, see the Bourbaki seminar by Beauville [4] as well as
the book of Ilyashenko and Yakovenko [37].
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One way to eliminate the mistake from Pljemelj’s proof is to allow
apparent singularities for the system y’ = Ay. This means that the entries
of A may have poles outside the x;, but the associated monodromy matrix
should be the identity. Pljemelj’s theorem then immediately yields a posi-
tive answer: one simply adds one more x; with the identity as monodromy
matrix and applies the theorem. Thus if Hilbert meant that apparent sin-
gularities are allowed, then Pljemel;j already solved the problem.

There is a variant of the Riemann—Hilbert problem with a single n-th order
linear differential equation

Y +ay" U+ a1y +a,y =0, (24)

Such an equation is called Fuchsian if its coefftients are holomorphic
outside a fhite set S = {xi,...,x,} C P/(C), and at each xj the coef-
ftient a; has a pole of order at most i. The relation with the previous
defhition is as follows. Assume for simplicity that x; = 0 and write 9 for
the differential operator y + zy’ (recall that z is the coordinate function
on C). After multiplying the equation by z"” we may rewrite it in the form

3"y +b13" 'y 4+ + by dy +byy =0, (2.5)

where the b; are holomorphic at 0 as a consequence of the Fuchsian con-
dition. By this equation the C"-valued function (3" 'y, 3" 2y, ..., dy, y)
satisfes a matrix equation of the form

y' =Bz 'y,

where B is a matrix of holomorphic functions. This is a Fuchsian system
in the previous sense.

A simple counting argument shows that one cannot hope to realize each
representation of (D, x) — GL,(C) as the monodromy representation
of an n-th order Fuchsian equation: Fuchsian equations ‘depend on fewer
parameters’ than monodromy representations do. However, if apparent
singularities are allowed, then such a realization is possible; this is already
contained in Pljemelj’s work.

Example 2.7.11 The case n = 2, m = 3 of the Riemann—Hilbert problem has
a long and glorious history, with a groundbreaking contribution by Riemann
himself. He introduced the concept of local exponents of an equation (2.4)
around a singular point x;. We quote the later defnition of Fuchs: for x; =0
the local exponents are the roots of the indicial equation

X" 4+ b (0)x" " + -+ by_1(0)x + b, (0) = 0,
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with the b; asin (2.5). In the case n = 2, m = 3 one may assume {xi, xp, X3} =
{0, 1, oo}, and then gets three pairs of local exponents at 0, 1 and oo, tra-
ditionally denoted by («, &), (B, ') and (y, y’), respectively. If one more-
over imposes @ + o'+ B+ B +y +y’ =1, it turns out that there is (up
to equivalence) a unique second order Fuchsian differential equation on
P!(C)\ {0, 1, oo} with the above local exponents, namely

" (1+V+V/)Z+(Ol+0l/_l) /
y o+
2(z—1)
L YYEH BB — vy —aa)z oo
22(z —1)2
Setting a =8 =0, y =a, yYY=b, «' =1—¢, '’ =c—a—b yields the
famous hypergeometric differential equation
, (d4+a+bz—c , ab
yVt+—————— v+ —=y=0
2(z—=1) 2(z—1)

studied previously by Euler, Gauss, Kummer and others; the general equation
can be reduced to this form by suitable transformations.

Riemann computed (and also defned!) the monodromy representation asso-
ciated with such equations. The results are quite complicated. For instance,
under the additional assumption that none of the differences @« — o', 8 — 8/,
y — y’ are integers, one obtains for the monodromy representation p

exp 2mia) 0
p(Y) = ,
0 exp 2mia’)

y=0.

Texp 2nip)—exp 2miB’) exp 2nip)—exp 2miB’)

( ) _ T—1 -1
P = Texp (2rwip’)—t exp 2mwip) Texp (2rwip’)—exp (27ip)
-1 -1

where yy, y; are the standard loops around 0 and 1, respectively, and
_sin((B' + o+ y)m)sin((B + o' + y)7)
sin((B + o + y)m)sin((B’ + o' + y)m)’
These formulae are taken from Section 3.1 of Varadarajan’s expository paper

[108], where the degenerate cases are also discussed. See also [5] for an intro-
duction to hypergeometric equations.

Exercises

1. Show that if a fiite group G acts on a Hausdorff space Y such that none of its
elements has a fk ed point, the action is even and thus it yields a Galois cover
Y — G\Y for connected Y.
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2. Show that a connected cover ¥ — X is Galois with automorphism group G if and
only if the fbre product Y xy Y is isomorphic to the trivial cover ¥ x G — Y
(where G carries the discrete topology).

3. Let X be a connected and locally simply connected topological space and x €
X a fixed base point. Consider a connected cover p : Y — X and a base point
yep ).

(a) Show that there is a natural injective homomorphism (Y, y) — m;(X, x).
(b) Viewing m(Y, y)’’ as a subgroup of Aut(fxlX ) via the isomorphism
Aut()?x|X) = (X, x), establish an isomorphism 7, (Y, y)"P\)?x =Y.

4. Let G be a connected and locally simply connected topological group with unit
element e. Let 7 : 56 — G be a universal cover, and ¢ the universal element in the
fore 7!(e).

(a) Equip G, with a natural structure of a topological group with unit element &
for which 7 becomes a homomorphism of topological groups.

(b) Show that a group structure with the above properties is unique.

(c) Construct an exact sequence of topological groups

1 — 7(G,e)” — 59 -G -1,

the topology on 1,(G, e) being discrete.

5. Let p:Y — X be a cover of a connected and locally simply connected topo-
logical space X. For a point x € X, we have defhed two canonical left actions
on the fibre p~!(x): one is the action by Aut(Y|X) and the other is that by
(X, x)°P. Verify that these two actions commute, i.e. that a(¢(y)) = ¢(ay)
for y e m7'(x), ¢ € Aut(Y|X) and o € (X, x). [Hint: Use Theorems 2.3.5 and
2.3.7.]

6. Let Xo — X be the cover of the connected and locally simply connected space X
introduced in Remark 2.4.14 (2).

(a) Verify that the (X, x)-space corresponding to X A via Theorem 2.3.4 is
(X, x) acting on itself via inner automorphisms.

(b) Let f:[0,1] — X be a path with endpoints x = f(0) and y = f(1). The
pullback f *X  is a trivial cover of [0, 1] by simply connectedness of [0, 1],
whence an isomorphism of fbres X Ax 2X A,y- Verify that under the identify
cations fA’x = m(X, x)and iA’y = (X, y) this isomorphism corresponds
to the isomorphism of fundamental groups (X, x) — (X, y) induced by
g fegefl

7. (Deligne) Let X be a connected and locally simply connected topological space.
A groupoid cover over X is a cover w : [1 — X x X together with the following
additional data. Denote by s and ¢ the maps IT — X obtained by composing
with the two projections X x X — X, and consider the fibre product IT x y IT with
respect to the map s on the left and ¢ on the right. The groupoid structure is given by
three morphisms of spaces over X x X:a multiplicationmapm : I1 xx [T — I, a
unitmap e : X — IT (where X is considered as a space over X x X by means of the
diagonal map), and an inverse map ¢ : [1 — I which satisfes t ot =s,501 =1.
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Fundamental groups in topology

These are subject to the following conditions:
m(m x id) = m(id x m), m(e x id) = m(id x e) = id,
mid x1)=eot, m@xid)=eos.

A morphism of groupoid covers is a morphism of covers of X x X compatible with

the above additional data.

(a)  Verify that the space X — X x X of Construction 2.4.13 carries the structure
of a groupoid cover over X.

(b) Fix a base point (x,x) of X x X coming from a point x € X. Show that
the cover X — X x X corresponds via Theorem 2.3.4 to the underlying set
of m(X, x) together with the left action of m(X, x) x m(X, x) given by
i,y =nry; "

(¢)  Show that for every groupoid cover [T — X x X there is a unique morphism
of groupoid covers X —> 1.

. Let X be a connected and locally path-connected, but not necessarily locally simply

connected topological space. Construct a profnite group G such that the category
of fhite covers of X becomes equivalent to the category of finite sets equipped with
a continuous left G-action.

. Let S be a set having at least two elements, and let X be a topological space.

Defhe a presheaf Fs of sets on X by setting Fs(U) = S for all nonempty open
sets U C X and pyy = idg for all open inclusions V C U. Give a necessary and
sufficient condition on X for Fs to be a sheaf.

. Let X be a topological space. Show that the category of sheaves on X is equivalent

to the category of those spaces p : ¥ — X over X where the projection p is a local
homeomorphism (i.e. each point in ¥ has an open neighbourhood such that p|y is
a homeomorphism onto its image). [Hint: Begin by showing that for a sheaf F the
projection pr : Xy — X is a local homeomorphism.]

. Let F be a presheaf of sets. Show that there is a natural morphism of presheaves

p : F — Fx,, and moreover every morphism 7 — G with G a sheaf factors as
a composite F 2 F xr —> G. [Remark: For this reason Fy, is called the sheaf
associated with F.]
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Riemann surfaces

One obtains more information on covers of a topological space when it carries
additional structure, for instance when it is a complex manifold. The complex
manifolds of dimension 1 are called Riemann surfaces, and they already have a
rich theory. The study of their covers creates a link between the Galois theory
of felds and that of covers: fnite étale algebras over the feld of meromorphic
functions on a connected compact Riemann surface correspond up to isomor-
phism to branched covers of the Riemann surface; by defnition, the latter
are topological covers outside a discrete exceptional set. As we shall see, all
proper holomorphic surjections of Riemann surfaces defne branched covers.
The dictionary between branched covers and étale algebras over the function
feld has purely algebraic consequences: as an application, we shall prove that
every fnite group occurs as the Galois group of a fhite Galois extension of the
rational function feld C(z).
Parts of this chapter were inspired by the expositions in [17] and [23].

3.1 Basic concepts

Let X be a Hausdorff topological space. A complex atlas on X is an open
covering U = {U; : i € I} of X together with maps f; : U; — C mapping U;
homeomorphically onto an open subset of C such that for each pair (i, j) € I*
the map f; o fi_l : filUi NU;) — Cis holomorphic. The maps f; are called
complex charts. Two complex atlases i/ = {U; :i € [} andU' = {U] :i € I'}
on X are equivalent if their union (defhed by taking all the U; and U/ as a
covering of X together with all complex charts) is also a complex atlas. Note
that the extra condition to be satisfed here is that the maps f ]/ o fi_1 should be
holomorphic on f;(U; N UJ/.) forall U; e Y and U; e U'.

Definition 3.1.1 A Riemann surface is a Hausdorff space together with an
equivalence class of complex atlases.

We shall often refer to the equivalence class of atlases occurring in the above
defnition as the complex structure on the Riemann surface.

Remark 3.1.2 The above defnition is the case n = 1 of that of n-dimensional
complex manifolds: these are Hausdorff spaces equipped with an equivalence
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class of n-dimensional complex atlases defned in the same way as above, except
that the complex charts f; map onto open subsets of C", and the f; o fl._l are

to be holomorphic maps from f;(U; N U J/.) to C".
Examples 3.1.3

1. Anopensubset U C C is endowed with a structure of a Riemann surface
by the trivial covering ¢/ = {U} and the inclusioni : U — C.

2. The complex projective line. Consider the real 2-sphere S2, and fk antipo-
dal points 0, co € S%. We defie two complex charts on S? as follows. We
fist map the complement of co homeomorphically onto the complex plane
C via stereographic projection; we call the resulting homeomorphism z.
Then we defne a homeomorphism of the complement of 0 onto C by
mapping oo to 0 and using the map 1/z at the other points. Since the map
z +> 1/z is holomorphic on C \ {0}, this is a complex atlas; the resulting
Riemann surface is the complex projective line P!(C).

3. Complex tori. Consider C as a two-dimensional real vector space and let
c1, ¢ € C be a basis over R. The ¢; generate a discrete subgroup A of
C isomorphic to Z x Z. The topological quotient space is homeomorphic
to a torus. We defne a complex atlas on 7 as follows. We cover C by
sufftiently small open discs D; such that neither of them contains two
points congruent modulo A. The image of each D; by the projection
p : C — T is an open subset of T by defnition of the quotient topology,
and the projection maps D; homeomorphically onto its image. The images
of the D; thus form an open covering of 7', and the complex charts f; are to
be the inverses of the projection maps p|p, : D; — p(D;). The coordinate
changes f; o fl._l on f;(U; N U;) are translations by elements of A, so we
have indeed obtained a complex atlas.

4. Smooth affne plane curves. Let X be the closed subset of C? defhed as
the locus of zeros of a polynomial f € C[x, y]. Assume that there is no
point of X where the partial derivatives d, f and 9, f both vanish. We
can then endow X with the structure of a Riemann surface as follows.
In the neighbourhood of a point where d, f is nonzero defne a complex
chart by mapping a point to its x-coordinate; similarly, for points where
dy f is nonzero we take the y-coordinate. By the inverse function theo-
rem for holomorphic functions, in a sufftiently small neighbourhood the
above mappings are indeed homeomorphisms. Secondly, the holomorphic
version of the implicit function theorem ([28], p. 19) implies that in the
neighbourhood of points where both x and y defne a complex chart, the
transition function from x to y is holomorphic, i.e. when 9, f does not
vanish at some point, we may express y as a holomorphic function of x
and vice versa. So we have defned a complex atlas.
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In the second and third examples we obtain compact Riemann surfaces;
the other two are non-compact. In fact, one may defne a compact version of
the last example by considering smooth projective plane curves: these are to
be the closed subsets of the complex projective plane P?(C) arising as the locus
of zeros of some homogeneous polynomial ¥ € C[x, y, z] such that the partial
derivatives 0 F, d,F, 9. F have no common zero. The complex structure is
defned in a similar way as above, or by means of a covering by smooth affne
curves.

Definition 3.1.4 Let ¥ and X be Riemann surfaces. A holomorphic (or ana-
lytic) map ¢ : Y — X is a continuous map such that for each pair of open
subsets U C X, V C Y satisfying ¢(V) C U and complex charts f : U — C,
g :V — C the functions f o¢ o g~! : g(V) — C are holomorphic.

It follows from the defnition of equivalence between atlases that the above
defnition does not depend on the atlases chosen. Riemann surfaces together
with holomorphic maps form a category.

We defne a holomorphic function on an open subset U C X to be a holo-
morphic map U — C, where C is equipped with its usual complex structure.
For instance, a complex chart f : U — C is a holomorphic map.

Remark 3.1.5 The sheaf of holomorphic functions on a Riemann surface
X is defned by associating with an open subset U C X the ring O(U) of
holomorphic functions on U. One can check that the complex structure on
X is uniquely determined by its underlying topological space and the sheaf
O. This is the starting point of the general defnition of complex analytic
spaces.

3.2 Local structure of holomorphic maps

In this section we study holomorphic maps between Riemann surfaces from a
topological viewpoint. Henceforth we shall tacitly assume that the maps under
consideration are non-constant on all connected components, i.e. they do not
map a whole component to a single point.

We have seen in Example 2.4.12 that the map z > z* defnes a cover of C*
by itself but its extension to C does not. The next proposition shows that locally
every holomorphic map of Riemann surfaces is of this shape.

Proposition 3.2.1 Let ¢ : Y — X be a holomorphic map of Riemann surfaces,
and y a point of Y with image x = ¢(y) in X. There exist open neighbour-
hoods V, (resp. Uy) of y (resp. x) satisfying ¢(Vy) C Uy, as well as complex
charts gy : 'V, — Cand fx : Uy — C satisfying fi(x) = g,(y) = 0 such that
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the diagram

¢

v, —— U,

gl lfx
c =2 ¢

commutes with an appropriate positive integer e, that does not depend on the
choice of the complex charts.

Proof By performing affhe linear transformations in C and by shrinking U,
and V, if necessary, one may fnd charts g, and f, satisfying all conditions
of the proposition except perhaps the last one. In particular, f; o ¢ o g’ lisa
holomorphic function in a neighbourhood of 0 which vanishes at 0. As such,
it must be of the form z > z% H(z) where H is a holomorphic function with
H(0) # 0. Denote by log a fixed branch of the logarithm in a neighbourhood
of H(0). It is then a basic fact from complex analysis that by shrinking V, if
necessary the formula & := exp((1/e,)log H)) defnes a holomorphic function
h on g,(Vy) with h® = H. Thus by replacing g, by its composition with the
map z — zh(z) we obtain a chart that satisfes the required properties. The
independence of e, of the charts follows from the fact that changing a chart
amounts to composing with an invertible holomorphic function. O

Definition 3.2.2 The integer e, of the proposition is called the ramifeation
index or branching order of ¢ at y. The points y with e, > 1 are called branch
points. We denote the set of branch points of ¢ by Sy.

Corollary 3.2.3 A holomorphic map between Riemann surfaces is open (i.e.
it maps open sets onto open sets).

Proof Indeed, the map z — z¢ is open. O
Corollary 3.2.4 The fbr es of ¢ and the set Sy are discrete closed subsets of Y.

Proof The proposition implies that each point of Y has a punctured open
neighbourhood containing no branch points where ¢ is fnite-to-one. O

Now we restrict our attention to proper maps. Recall that a continuous map
of locally compact topological spaces is proper if the preimage of each compact
subset is compact. If the spaces in question are moreover Hausdorff spaces,
then a proper map is closed, i.e. maps closed subsets to closed subsets. This
follows from the easy fact that in a locally compact Hausdorff space a subset
is closed if and only if its intersection with every compact subset is closed.
Note that Riemann surfaces are locally compact Hausdorff spaces (since they
are locally homeomorphic to open subsets of C).
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Examples 3.2.5

1. A continuous map ¥ — X of locally compact Hausdorff spaces is auto-
matically proper if Y is compact. The main case of interest for us will be
that of compact Riemann surfaces.

2. Afnite cover p : Y — X of locally compact topological spaces is proper.
Indeed, given a compact subset Z C X and an open covering U/ of
p~'(Z), we may refne U in a covering by open subsets U; C p~'(Z)
so that the cover is trivial over each p(U;). As p is an open map, the p(U;)
form an open covering of Z, whence we may extract a fnite subcovering
V. The U; with p(U;) € V yield a foite open covering of p~!(Z) because
the cover p : Y — X is fhite.

3. Inthe next chapter we shall see that if X and Y are smooth complex affne
plane curves and ¢ : Y — X is a faite algebraic morphism, then ¢ is
proper as a map of Riemann surfaces.

We can now state the main topological properties of proper holomorphic
maps.

Proposition 3.2.6 Let X be a connected Riemann surface, and ¢ : Y — X a
proper holomorphic map. The map ¢ is surjective with fuite fbres, and its
restriction to Y \ ¢~ (¢(Sy)) is a fuite topological cover of X \ ¢(Sy).

Proof Finiteness of fbres follows from the previous corollary, since discrete
subsets of a compact space are fnite. Surjectivity of ¢ holds because ¢(Y)
is open in X (by Corollary 3.2.3) as well as closed (as ¢ is proper), and X
is connected. For the last statement note that by Proposition 3.2.1 each of the
fnitely many preimages of x € X \ ¢(Sy) has an open neighbourhood mapping
homeomorphically onto some open neighbourhood of x; the intersection of
these is a distinguished open neighbourhood of x as in the defnition of a
cover. O

We call a proper surjective map of locally compact Hausdorff spaces that
restricts to a fnite cover outside a discrete closed subset a fiite branched
cover. Its degree is by defnition the degree of the cover obtained by restriction.
With this terminology the proposition says that proper holomorphic maps of
Riemann surfaces give rise to fnite branched covers.

We now state a theorem that will show in particular that a proper holomorphic
map is determined by its topological properties. First some notation: given a
connected Riemann surface X and a discrete closed subset S C X, we denote by
Holyx s the category of Riemann surfaces Y equipped with a proper holomorphic
map Y — X whose branch points all lie above points in S. A morphism in this
category is a holomorphic map compatible with the projections onto X.
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Theorem 3.2.7 [n the above situation mapping a Riemann surface ¢ : Y — X
over X to the topological cover Y \ ¢~'(S) — X \ S obtained by restriction
of ¢ induces an equivalence of the category Holy s with the category of fuite
topological covers of X \ S.

The proof will be in several steps. The following lemma essentially handles
the case S = (.

Lemma 3.2.8 Let X be a Riemann surface, and p : Y — X a connected cover
of X as atopological space. The space Y can be endowed with a unique complex
structure for which p becomes a holomorphic mapping.

In fact, the proof will show that it is enough to require that p is a local
homeomorphism.

Proof Each point y € Y has a neighbourhood V' that projects homeomorphi-
cally onto a neighbourhood U of p(y). Take a complex chart f : U’ — C with
U’ C U; f o p will then defhe a complex chart in a neighbourhood of y. It is
immediate that we obtain a complex atlas in this way, and uniqueness follows
from the fact that for any complex structure on Y the restriction of p to V must
be an analytic isomorphism. O

The following proposition shows that the functor of Theorem 3.2.7 is essen-
tially surjective.

Proposition 3.2.9 Assume given a connected Riemann surface X, a discrete
closed set S of points of X and a faite connected cover ¢’ : Y — X', where
X' := X\ S. There exists a Riemann surface Y containing Y’ as an open
subset and a proper holomorphic map ¢ : Y — X such that ¢|y: = ¢’ and
Y =Y\ ¢ 1(S).

Proof Fixapointx € S. By performing an affne linear transformation in C if
necessary we fid a connected open neighbourhood U, of x avoiding the other
points in S and a complex chart mapping U, homeomorphically onto the open
unit disc D C C. The restriction of ¢’ to ¢'~'(U, \ {x}) is a fnite cover, hence
qb/_l(Ux \ {x}) decomposes as a fnite disjoint union of connected components
V)f each of which is a cover of U, \ {x}. Via the isomorphism of U, \ {x}
with the punctured disc D = D \ {0} each V! becomes isomorphic to a fhite

connected cover of D, hence by Example 2.4.12 it must be isomorphic to a
cover D — D given by z > z* for some k > 1. Now choose ‘abstract’ points
y! for all i and x, and defhe Y as the disjoint union of ¥’ with the yi. Defne

an extension ¢ of ¢ to Y by mapping each y' to x. For each i and x extend the
holomorphic isomorphism p’ : VI = D to a bijection 5% : VI U {yi} = Dby
sending y! to 0, and defne the topology on Y in such a way that this bijection
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becomes a homeomorphism extending p!. Use the p’ as complex charts in the
neighbourhoods of the points y’. Together with the canonical complex structure
on Y’ defhed in the previous lemma they form a complex atlas on Y. The map
¢ is holomorphic, as it is holomorphic away from the y! by the lemma above,
and in the neighbourhood of these looks like the map z > z*. Finally, the map
¢ is proper, because ¢’ is proper by Example 3.2.5 (2), the fbres of ¢ are
foite, and the compact subsets of X’ differ from those of X by fhitely many
points. ad

Proof of Theorem 3.2.7 In view of the proposition above it remains to prove
that the functor of the theorem is fully faithful. This means the following:
given two Riemann surfaces Y and Z equipped with proper holomorphic maps
¢y and ¢z onto X with all branch points above S and a morphism of covers
p Y — Z' over X' with Y =Y \ ¢,'(S) and Z' = Z \ ¢, '(S), there is a
unique holomorphic map p : ¥ — Z over X extending p’. We know from
Lemma 2.2.11 that p’ : Y’ — Z’ is a cover, so it is holomorphic with respect
to the unique complex structure on Y’ by Lemma 3.2.8. This complex structure
must be compatible with that of Y, because ¢y|yr = ¢z o p’ is holomorphic
with respect to both. It follows that for each point y € ¢, 1(S) the map p’ must
send a sufftiently small open neighbourhood of y holomorphically isomorphic
to D to a similar neighbourhood of a point z € qbgl(S). Setting p(y) = z we
obtain the required holomorphic extension, by a similar argument as in the
previous proof. O

By the theorem the automorphism group of ¥ — X as an object of Holy ¢
is the same as that of the cover Y’ — X’'. Therefore it makes sense to call
Y a faite Galois branched cover of X if Y’ is Galois over X’. We conclude
with some simple topological properties of Galois branched covers that will be
needed later.

Proposition 3.2.10 Let¢ : Y — X be a proper holomorphic map of connected
Riemann surfaces that is topologically a Galois branched cover. Then the
following hold.

1. The group Aut(Y|X) acts transitively on all fbr es of ¢.

2. Ify € Y isabranch point with ramifcation index e, then so are all points in
the fbr e ¢~ (¢(y)). Moreover; the stabilizers of these points in Aut(Y|X)
are conjugate cyclic subgroups of order e.

Proof As Aut(Y|X) acts transitively on all fbres not containing branch points,
the first statement follows from the continuity of automorphisms. Most of the
second statement then results from the automorphism property. Finally, the
assertion about stabilizers follows from the fact that an automorphism fking
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y must stabilize a sufftiently small open neighbourhood of y over which ¢ is
isomorphic to the cover z +> z¢ of the open disc. O

3.3 Relation with field theory
We begin with a basic defnition.

Definition 3.3.1 Let X be a Riemann surface. A meromorphic function f on
X is a holomorphic function on X \ S, where S C X is a discrete closed subset,
such that moreover for all complex charts ¢ : U — C the complex function
fop~!':¢p(U)— C is meromorphic.

Note that meromorphic functions on a Riemann surface X form a ring with
respect to the usual addition and multiplication of functions; we denote this
ring by M(X).

Lemma 3.3.2 If X is connected, the ring M(X) is a feld.

Proof For a nonzero f € M(X) the function 1/f will be seen to give an
element of M(X) once we show that the zeros of f form a discrete closed
subset. Indeed, if it is not discrete, then it has a limit point x. Composing f
with any complex chart containing x we get a holomorphic function on some
complex domain whose set of zeros has a limit point. By the Identity Principle
of complex analysis ([80], Theorem 10.18) this implies that the function is
identically 0, so f is 0 in some neighbourhood of x. Now consider the set of
those points y of X for which f vanishes identically in a neighbourhood of
y. This set is open by defnition, but it is also closed for it contains all of its
boundary points by the previous argument. Since X is connected, this implies
f =0, a contradiction. O

The feld M(X) contains a subfeld isomorphic to C given by the constant
functions. Surprisingly, in the case when X is compact, it is not obvious at
all that there are other functions in M(X) as well. We shall use a somewhat
stronger form of this fact:

Theorem 3.3.3 (Riemann’s Existence Theorem) Let X be a compact Rie-
mann surface, x1, ..., x, € X a faite set of points, and ay, . .., a, a sequence
of complex numbers. There exists a meromorphic function f € M(X) such that
f is holomorphic at all the x; and f(x;) = a; for 1 <i <n.

The proof uses nontrivial analytic techniques and cannot be given here. See
e.g. [23], Corollary 14.13.
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Remark 3.3.4 The theorem easily follows from the following seemingly
weaker statement: given a compact Riemann surface X and two points
X1, Xy € X, there exists a meromorphic function f on X holomorphic at the x;
with f(x1) # f(x2). Indeed, the function f; := f — f(x,) satisfes fj(x1) # 0
but fi(x;) = 0, and there is a similar function for x,. If n points xy, ..., x, are
given, we obtain by induction functions f; with f;(x;) # 0 but f;(x;) = 0 for
i # j.The theorem then follows by taking a suitable linear combination.

Consider now a holomorphic map ¢ : ¥ — X of Riemann surfaces which
is not constant on any connected component. It induces a ring homomorphism
¢* i M(X) > M(Y)viap*(f) := f o ¢.Inthe case when X and Y are com-
pact and X is connected, the map ¢ is proper and surjective with fnite fbres.
Our first goal is to show that in this case M(Y) becomes a fnite étale algebra
over M(X) via ¢*. Note that by compactness ¥ must be a fhite disjoint union of
connected compact Riemann surfaces ¥;. Since in this case M(Y) = [[ M(Y)),
we only have to show that for compact and connected X and Y the feld exten-
sion M(Y)|¢p* M(X) is fnite. We prove somewhat more:

Proposition 3.3.5 Let ¢ : Y — X be a non-constant holomorphic map of com-
pact connected Riemann surfaces which has degree d as a branched cover. The
induced feld extension M(Y)|¢p* M(X) is fuite of degree d.

The key lemma is the following.

Lemma 3.3.6 Let ¢ : Y — X be a proper holomorphic map of connected
Riemann surfaces which has degree d as a branched cover. Every meromor-
phic function f € M(Y) satisfes a (not necessarily irreducible) polynomial
equation of degree d over M(X).

Proof Let S be the set of branch points of ¢. Each point x ¢ ¢(S) has some
open neighbourhood U such that ¢! (U) decomposes as a fite disjoint union
of open sets Vi, ..., V; homeomorphic to U. Let s; be the (holomorphic)
section of ¢ mapping U onto V; and put f; = f os;. The function f; is then a
meromorphic function on U. Put

F=[Je—fo=t"+a "+ +a.

The coefftients a;, being the elementary symmetric polynomials of the f;,
are meromorphic on U. Now if x; ¢ ¢(S) is another point with distinguished
open neighbourhood Uy, then on U N U the coefftients of the polynomial F;
corresponding to the similar construction over U; must coincide with those of
F since the roots of the two polynomials are the same meromorphic functions
over U NU;. Hence the a; extend to meromorphic functions on X \ ¢(S).
To see that they extend to meromorphic functions on the whole of X, pick a
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point x € S and consider a coordinate chart f, : U, — C in a neighbourhood
U, of x contained in U with f,(x) = 0. Then f, o ¢ defnes a holomorphic
function in some neighbourhood of each y € ¢~!(x), with (f; o ¢)(y) = 0.
As f extends meromorphically to all y, we fad k > O such that (f, o ) f
is holomorphic at all y € ¢’1(x); in particular, this function is bounded in a
punctured neighbourhood of each y. Composing with the s; we obtain that the
functions f¥ f;, and hence also the f*?a; are bounded on U, \ {x}, so they
extend to holomorphic functions on the whole of U, by Riemann’s removable
singularity theorem (see e.g. [80], Theorem 10.20). This shows that the a; are
meromorphic on X and hence F € M(X)[t]. Finally, we have (¢p*F)(f) =0
because over U we have (¢*F o s;)(f os;) = F(f;) = 0 for each i. a

Proof of Proposition 3.3.5 We fist show that we may fad a function
f € M(Y) satisfying an irreducible polynomial equation of degree d over
M(X). Take a point x € X which is not the image of a branch point, and let
Y1, ..., yq beitsinverse imagesin Y. By Theorem 3.3.3 we fad f € M(Y)that
is holomorphic at all the y; and the values f(y;) are all distinct. By the lemma
f satisfes an irreducible polynomial equation (¢*a,) f" + --- + (¢*ag) =0,
with a; € M(X) and n < d. If the g; are all holomorphic at x, then the poly-
nomial a,(x)t" + - - - + ap(x) € C[t] has d distinct complex roots (namely the
f(;)), whence we must have n = d. If by chance one of the @; happens to have
a pole in x, observe that by continuity all points x’ in a sufftiently small open
neighbourhood of x still have the property that they are not images of branch
points, and moreover f is holomorphic and takes distinct values at all of their
preimages. We may choose x’ as above so that all the a; are holomorphic at x’
and apply the argument with x’ instead of x.

Next observe that with f as above we have M(Y) = M(X)(f). Indeed, if
g is another element of M(Y), we have M(X)(f, g) = M(X)(h) with some
function h € M(Y) according to the theorem of the primitive element. In
particular we have M(X)(f) C M(X)(h), but since & should also have degree
at most d over M(X) by the lemma, this inclusion must be an equality, i.e.

g € MX)(f). O

According to the proposition and the remarks preceding it, the rule
Y — M(Y) gives a contravariant functor from the category of compact Rie-
mann surfaces mapping holomorphically onto a fk ed connected compact
Riemann surface X to the category of fnite étale algebras over M(X).

Theorem 3.3.7 The above functor is an anti-equivalence of categories. In this
anti-equivalence fiite Galois branched covers of X correspond to fiite Galois
extensions of M(X) of the same degree.

We fist prove that the functor is essentially surjective.
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Proposition 3.3.8 Let X be a connected compact Riemann surface, and let A
be a fuite étale algebra over M(X). There exists a compact Riemann surface
Y mapping holomorphically onto X such that M(Y) is isomorphic to A as an
M(X)-algebra.

Proof Since a non-connected compact Riemann surface Y is a fnite disjoint
union of its connected components ¥; and M(Y) = [] M(Y;), by decomposing
A into a direct product of felds it is enough to treat the case of a fhite
feld extension L|M(X). Denote by « a primitive element in L, by F the
minimal polynomial of & over M(X), and by d the degree of F. The irreducible
polynomial F is separable over M(X), so the ideal (F’, F') of the polynomial
ring M(X)[t] (which is a principal ideal domain) must be the whole ring.
Therefore there are functions A, B € M(X) satisfying AF + BF’ = 1. Denote
by F, the complex polynomial obtained from F by evaluating its coefftients
at a point x € X where all of them are holomorphic. From the above equation
we infer that Fy and F, may have a common root only at those points x € X
where one of the functions A, B has a pole. Therefore if we denote by S C X
the discrete closed set consisting of poles of the coefftients of F as well as those
of A and B, we get that on X’ = X \ S all coefftients of F are holomorphic
and Fy(a) = 0 for a € C implies F}(a) # 0. We conclude that for x € X’ the
polynomial F, € C[t] has d distinct roots ay, ..., aq.

Now for an open subset U C X’ denote by F(U) the set of holomorphic
functions f on U satisfying F(f) = 0. Together with the natural restriction
maps they form a sheaf of sets 7 on X’. We contend that F is locally constant on
X', and each stalk has cardinality d. Indeed, by the holomorphic version of the
implicit function theorem (see e.g. [28], p. 19) given a point x € X’ and a root
a; of the polynomial F, € C[T] for some x, the condition F(a;) # 0 implies
that there is a holomorphic function f; defhed in a neighbourhood of x with
F(f;) =0and f;(x) = a;. For each of the d distinct roots of F, we thus fand d
different functions f; that are all sections of F in some open neighbourhood of
x.Inaconnected open neighbourhood V the sheaf F cannot have more sections,
since the product of the polynomials (t — f;) already gives a factorization of F
in the polynomial ring M(V)[¢]. Thus over V the sheaf F is isomorphic to the
constant sheaf given by the fnite set of the { fi, ..., f4}.

Once we know that F is locally constant, invoking Theorem 2.5.9 yields a
cover pr : Xz — X'. We can then apply Proposition 3.2.9 to each of the con-
nected components X ; of X'z, and get compact Riemann surfaces X ; mapping
holomorphically onto X. We still have to show that j = 1,1i.e. Xz is connected.
Indeed, defne a function f on X’z by putting f(f;) = fi(pF(fi)). One sees by
the method of proof of Proposition 3.3.5 that f extends to a meromorphic func-
tion on each X ; and by applying Proposition 3.3.5 we see that f as an element
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of M(X;) has a minimal polynomial G over M(X) of degree at most d;, where
d; is the cardinality of the fbres of the cover X ; — X’. But since manifestly
F(f) =0, G must divide F in the polynomial ring M(X)[¢], whence FF = G
by irreducibility of F and d; = d. This proves that there is only one X, i.e.
X r is connected.

Finally, mapping f to « induces an inclusion of felds M(Y) C L which
must be an equality by comparing degrees. O

Remark 3.3.9 One may replace the use of the implicit function theorem in
the above proof by using ideas from residue calculus in complex analysis as in
[23], Corollary 8.8.

Proof of Theorem 3.3.7 Essential surjectivity was proven in the previous
proposition. It is enough to prove fully faithfulness when Y is connected. We
fist show that given a pair (Y, ¢) as in the theorem and a generator f of the
extension M(Y)| M (X) with minimal polynomial F, the cover of X given by
the restriction of ¢ to the complement of branch points and inverse images of
poles of coefftients of F is canonically isomorphic to the cover X r defned in
the previous proof. This isomorphism is best defned on the associated sheaves
of local sections: just map a local section s; to the holomorphic function f o s;.
By Theorem 3.2.7 the isomorphism extends uniquely to an isomorphism of
Y with the compactiftation X' of Xz defned in the previous proof. Thus it
suffces to check fully faithfulness for holomorphic maps of Riemann surfaces
of the form X’;.. So assume given a tower of fnite feld extensions M|L|M(X),
with L and M corresponding by the previous proof to canonical maps of
Riemann surfaces X’> — X and X; — X, respectively. But by construction
the map X; — X factors through a holomorphic map X; — X inducing the
extension M| L, which is the one we were looking for.

It remains to prove the second statement of the theorem. Given a branched
cover Y — X of degree d, we have Aut(Y|X) = Aut(M(Y)|M(X)) by the
fully faithfulness just proven, and we also know from Proposition 3.3.5 that the
extension M(Y)|M(X) has degree d. The group Aut(Y|X) is of order at most
d, with equality if and only if the fnite branched cover ¢ : ¥ — X is Galois
over X. Similarly, the group Aut(M(Y)|M(X)) is of order at most d, with
equality if and only if M(Y)|M(X) is a Galois extension. The claim follows
from these facts. O

Combining the theorem with Theorem 1.5.4 we obtain:

Corollary 3.3.10 Let X be a connected compact Riemann surface. The cate-
gory of compact Riemann surfaces equipped with a holomorphic map onto X
is equivalent to that of fuite continuous left Gal (M(X)| M (X))-sets.
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The case X = P!(C) of the Theorem 3.3.7 is particularly interesting because
of the following consequence of the Riemann Existence Theorem.

Proposition 3.3.11 Ler Y be a connected compact Riemann surface. There
exists a non-constant holomorphic map Y — P'(C). Consequently M(Y) is a
fuite extension of C(t).

Proof By the Riemann existence theorem M(Y) contains a non-constant
function f. Defie amap ¢ : ¥ — P!(C) by

_ ] f(») yisnotapoleof f

()
Y yisapoleof f.

For each y € Y choose a complex chart g : U — C around y so that f is
holomorphic on U \ {y}. Recall that the two standard complex charts on
P'(C) are given by z and 1/z, respectively. If f is holomorphic at y, then
zo¢sog ! is holomorphic on g(U). If not, then (1/z)o¢sog~" maps
g(U \ {y}) to a bounded open subset of C, so (1/z) o ¢y o g~ ! extends to a
holomorphic function on g(U) by Riemann’s Removable Singularity Theo-
rem (see e.g. [80], Theorem 10.20). This proves that ¢, is holomorphic. The
second statement follows from Proposition 3.3.5 and the well-known fact that

MPLC)) = C(r). O

Corollary 3.3.12 The contravariant functor Y — M(Y), ¢ — ¢* induces an
anti-equivalence between the category of connected compact Riemann surfaces
with non-constant holomorphic maps and that of felds fuitely generated over
C of transcendence degree 1.

Recall that a fnitely generated feld of transcendence degree 1 over C is
just a fnite extension of the rational function feld C(z). We chose the above
formulation of the corollary in order to emphasize that the morphisms in the
category under consideration are C-algebra homomorphisms and not C(z)-
algebra homomorphisms.

Proof Essential surjectivity follows from Theorem 3.3.7 applied with
X = P!(C), taking the proposition into account. To prove full faithfulness, i.e.
the bijectivity of the map Hom(Y, Z) — Hom(M(Z), M(Y)) we fist choose
a homomorphic map ¢, : Z — P!(C) inducing a C-algebra homomorphism
C(t) > M(Z). This enables us to consider the elements of Hom(Y, Z) as
morphisms of spaces over P!(C), and those of Hom(M(Z), M(Y)) as C(¢)-
algebra homomorphisms. We can then apply the fully faithfulness part of
Theorem 3.3.7. O
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Remark 3.3.13 The corollary is often summarized in the concise statement
that ‘compact Riemann surfaces are algebraic’. In fact, it can be shown that
compact Riemann surfaces are always holomorphically isomorphic to smooth
projective complex algebraic curves, and that holomorphic maps between them
all come from algebraic morphisms. Here, however, one has to allow smooth
curves in projective 3-space as well, not just the plane curves mentioned at the
beginning of this chapter. For a vast generalization in higher dimension, see
Theorem 5.7.4 and the subsequent discussion.

3.4 The absolute Galois group of C(¢)

Corollary 3.3.10 bears a close resemblance to Corollary 2.3.9, except
that we now allow branched covers as well. But as we have seen in
Proposition 3.2.6, each fnite branched cover of the compact Riemann sur-
face X restricts to a cover over a cofnite open subset X’ C X. Therefore it is
natural to expect that mﬁ—(? x) with some base point x is isomorphic to a quo-
tient of Gal (M(X)|M(X)) in a natural way. The following theorem confrms
this intuition.

Theorem 3.4.1 Let X be a connected compact Riemann surface, and let X'
be the complement of a faite set of points in X. Let Ky be the composite in
a fxked algebraic closure M(X) of M(X) of all fuite subextensions arising
from holomorphic maps of connected compact Riemann surfaces Y — X that
restrict to a cover over X'. The feld extension K yx/|M(X) is Galois, and its
Galois group is isomorphic to the profaite completion of 7w1(X', x) for some
base point x € X'.

The key point is the following property of the extension K .

Lemma 3.4.2 Every fuite subextension of K x/|M(X) comes from a connected
compact Riemann surface that restricts to a cover over X'.

Proof First we show that given two subextensions L;|M(X) (i = 1, 2) com-
ing from compact connected Riemann surfaces ¥; — X that restrict to covers
Y/ over X', their compositum in M (X) comes from a compact Riemann surface
Y1, — X with the same property. For this consider the fbre product of covers
Y| xx Y, introduced at the end of Chapter 2. It is a cover of X', whence a
compact Riemann surface Y1, — X restricting to Y| xx ¥} over X’ by The-
orem 3.2.7. We claim that its ring of meromorphic functions is isomorphic to
the fhite étale M(X)-algebra L ®@aq(x) L». Indeed, the latter algebra repre-
sents the functor on the category of M (X)-algebras associating with an alge-
bra R the set of M(X)-algebra homomorphisms L; x L, — R. On the other
hand, the fbre product represents the functor on the category of X’-spaces that
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maps a space Y the set of pairs of morphisms (¢ : ¥ — Y|, ¥ : ¥ — Y;) com-
patible with the projections to X’. The anti-equivalence of categories obtained
by a successive application of Theorems 3.3.7 and 3.2.7 transforms these func-
tors to each other, whence the claim. Now connected components of Y| xx ¥>
correspond exactly to direct factors of L; ® vqx) L2, both corresponding to the
factorization of a minimal polynomial of a generator of L;|M(X) into irre-
ducible factors over L,. But when we look at the fixed embeddings of the L;
into M(X), the component coming from one of these factors becomes exactly
the composite L L,, and we are done.

The above argument shows that Kx» can be written as a union of a tower
of fnite subextensions L; C LiL, C LiL,L3 C --- of M(X) coming from
Riemann surfaces that restrict to a cover over X’. To conclude the proof
of the lemma we show that if this property holds for a fnite subexten-
sion Ky D L D M(X), it holds for all subextensions L D K D M(X) as
well. This is an easy counting argument: according to Proposition 3.3.5, if
L = M(Y) and K = M(Z), each point of X’ has [L : M(X)] preimages
in ¥ and at most [K : M(X)] preimages in L, whereas each point of Z
has at most [L : K] preimages in Y (taking Theorem 3.3.7 into account).
Therefore we must have equality everywhere, and Z must restrict to a cover
over X'. O

Proof of Theorem 3.4.1 To see that Ky is Galois over M(X) it suffces to
remark that if L| M (X) comes from a Riemann surface that restricts to a cover
over X', then the same holds for all Galois conjugates of L by construction.
We now realize nﬁ(?x) as a quotient of Gal (K | M (X)) as follows. Each
fnite quotient of nl(/XTx) corresponds to a fnite Galois cover of X’, which in
turn corresponds to a fnite Galois branched cover of X by Proposition 3.2.9,
and fnally to a fnite Galois subextension of Ky | M(X). By Theorem 3.3.7
and the lemma above we get in this way a bijection between isomorphic fnite
quotients of m(/XT x) and Gal (K x| M(X)), respectively, and moreover this
bijection is seen to be compatible with taking towers of covers on the one side
and feld extensions on the other. The theorem follows by passing to the inverse
limit. O

Remark 3.4.3 Since by Proposition 3.2.6 every holomorphic map ¥ — X
of connected compact Riemann surfaces restricts to a cover over a suitable
X', Theorem 3.3.7 shows that each fnite subextension of M(X) is contained
in some extension of the form K. considered above. Thus the Galois group
Gal (M(X)|M(X)) is isomorphic to the inverse limit of the natural inverse
system of groups formed by the Gal (K x| M (X)) with respect to the inclusions
Kx D Ky» coming from X’ C X”. Each of the groups Gal (Kyx/|M(X)) is
isomorphic to the profnite completion of the fundamental group of the Riemann
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surface X', and an explicit presentation for these fundamental groups is known
from topology. Thus it is possible to determine the absolute Galois group of
M(X). The case X = P!(C) will be treated in detail below.

Consider the case X = P!(C). As already mentioned in the previous chapter
(and will be stated in greater generality in Remark 3.6.4 below), given a fnite set
{x1, ..., x,} of points of P'(C), it is known from topology that the fundamental
group of the complement with respect to some base point x has a presentation

PO\ X, %) ) = Vel v v =1, G

where each generator y; can be represented by a closed path around the point
x; passing through x. For n > 1 this group is isomorphic to the free group F,,_;
on n — 1 generators (send y; to a free generator f; of F,,_; fori < n and y,
to (f1--- fu—1)~"). In particular, every fhite group arises as a fhite quotient of
7 (PY(C) \ {x1, ..., x,}, x) for sufftiently large n. Since the feld M(P'(C))
is isomorphic to C(¢), Theorem 3.4.1 implies the corollary:

Corollary 3.4.4 Every faite group occurs as the Galois group of some fiite
Galois extension L|C(t).

We have proven more than what is stated in the corollary, namely that
every fnite group G that can be generated by n — 1 elements arises as the
automorphism group of a Galois branched cover p : ¥ — P'(C) ramifed above
at most n points xi, ..., x,. We note for later use the following complement.

Proposition 3.4.5 Under the surjection m;(P'(C) \ {x1, ..., X}, x) = G the
image of each topological generator y; generates the stabilizer of a point in

the fore p~'(x;).

Proof To ease notation, set X := P(C) \ {x1, ..., x,}. According to Theo-
rem 2.3.4 the surjection 7;(X, x) - G is induced by a morphism of covers
Dx - )N(x — p’l(X ) from the universal cover )?x, which in turn corresponds to
a point y € p~!(x). If x’ is another base point, the choice of a path between
x and x" induces an isomorphism 7;(X, x) = 7;(X, x’), whence a surjection
(X, x') = G and a point y' € 7~ !(x"). Choose an open neighbourhood U;
of x; so that p~!(U;) is a fhite disjoint union of open sets over which p is
isomorphic to the branched cover z > z¢ of the unit disc. Modifying y if nec-
essary we may assume x € U; \ {x;}. Denote by V; the component of p~!(U;)
containing y, and by y; the unique preimage of x; in V;. By continuity the
stabilizer of y; in G must map V; onto itself, so it is a subgroup of the cyclic
group Aut(V;|U;). The latter group is generated by the image of y; in G by
Example 2.4.12. The action of y; stabilizes y;, so the stabilizer of y; is the
whole of Aut(V;|U;). a
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Corollary 3.4.4 describes the fnite quotients of Gal (C(#)|C(¢)), but does not
determine the profnite group itself. As the corollary indicates, it should be free
in an approprate sense. Here is a formal defnition.

Definition 3.4.6 Let X be a set, and let F(X) be the free group with basis
X. The free profuite group F (X) with basis X is defned as the inverse limit
formed by the natural system of quotients F(X)/U, where U C F(X) is a
normal subgroup of fhite index containing all but fnitely many elements of X.

Remarks 3.4.7

1. If X is fnite, then ﬁ(X) is just the profnite completion of F(X). In this
case the cardinality » of X is called the rank of Fi (X).

2. The inclusion map i : X — F(X) is characterized by the following uni-
versal property: given a profnite group G andamap A : X — G such that
every open normal subgroup of G contains all but fnitely many elements
of A(X), there is a unique morphism Ap : F(X) > G of profnite groups
making the diagram

X —— F(X)
AR

G

commute. This universal property may also be taken as a defnition of
Fi (X). By writing G as an inverse limit of fnite groups G/V and A as an
inverse limit of the composite maps X — G — G/V one sees that it is
enough to require the universal property for G fnite.

Theorem 3.4.8 (Douady) There is an isomorphism of profuite groups
Gal (C(1)|C(1)) = F(C)

of the absolute Galois group of C(t) with the free profnite group on the set C
of complex numbers.

Proof Let S C C be a fnite set of r points. Applying Theorem 3.4.1 with
X :=P!(C)\ (S U co) in place of X’ we obtain a quotient Gal (Kx,|C(2)) of
Gal (C(1)|C(t)) that is isomorphic to the free profnite group on r generators
by (3.1), one generator y, for each x € S. For a fnite subset SC T C C
giving rise to X7 = P!(C) \ (T U 0o) we have a natural inclusion Ky, C Ky,
of Galois extensions of C(f), whence a surjection Asy := Gal (K, |C(¢)) —
Gal (Kx,|C(?)) by infnite Galois theory. By theorem 3.4.1, this map comes
from a natural map of fundamental groups (X7, xo) = 71(Xs, Xo) for some
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base point x, after taking profnite completion, and moreover Ag7(y,) = 1 for
x € T\ S. The groups Gal (Kx,|C(t)) together with the maps Agr form an
inverse system indexed by the system of fnite subsets of C partially ordered
by inclusion. The inverse limit is Gal (C(1)|C(1)), because by Theorem 3.3.7
and Proposition 3.2.6 every fhite subextension of C(1)|C(t) is contained in
K, for sufftiently large S, so the intersection of the open normal subgroups
Gal (C(1)|K x,) must be trivial. The theorem now follows from the purely
group-theoretic proposition below. O

Proposition 3.4.9 Let X be a set, and S the system of fuite subsets S C X
partially ordered by inclusion. Let (G, AsT) be an inverse system of profuite
groups indexed by S satisfying the following conditions:

1. The \sr are surjective forall S C T.
Each Gg has asystem{g, : x € S} ofelements so that the map ﬁ(S) — Gg
induced by the map x — g, is an isomorphism, and moreover for every
S C T we have Asr(gy) = 1 forx ¢ S.

Then lim G is isomorphic to f(X).
For the proof we need three lemmas.

Lemma 3.4.10 The proposition is true in the case when Gg = F (S) for all
S €S, and sy : F(T) — F(S) is the map characterized by

x xes§

Ast(x) =
5100 1 xeT\S

forall S CT.

Proof We check the property of Remark 3.4.7 (2). First observe that there is
a natural injection i : X — hm I?(S) sending x € X to (xg)ses, Where xs =x
for x € Sand x5y =1 otherwise. It generates a dense subgroup in hm F (S)
so given a map A : X — G with G fnite, an extension 11m F(S) — G must
be unique if it exists. But since G is fhite, we must have A(x) =1 for all but
fnitely many x € X, so A factors through the image of #(X) in some quotient
E (S), which is none but S. The existence then follows from the freeness of
F(S). O

Before the next lemma we introduce some terminology. A subset S of a
free profnite group F (X) is called a basis if each open normal subgroup
of F (X) contains all but fnitely many elements of S, and moreover the
map ip : f(S) — ﬁ(X) extending the natural inclusion i : § — f(X) as in
Remark 3.4.7 (2) is an isomorphism.
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Lemma 3.4.11 In a free profaite group F(X) of fuite rank r every system
S C F(X) of r elements that topologically generate F(X) is a basis of F(X).

Proof By assumptionthe map iy : :F S) — F (X) is surjective, so itis enough
to show injectivity. For each n > O consider the sets Q,(S) (resp Qn(X )) of
open normal subgroups of index n in F(S) (resp. F(X)) As F(S) and F(X)
are both profnite free of rank r, these sets have the same fnite cardinality
(bounded by (n!)"). By surjectivity of iy the map Q,(X) — 0,(S) sending
UC f(X) to i;l(U) is injective, hence bijective. It follows that ker (i) is
contained in all subgroups in Q,(S), for all n > 0. As f(S) is profnite, this
means ker (ip) = {1}. |

Lemma 3.4.12 An inverse system (Xo, ¢og) of nonempty compact topological
spaces is nonempty.

Proof Consider the subsets X, C [ X« consisting of the sequences (x,)
satisfying ¢,,,(x,) = x, for a fk ed pair A < u. These are closed subsets
of the product, and their intersection is precisely lim X,. Furthermore, the
directedness of the index set implies that fnite intersections of the X au are
nonempty. Since [ | X,, is compact by Tikhonov’s theorem, it ensues that lim X,
is nonempty. - a

Proof of Proposition 3.4.9 Foreach S € S denote by r the cardinality of S and
by Bs C G the set of all r-tuples that satisfy condition 2 of the proposition. If
g = (g1, ..., &) € G is such that each open neighbourhood of g meets By,
then g € By by continuity. This means that Bs C G is a closed subset, hence
it is compact by Corollary 1.3.9 and Tikhonov’s theorem. By conditions 1 and
2 together with Lemma 3.4.11 the Agr induce maps Bg — By for all pairs
S C T. We thus obtain an inverse system of nonempty compact spaces indexed
by S; its inverse limit is nonempty by the lemma above. By construction, an
element of lim Bg induces an isomorphism of the inverse system of Lemma
3.4.10 with (E s, Ast). The proposition now follows from that lemma. O

3.5 An alternate approach: patching Galois covers

We now present another approach to the proof of Corollary 3.4.4 based on a
nowadays commonly used technique known as patching, pioneered by David
Harbater. The specifc argument we shall present is an adaptation of a rigid
analytic method due to Florian Pop [75] in the complex setting; we are grateful
to him for explaining it to us.

We begin by some purely topological constructions that could have fgured
in earlier chapters. The first is about patching together topological covers.
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Lemma 3.5.1 Let X be a locally connected topological space, and let
{U; :i € I} be an open covering of X. Assume given covers p; : Yi — U;
fori € I, together with isomorphisms

9,~j . pi_l(Ui N Uj) :) pj_l(Ui ﬂUj)

for each pair i # j satisfying 0 0 6;; = 6; over U; N U; N Uy. Then there
exists a cover p : Y — X with p~'(U;) isomorphic to Y; as a space over U;
foreachi € I. It is unique up to unique isomorphism.

If moreover X and Y are connected and the Y; are Galois covers of X with
group G, then p : Y — X is also a Galois cover of X with group G.

Proof In Construction 2.7.8 we have already seen how to patch locally con-
stant sheaves together. Therefore the dictionary between covers and locally
constant sheaves (Theorem 2.5.9) yields the fist part of the lemma. For the
second part notice first that in the above construction automorphisms of the
covers p; : Y; — X also patch together to automorphisms of X; in particular
we obtain an injective map G — Aut(Y |X). Since each Aut(Y;|X) is transitive
on the fbres of p;, so is Aut(Y|X). By the connectedness assumption on Y
we thus obtain that it is Galois over X. Finally, restriction to the Y; shows that
Y/G = X, whence it follows that G = Aut(Y|X). a

We also need another topological construction, that of induced covers. This
concept is analogous to that of induced representations in algebra.

Construction 3.5.2 Let G be a group, and H C G a subgroup. Assume
moreover given a space p : Y — X over X such that H is isomorphic to
a subgroup of Aut(Y|X). We construct a space Indf,(Y ) over X such that
G is isomorphic to a subgroup of Aut(Indg(Y )IX). Moreover, in the case
H = Aut(Y|X) we shall actually have G = Aut(Indg(Y ) X).

Consider the left coset space G/H as a discrete topological space, and
defhe Ind%(Y) to be the topological product (G/H) x Y. The projections
on each component equip it with the structure of a space over X. The G-
action on Ind$(Y) is defhed as follows. Fix a system of left representatives
{gi:i e G/H} for G mod H. For g€ G and i € G/H we fad j € G/H
and h € H such that gg; = g;h. The action of G on Indg(Y) =(G/H)xY
is then defhed by g(i, y) = (J, hy). As h € Aut(Y|X) by assumption, this
is indeed an automorphism of Indg(Y) as a space over X. Note that this
G-action depends on the choice of the g;, but the space IndZ(Y) itself does not.

It is immediate from the construction that if ¥ — X is a cover, then so
is Ind§(Y) — X, and if Y is Galois over X with group H, then
Aut(Indg(Y)|X ) = G. For this reason Indg(Y) is called the induced G-cover



3.5 An alternate approach: patching Galois covers 85

from Y. Note, however, that it is not connected when H # G, and therefore it
is not a Galois cover.

Using the above patching and induction techniques, we now prove:

Proposition 3.5.3 Let G be a faite group, and g, ..., g, a system of gener-
ators of G. Fix points xy, ..., X, on the complex projective line P!(C). There
exists a fuite Galois branched cover Y — P'(C) with group G such that each
X; is the image of a branch point whose stabilizer is generated by g;.

Notice that we do not claim that all branch points lie above the x;. In fact,
the construction will yield n other points yy, ..., y, above which the cover is
branched. Still, by the same arguments as in the previous section, the proposition
implies Corollary 3.4.4, i.e. that every fnite group arises as a Galois group over
C(@).

Proof By an adequate choice of the complex coordinate z we may assume
that none of the x; lies at infnity . For each x; choose a small open disc D; of
radius r; centred around x; in such a way that the D; are all disjoint. Denote
by G; the cyclic subgroup generated by g; in G, and by k; the order of g;. Fix
for each i a point y; € C with 0 < |x; — y;| < r;/2, and consider the rational
function

yiZh + x;

e =Ty

It induces a holomorphic map ¢; : P'(C) — P!(C) mapping 0 to x; and oo
to y;. Since f; is the composite of the map z > z" with a complex automor-
phism of P'(C), the branch points of ¢; are 0 and oo, lying above x; and y;,
respectively. The map ¢; : ¢, Y(D;) — Dj is by construction a Galois branched
cover with group G;; it restricts to a Galois cover over ﬁi = D; \ {x;, y;}. Let
Y, — iji be the G-cover obtained by inducing this cover from G; to G as in
Construction 3.5.2.

For each i denote by B; the closed disc of radius r; /2 around x;; it contains
y; in its interior. Since P'(C) \ B; is simply connected, the restriction of the
Galois cover ¢; : P1(C) \ {0, oo} — PI(C) \ {x;, y;} to P1(C)\ B; is trivial.
Therefore the restriction of the G-cover Y; — b[ to the annulus D; \ B; is
trivial as well, being induced from a trivial cover. Now denote by U the open
subset of P!(C) obtained by removing all the B;, and consider the trivial G-
cover G x U — U. By what we have just said, the restrictions of ¥; — D;
and G xU — U to ﬁ,- NU = D; \ B; are both trivial G-covers, and are
therefore isomorphic. We can now apply Lemma 3.5.1 to the covering of
X =P O\ {x1,...,%,, 1, ..., y,} formed by the ﬁi and U and patch the
covers Y; — D,- and G x U — U together in a G-cover Y’ — X (notice that



86 Riemann surfaces

the triple intersections are empty). It extends to a fnite branched cover ¥ — X
by Theorem 3.2.7.

As the statement about the g; results from the construction, it remains to show
that Y — X is a Galois branched cover, which boils down to the connectedness
of Y'. Write ¥; = (G/G;) X ¢i_1(D,-) using the defnition of induced covers.
If e denotes the class of the unit element ¢ € G in G/G;, we see from the
construction that the action of g; € G; maps the component {&} x ¢; Y(Dy)
of Y; onto itself. Since the component {&} x ¢, Y(D;) meets the component
{e} x U of G x U in Y’, we conclude applying g; that it also meets {g;} x U.
It follows that {e} x U and {g;} x U lie in the same connected component of
Y’. Iterating the argument we fad that {e} x U and {g} x U lie in the same
component of Y’ for an arbitrary product g = g|' - -- g% of the g;. But the g;
generate G by assumption, hence all components of G x U lie in the same
component of Y’. This shows that Y’ has only one connected component. O

Remark 3.5.4 The advantage of the above method is that it works in a more
general setting, that of complete valued felds. For instance, the same argu-
ment can be used to prove the following interesting theorem originally due
to D. Harbater [31]: Every faite group arises as the Galois group of a faite
Galois extension of L|Q,(t), with Q, algebraically closed in L. Here Q,, is
the feld of p-adic numbers, i.e. the fraction feld of the ring Z, encountered in
Example 1.3.4 (4).

3.6 Topology of Riemann surfaces

In order to give a reasonably complete treatment of the theory of covers of
Riemann surfaces we have to mention several topological results that are proven
by methods different from those encountered above. Since this material is well
documented in several introductory textbooks in topology, we shall mostly
review the results without proofs, the book of Fulton [26] being our main
reference. All Riemann surfaces in this section will be assumed to be connected.

We begin with the topological classiftation of compact Riemann surfaces.
This is a very classical result stemming from the early days of topology and
is proven by a method commonly called as ‘cutting and pasting’ (see [26],
Theorem 17.4).

Theorem 3.6.1 Every compact Riemann surface is homeomorphic to a torus
with g holes.

Recall that the simplest way to conceive a torus with g holes is to take a
two-dimensional sphere and attach g ‘handles’ on it. This includes the case
g = 0, where we just mean the 2-sphere. The number g of is called the genus
of the Riemann surface.
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Remarks 3.6.2

1. A more rigorous way of defning a torus with g holes (for g > 0) is by
taking a connected sum of g usual tori. This is done as follows: one frst
takes two copies of the usual torus, cuts out a piece homeomorphic to a
closed disc from each of them, and then patches the two pieces together
by identifying the boundaries of the two discs just cut out. In this way one
obtains a torus with two holes; the general case is done by iterating the
procedure.

Another construction generalizes the fact that we may obtain the usual
torus by identifying opposite sides of a square (with the same orientation).
In the general case one takes a regular 4g-gon and labels its sides clock-
wise by ay, by, afl, bfl, ..., ag, by, ag’l, bgl. Here the notation means
that we consider the a;, b; with clockwise orientation and the a; ', b;!
with counterclockwise orientation. Now identify each a; with a;” !and b;
with b, ! taking care of the chosen orientations (see the very suggestive
drawings on pp. 240-241 of [26]). In this way one gets a sphere with g
handles, and the sides a;, b;, a; h bi_1 of our initial polygon get mapped
to closed paths all going through a common point x.

2. What the theorem really uses about the topology of compact Riemann
surfaces is that they are orientable topological manifolds of dimension 2.
The topological manifold structure is obtained by considering the complex
charts as homeomorphisms of some neighbourhood of each point with an
open subset of R?. Orientability can be expressed in this case by remarking
that if f; : U; — C (i = 1, 2) are some complex charts on our Riemann
surface, then the map ffl o f> regarded as a real differentiable map from
R? to R? has a positive Jacobian determinant at each point; this is a
consequence of the Cauchy—Riemann equations.

The second representation of tori with g holes in Remark 3.6.2 (1) makes it
possible to compute the fundamental group of a compact Riemann surface of
genus g. Here it is convenient to take as a base point the point x where all the
closed paths coming from the a;, b;, a;” L b ! meet. The homotopy classes of
these paths then generate the fundamental group. More precisely, one proves:

Theorem 3.6.3 The fundamental group of a compact Riemann surface X of
genus g has a presentation of the form

jTl(X5-x)= (alabla "-’agabg|[al’bl]“'[agabg] = 1)3
where the brackets [a;, b;] denote the commutators a;b;a; 1bi_ I

For the proof see e.g. [26], Proposition 17.6. It uses the defnition of the
fundamental group in terms of closed paths and the van Kampen theorem.
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Remark 3.6.4 By the same method that proves the theorem one can also
determine the fundamental group of the complement of n + 1 points xo, . . ., X,
in a compact Riemann surface X of genus g. Here one has to add one generator
y; for each x; represented by a closed path going through x and turning around
x;. We get a presentation of 7 (X \ {xy, ..., x,}, x) by

(a],b], -~-’ag»bga Yos -5 Vn | [alvbl]"'[ag»bg]y()"')/n = 1>
The special case g = 0 has already turned up in previous sections.

Remark 3.6.5 Realizing the groups described in the theorem as automorphism
groups of the universal cover gives rise to a fascinating classical theory known
as the theory of uniformization; see Chapter IX of [95] for a nice introduction.

The main result here, originating in work by Riemann and proven com-
pletely by Poincaré and Koebe, is that a simply connected Riemann surface is
isomorphic as a complex manifold to the projective line P!(C), the complex
plane C or the open unit disc D (see e.g. [23], Theorem 27.6). Now one can
produce compact Riemann surfaces as quotients of the above as follows. In the
case of P!(C) there is no quotient other than itself, for an automorphism of
P!(C) is known to have a fixed point (Exercise 2). For C, one can prove that the
only even action on it with compact quotient is the one by Z? as in the second
example of Chapter 2, Example 2.1.8, so the quotient is a torus C/A; this is
in accordance with the case g = 1 of the theorem. All other compact Riemann
surfaces are thus quotients of the open unit disc D by some even group action.
Poincaré studied such actions and showed that they come exactly from trans-
formations mapping a; to a; Uand b; to b "in a 4g-gon with sides labelled as
above; the only difference is that in this case the sides of the polygon are not
usual segments but circular arcs inscribed into the unit disc, for he worked in
the model of the hyperbolic plane named after him.

We fnally discuss triangulations of compact Riemann surfaces. Recall the
defnition:

Definition 3.6.6 Let X be a compact topological manifold of dimension 2. A
triangulation consists of a fite system 7 = {71, ..., T,,} of closed subsets of
X whose union is the whole of X, and homeomorphisms ¢; : A = T;, where
A is the unit triangle in R%. The T; are called the faces of the triangulation,
and the images of the edges (resp. vertices) of A edges (resp. vertices) of the
triangulation. These are subject to the following conditions: each vertex (resp.
edge) of 7 contained in a face 7; should be the image of a vertex (resp. edge)
of A by ¢;, and moreover any two different faces must be either disjoint, or
intersect in a single vertex, or else intersect in a single edge.
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Examples 3.6.7 We describe triangulations of compact Riemann surfaces of
genus 0 and 1.

1. The two-dimensional sphere (which is the underlying topological space
of PIC) has several natural triangulations; one of them is cut out by the
equator and two meridians.

2. A triangulation of the complex torus C/A may be easily obtained from
its description as a square with opposite edges identifed. Divide fist
the square into nine subsquares by dividing each edge in three, and then
divide each subsquare in two triangles by the diagonal from the upper left
to the lower right corner. After identiftation of the edges of the original
square these induce a triangulation of the torus.

We now prove:
Proposition 3.6.8 Every compact Riemann surface has a triangulation.

The proposition is an immediate consequence of Example 3.6.7 (1), of Pro-
position 3.3.11 and the following lemma.

Lemma 3.6.9 Let ¢ : Y — X be a branched cover of compact Riemann sur-
faces (e.g. a holomorphic map). Than every triangulation of X can be lifted
canonically to a triangulation of Y.

Before giving the proof, note the obvious fact that given a triangulation 7°
of a compact topological surface X and a point x € X which is not a vertex of
T, the triangulation can be refhed in a canonical way to a triangulation whose
set of vertices is that of 7 with x added: take the face ¢;(A) containing x (if x
happens to lie on an edge, take both faces meeting at that edge), consider the
natural subdivision of A given by joining ¢, !(x) to the vertices and replace ¢;
by its restrictions to the smaller triangles arising from the subdivision (which
are of course homeomorphic to A).

Proof By refning the triangulation as above if necessary, we may assume
that in the given triangulation of X the set Sy of vertices contains all images of
branch points. Hence the restriction of ¢ to X \ ¢~!(Sp) is a cover. As the subset
A’ C A obtained by omitting the vertices is simply connected, the restriction
of the cover ¢ : Y — X above each ¢;(A’) is trivial. Therefore the restriction
of each ¢; to A’ can be canonically lifted to each sheet of the cover; we may
lift those vertices of ¢;(A) as well which are not images of branch points. By
comparing with the triangulation of X we see that away from the branch points
we have defned a triangulation of Y. Finally, the local form of Lemma 3.2.1
shows that in the neighbourhood of branch points we obtain a triangulation by
adding the branch point as a vertex. O
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Given a triangulation 7 of a compact Riemann surface X, denote by
So, S1, 8> the set of vertices, edges and faces of 7, respectively, and write
s; for the cardinality of S;.

Definition 3.6.10 The integer yx := so — 51 + 57 is called the Euler charac-
teristic of X.

To justify the defnition, one has to verify that xx is an invariant of X itself,
and does not depend on the triangulation. Indeed, one checks immediately that
xx does not change if we refne a triangulation by the process described above.
From this the invariance of xx follows by choosing common refaements of
two triangulations.

Proposition 3.6.11 Let¢ : Y — X be a holomorphic map of compact Riemann
surfaces having degree d as a branched cover. The Euler characteristics xx
and xy of X and Y are related by the formula

Xy =d-xx— Y (ey—1)
S

where the sum is over the branch points of ¢ and e, is the ramiftation index
at the branch point 'y € Y.

Proof In the process of lifting a triangulation to a branched cover as in the
lemma the number of edges of the lifted triangulation is ds; and the number of
its faces is ds,. Those points of Sy which are not in the image of the branch locus
have d preimages as well but with each branch point the number of preimages
diminishes by e, — 1. O

Now it is a known topological fact that the Euler characteristic of a torus
with g holes is 2 — 2g (see [26], p. 244; the cases g = 0, | may be read off
from the above example). Hence the proposition implies:

Corollary 3.6.12 (Riemann— HurwitzFormula) The formula of the proposi-
tion can be rewritten as

2gy —2=dQgx —2)+ ) (ey— 1)

where gx and gy are the genera of X and Y, respectively.

The formula is extremely useful in practice, as it puts constraints on branched
covers of compact Riemann surfaces. As an example, note that if X = P'(C),
d = 2 and there are four branch points (necessarily with ramiftation index 2),
then gy = 1 and Y is a torus. Another famous application is:
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Corollary 3.6.13 If X is a compact Riemann surface of genus g > 0, there are
no non-constant holomorphic maps P'(C) — X.

Proof Otherwise the right-hand side of the Riemann—-Hurwitz formula would
be non-negative and the left-hand side —2. a

Remark 3.6.14 Combining the last corollary with Theorem 3.3.7 one obtains
the following purely algebraic fact: Every subfeld C C K C C(t) with
[C(t) : K] < oo is isomorphic to C(t). This is in fact true for an arbitrary
feld k& in place of C and is known as Liiroth’s Theorem (see [106], §73). Using
the techniques of subsequent chapters it is possible to extend the above proof
to the general case.

Exercises

1. Let ¢ : Y — X be a non-constant holomorphic map of Riemann surfaces, with X
connected. Show that for all x € X we have

E e, =n,

yeg~lx)

where n is the cardinality of the fibres not containing branch points, and e, is the
ramiftation index aty € Y.
2. Consider a non-constant holomorphic map ¢ : P'(C) — P'(C).

(a) Show that there exists a unique rational function f € C(¢) such that ¢ = ¢ as
in the proof of Proposition 3.3.11.

(b) Relate the branch points of ¢, to zeros and poles of f, and determine the
ramiftation indices.

(c) Show that ¢, is a holomorphic automorphism of P'(C) if and only if
f = (at +b)(ct +d)~! with some a,b,c,d € C satisfying ad — bc # 0.
[Hint: Observe that if ¢, is an automorphism, f can only have a single zero
and pole, and these must be of order 1.]

(d) Deduce that a holomorphic automorphism of P'(C) has one or two fixed points.

3. Let Y — X be a holomorphic map of compact Riemann surfaces, restricting to a
cover Y’ — X’ outside the branch points.

(a) Show that the étale M(X)-algebra M(Y) is isomorphic to a fnite direct sum
of copies of M(X) if and only if the cover Y' — X" is trivial.

(b) Using Chapter 2, Exercise 2 give another proof of the fact that in the anti-
equivalence of Theorem 3.3.7 Galois branched covers correspond to Galois
extensions.

4. Let X be a compact connected Riemann surface, and ¢ : X — P!(C) a holomorphic
map. Show that if ¢ is not an isomorphism, then its branch points cannot all lie above
the same point of P'(C). [Hint: Use the Riemann-Hurwitz formula.]
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5. Letn > 2 be an even integer, and consider the dihedral group
D, = (o, 71| o" = ‘[2 =1,01= fg"_l).

Show that every complex torus X = C/A has a Galois branched cover Y — X with
group D, with exactly n branch points, all lying above the same point of X.
6. Let¢ : C/A — C/A’ be a holomorphic map of complex tori.

(a) Show that ¢ has no branch points.

(b) Denotingby p : C — C/A, p’ : C — C/A’ the natural projections, show that
there exists a holomorphic map $ :C— Cwith p’ o 5 =¢op.

(c) Check that setting $(00) = 0o defnes an extension of ¢ to a holomorphic map
P!'(C) — P!(C), and show that this map is in fact a holomorphic automorphism
of P!(C). [Hint: Use Exercise 4.]

(d) Establish a correspondence between holomorphic maps ¢ : C/A — C/A’ and
pairs (a, b) € C?> witha # 0and aA + b C A’. [Hint: Use Exercise 2.]



4

Fundamental groups of algebraic curves

In the previous chapter the Riemann Existence Theorem created a link between
the category of compact connected Riemann surfaces and that of fnite exten-
sions of C(¢). This hints at a possibility of developing a theory of the funda-
mental group in a purely algebraic way. We shall now present such a theory for
curves over an arbitrary perfect base feld, using a modest amount of algebraic
geometry. Over the complex numbers the results will be equivalent to those of
the previous chapter, but a new and extremely important feature over an arbi-
trary base feld k will be the existence of a canonical quotient of the algebraic
fundamental group isomorphic to the absolute Galois group of k. In fact, over
asubfeld of C we shall obtain an extension of the absolute Galois group of the
base feld by the profnite completion of the topological fundamental group of
the corresponding Riemann surface over C. This interplay between algebra and
topology is a source for many powerful results in recent research. Among these
we shall discuss applications to the inverse Galois problem, Belyi’s theorem
on covers of the projective line minus three points and some advanced results
on ‘anabelian geometry’ of curves.

Reading this chapter requires no previous acquaintance with algebraic geom-
etry. We shall, however, use some standard results from commutative algebra
that we summarize in the first section. The next three sections contain foun-
dational material, and the discussion of the fundamental group itself begins in
Section 4.5.

4.1 Background in commutative algebra

We collect here some standard facts from algebra needed for subsequent devel-
opments. The reader is invited to use this section as a reference and consult
it only in case of need. In what follows, the term ‘ring’ means a commutative
ring with unit.

Recall that given an extension of rings A C B, anelement b € B is said to be
integral over A if it is a root of a monic polynomial x" 4+ a,_x" "' 4+ - + ag
in A[x]. The integral closure of A in B consists of the elements of B integral
over A; if this is the whole of B, then one says that the extension A C B is
integral or that B is integral over A. Finally, A is integrally closed in B if it
equals its integral closure in B. In the special case when A is an integral domain
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and B is the fraction feld of A one says that A is integrally closed. The basic
properties of integral extensions may be summarized as follows.

Facts 4.1.1 Let A C B be an extension of rings.

1. Anelement b € B is integral over A if and only if the subring A[b] of B
is fnitely generated as an A-module.

2. The integral closure of A in B is a subring of B, and moreover it is
integrally closed in B.

3. Given a tower extensions A C B C C with A C B and B C C integral,
the extension A C C is also integral.

4. If B is integral over A and P C A is a prime ideal, there exists a prime
ideal Q C B with Q N A = P.Here P is a maximal ideal in A if and only
if Q is a maximal ideal in B.

All these facts are proven in [48], Chapter VII, §1, or [2], Chapter 5, 5.1-5.10.

Example 4.1.2 A unique factorization domain A is integrally closed. Indeed,
if an element a/b of the fraction feld (with a, b coprime) satisfes a monic
polynomial equation over A of degree n, then after multiplication by " we see
that a” should be divisible by b, which is only possible when b is a unit.

Assume now that A C B is an integral extension of integrally closed domains
such that moreover the induced extension K C L of fraction felds is Galois
with fnite Galois group G. Then B is stable by the action of G on L, being the
integral closure of A in L. Given a maximal ideal P C A, denote by Sp the set
of maximal ideals Q C B with Q N A = P. The group G acts on the fnite set
Sp:each o € G sends Q € Sp to the prime ideal 6 (Q) € Sp.

Fix Q € Sp, and denote by Dy, its stabilizer in G for the above action. The
action of each o € Dy on B induces an automorphism & of x(Q) := B/Q
fking «(P):= A/P elementwise. Moreover, the map ¢ +— & is a homomor-
phism Dy — Aut(x(Q)|«(P)). Its kernel I is a normal subgroup of D, called
the inertia subgroup at Q.

Facts 4.1.3 In the situation above the following statements hold.

1. The group G acts transitively on the set Sp; in particular, Sp is fnite.

2. The subgroups Dy and Iy for Q € Sp are all conjugate in G.

3. It the extension «(Q)|k(P) is separable, then it is a Galois extension
and the homomorphism Dy /Iy — Gal («(Q)|x(P)) defned above is an
isomorphism.

4. If the order of I is prime to the characteristic of «(P), then I is cyclic.
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Statement (1) is [48], Chapter VII, Proposition 2.1, and (2) results from (1).
Statement (3) is proven in [48], Chapter VII, Proposition 2.5. Finally, statement
(4) results from [69], Theorem 9.12 (and the discussion preceding it).

We now state an important result concerning the fniteness of integral closure.

Facts 4.1.4 Let A be an integral domain with fraction feld K, and let L|K be
a fnite extension. Assume that either

(a) A isintegrally closed and L|K is a separable extension, or
(b) Aisafnitely generated algebra over a feld.

Then the integral closure of A in L is a fnitely generated A-module.

For the proof of part (a), see e.g. [2], Corollary 5.17; for (b), see [18],
Corollary 13.13.

An integral domain A is called a Dedekind ring if A is Noetherian (i.e. all of
its ideals are fnitely generated), integrally closed, and all nonzero prime ideals
in A are maximal. Basic examples of Dedekind rings are polynomial rings in
one variable over a feld, the ring Z of integers and, more generally, the integral
closure of Z in a fhite extension of Q.

Facts 4.1.5 Let A be a Dedekind ring.

1. Every nonzero ideal I C A decomposes uniquely as a product
I =P/ P of powers of prime ideals P;.
2. For a prime ideal P C A the localization Ap is a principal ideal domain.

Recall that the localization A p means the fraction ring of A with respect to
the multiplicatively closed subset A \ P, which in our case is the subring of
the fraction feld of A constisting of fractions with denominator in A \ P. For
a proof, see e.g. [2], Theorem 9.3 and Corollary 9.4.

Note that in view of Facts 4.1.1 (2), (4) and 4.1.4 (a) the integral closure of
a Dedekind ring in a fnite separable extension of its fraction feld is again a
Dedekind ring. We then have the following consequence of the above facts.

Proposition 4.1.6 Let A be a Dedekind ring with fraction feld K, and let B
be the integral closure of A in a fiite separable extension L|K. For a nonzero
prime ideal P C A consider the decomposition PB = Qf' --- Q% in B. Then

r

D eilr(Qi):k(P)] =[L: K],

i=1
Proof By the Chinese Remainder Theorem and Fact 4.1.5 (1) we have an

isomorphism

B/PB=B/Q" @& ---® B/Q°. (4.1)
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Since each Q; generates a principal ideal (¢;) in the localization By, by
Fact 4.1.5 (2), the map b — qijb induces isomorphisms «(Q;) = B/Q; >
Qij / Qlj *1 for all 0 < j <e; — 1. It follows that the left-hand side of the for-
mula of the proposition equals the dimension of the « (P)-vector space B/P B.
Choose elements 7] ..., t, € B whose images B/P B form a basis of this vec-
tor space. By a form of Nakayama’s lemma ([48], Chapter X, Lemma 4.3) the
t; generate the fnitely generated Ap-module B ® 4 Ap, hence they generate
the K-vector space L. It remains to see that there is no nontrivial relation
> a;t; = 0 with @; € K. Assume there is one. By multiplying with a suitable
generator of the principal ideal PAp we may assume the g; lie in Ap and not
all of them are in PAp. Reducing modulo PAp we then obtain a nontrivial
relation with coefftients in «(P), which is impossible. O

The integers e; in formula (4.1) are called the ramifcation indices at the
prime ideals Q; lying above P. As it will turn out later, it is by no means
accidental that we are using the same terminology as for branched topological
covers.

Corollary 4.1.7 Let A C B be an integral extension of Dedekind rings such
that the induced extension K C L of fraction felds is a fuite Galois extension
with group G, and let P be a maximal ideal of A. Assume that the extensions
k(Q:)|k(P) are separable for all Q; € Sp. Then the ramifcation indices e; in
the above formula are the same for all i, and they equal the order of the inertia
subgroups at the Q;.

Proof 1t is enough to verify the second statement for the inertia subgroup at
Q, the rest then follows from Proposition 4.1.3 (2). Let K be the subfeld of
L fk ed by Dy,, A; the integral closure of A in K; and P; := Q; N A;. Since
Q) is the only maximal ideal of B above P; by construction, the formula of
the proposition reads |Dg,| = e - [k(Q1) : €(P1)]. On the other hand, Propo-
sition 4.1.3 (3) implies Dy, | = [Ip,| - [x(Q1) : k(P1)] (note that the extension
k(Q1)|k(Py) is separable, being a subextension of x(Q1)|«(P)). The statement
follows by comparing the two equalities. O

Before leaving this topic, we collect some facts about local Dedekind rings.
Fact 4.1.8 The following are equivalent for an integral domain A.

1. Aisalocal Dedekind ring.
2. Ais alocal principal ideal domain that is not a feld.
3. Ais aNoetherian local domain with nonzero principal maximal ideal.

For a proof, see e.g. [57], Theorem 11.2. Such rings are called discrete
valuation rings in the literature.
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Proposition 4.1.9 Let A be a discrete valuation ring, and t a generator of its
maximal ideal.

1. Everynonzero a € A can be written as a = ut" with some unitu € A and
n > 0. Here n does not depend on the choice of t.

2. If x is an element of the fraction feld K of A, then either x or x~' is
contained in A.

3. If B D A is a discrete valuation ring with the same fraction feld, then
A = B.

Proof The intersection of the ideals (¢) is O (this follows, for instance, from
the fact that A is a principal ideal domain). Thus for a # 0 there is a unique
n >0 with a € (") \ (¢"*"), whence (1). By (1), if x is an element of the
fraction feld, we may write x = ut" with a unit u and ¢t € Z, whence (2). For
statement (3), assume b € B is not a unit. Then b € A, for otherwise we would
have b~! € A C B by (2), which is impossible. It moreover follows that b € (t)
(otherwise it would be a unit), so using (1) we see that ¢ cannot be a unit in B.
It follows that non-units in A are non-units in B, from which we conclude by
(2) that the units of B lie in A. O

The first two statements imply:

Corollary 4.1.10 Every nonzero a € K can be written as a = ut" with
some unit u € A and n € Z. Here n does not depend on the choice of the
generator t.

In the notation of the corollary, the rule a + n defnes a well-defned map
v: K* — Z called the discrete valuation associated with A. It is actually a
homomorphism of abelian groups and satisfes v(x + y) > min(v(x), v(y)).
One often extends v to amap K — Z U {oo} by setting v(0) = oo.

Finally, let A be a fnitely generated algebra over a feld k. Recall that A is
Noetherian by the Hilbert basis theorem. If A is an integral domain, we defne
its transcendence degree over k to be that of its fraction feld K. Recall that
this is the largest integer d for which there exist elements ay, . .., a; in K that
are algebraically independent over £, i.e. they satisfy no nontrivial polynomial
relations with coefftients in k. As K is fnitely generated over k, such a d
exists.

Fact 4.1.11 (Noether’s Normalization Lemma) Let A be an integral domain
fnitely generated over a feld k, of transcendence degree d. There exist alge-
braically independent elements xy, . .., x; € A such that A is fnitely generated
asak[xy,...,xs]-module.
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See [48], Chapter VIII, Theorem 2.1 for a proof. Notice that in the situation
above k[xy, ..., x4] is isomorphic to a polynomial ring.

Corollary 4.1.12 If A is as above and d = 1, then every nonzero prime ideal
in A is maximal.

Hence if moreover A is integrally closed, it is a Dedekind ring.

Proof Let P C A be anonzero prime ideal, and use the normalization lemma
to write A as an integral extension of the polynomial ring k[x]. The prime
ideal P N k[x] of k[x] is nonzero, because if ¢ is a nonzero element of P,
it satisfes a monic polynomial equation " 4+ a,_;#""' + .. +ag = 0 with
a; € k[x]. Here we may assume q is nonzero, but it is an element of P N k[x]
by the equation. Now all nonzero prime ideals in k[x] are generated by irre-
ducible polynomials and hence they are maximal. Thus P is maximal by
Fact4.1.1 (4). |

Corollary 4.1.13 Let A be an integral domain faitely generated over a feld k,
and let M C A be a maximal ideal. Then A/M is a faite algebraic extension

of k.

Proof Apply Noether’s Normalization Lemma to A/M. If A/M had pos-
itive transcendence degree d, it would be integral over the polynomial ring
k[xi, ..., x4]. This contradicts Fact4.1.1 (4) (with P = Q = 0), because A/ M
is a feld but the polynomial ring is not. O

Corollary 4.1.14 Let k be algebraically closed. Every maximal ideal M in
the polynomial ring k[xi, ..., x,] is of the form (x; —ay, ..., x, — a,) with
appropriate a; € k.

Proof As k is algebraically closed, we have an isomorphism

klxi, ..., x,]/M = k by the previous corollary. Let a; be the image of x; ink via
this isomorphism. Then M contains the maximal ideal (x; — ay, ..., x, — a,),
hence they must be equal. O

Corollary 4.1.15 Letk beafeld, and¢ : A — B ak-homomorphism of fuitely
generated k-algebras. If M is a maximal ideal in B, then ¢ ' (M) is a maximal
ideal in A.

Proof By replacing A with ¢(A) we may assume A is a subring of B and
¢~'(M) = M N A. In the tower of ring extensions k C A/(M N A) C B/M
the feld B/M is a fnite extension of k by Corollary 4.1.13,s0 A/(M N A) is
an integral domain algebraic over k. By Fact 4.1.1 (4) it must be a feld, i.e.
M N A is maximal in A. O
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Corollaries 4.1.13 and 4.1.14 are weak forms of Hilbert’s Nullstellensatz.
Here is a statement that may be considered as a strong form. Recall that the
radical /T of an ideal I in a ring A consists of the elements f € A satisfying
f™ € I with an appropriate m > 0.

Fact 4.1.16 Let A be an integral domain fhitely generated over a feld k, and
let I C A be an ideal. The radical +/7 is the intersection of all maximal ideals
containing I.

This follows from [48], Chapter IX, Theorem 1.5 in view of the previous
corollary. See also [18], Corollary 13.12 combined with Corollary 2.12.

4.2 Curves over an algebraically closed field

We now introduce the main objects of study in this chapter in the simplest
context, that of affne curves over an algebraically closed feld. When the base
feld is C, we shall establish a connection with the theory of Riemann surfaces.

We begin by defning affhne varieties over an algebraically closed feld k. To
this end, let us identify points of affiie n-space A" over k with

A" k) :={(ar,...,a,) :a; €k}.
Given an ideal I C k[xy, ..., x,], we defne

V(I):={P e A"k): f(P)=0 forall f eI}

Definition 4.2.1 The subset X := V(1) C A"(k) is called the affiie closed set
defned by /.

Remark4.2.2 According to the Hilbert Basis Theorem there exist fnitely many
polynomials fi, ..., fi € k[xy, ..., x,] with I = (fi, ..., fin)- Therefore

V() ={P eA"k): f(P)=0 i=1,...,m}.

Example 4.2.3 Let us look at the simplest examples. For n = 1 each ideal in
k[x] is generated by a single polynomial f; since k algebraically closed, f
factors in linear polynomials x — a; with some a; € k. The affhe closed set we
obtain is a fnite set of points corresponding to the a;.

For n =2, m =1 we obtain the locus of zeros of a single two-variable
polynomial f in A?: it is a plane curve. In general it may be shown that an
affe closed set in A? is always the union of a plane curve and a fnite set of
points.

The following lemma is an easy consequence of the defnition; its proof is
left to the readers.
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Lemma 4.2.4 Let I, I, I, (. € A) be ideals in k[xy, ..., x,]. Then

(a) Iy € L= V)2 V()
(b) VUDUVL)=VUiNL)=V(U ),
(c) VUL ke A))=[Nep VUL

The last two properties imply that the affne closed sets may be used to
defne the closed subsets in a topology on A” (note that A" = V(0), d = V(1)).
This topology is called the Zariski topology on A", and affne closed sets
are equipped with the induced topology. A basis for the Zariski topology is
given by the open subsets of the shape D(f) := {P € A" : f(P) # 0}, where
f € klxy, ..., x,]is afk ed polynomial. Indeed, each closed subset V(1) is the
intersection of subsets of the form V (f).

It 1 =1 , then by Fact 4.1.16 it is the intersection of the maximal ide-
als containing it. These are of the form (x; —ay, ..., x, —a,) with some
a; € k according to Corollary 4.1.14, therefore I consists precisely of those
f € k[xiy, ..., x,] that vanish at all P € V(I). Thus in this case the ideal 7 and
the set X = V(1) determine each other, and we call X an affiie variety.

Definition 4.2.5 If X = V(I) is an affne variety, we defie the coordinate
ring of X to be the quotient O(X) := k[xy, ..., x,]/I. Its elements are called
regular functions on X; the images x; of the x; are called the coordinate functions
on X.

We may evaluate a regular function f € O(X)atapoint P = (ay, ..., a,)€X
by putting f(P) := f(ai, ..., a,) with a preimage f of f in k[x1, ..., x,];
the value does not depend on the choice of f.

Note that by defnition the fnitely generated k-algebra O(X) is reduced, i.e.
it has no nilpotent elements. It may have zero-divisors, however; it is an integral
domain if and only if [ is a prime ideal. In that case we say that X is an integral

affne variety over k.

Example 4.2.6 If we look back at the examples in 4.2.3, we see that forn = 1
the affie closed set we obtain is a variety if and only if the a; are distinct, and
it is integral if and only if it is a single point, i.e. f =x — a;.

The affhe plane curve X = V(f) C A? is an integral variety if and only if
f is irreducible.

We may use the notion of regular functions to defne morphisms of affne
varieties, and hence obtain a category.

Definition 4.2.7 Given an affne variety Y = V(J), by a morphism or regular
mapY — A™ we mean anm-tuple ¢ = (f1, ..., fn) € OY)". Given an affne
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variety X C A", by amorphism¢ : ¥ — X we mean amorphism¢ : ¥ — A"
such that ¢(P) := (fi(P), ..., fu(P)) € A™ lies in X for all points P € Y.

Example 4.2.8 If X = V(f) is a plane curve, a morphism X — A! is defned
by a polynomial f; € k[x;, x]. The polynomial f; 4+ fg defnes the same
morphism X — A! for all g € k[x, x,]. If Y = V(h) is another plane curve,
a morphism Y — X is defned by a pair of polynomials (k;, h;) such that
f o(hy, hy) is a multiple of h. Again, the h; are determined up to adding
multiples of &.

If¢ : Y — X isamorphism of affne varieties, there is an induced k-algebra
homomorphism ¢* : O(X) — O(Y) given by ¢*(f) = f o ¢. Note that ¢*
takes functions vanishing at a point P € X to functions vanishing at the points
¢~'(P), so the preimage in O(X) of the ideal of O(Y) corresponding to a point
Q € ¢~ !(P) is precisely the ideal defhed by P.

Remark 4.2.9 A morphism ¢ : ¥ — X is continuous with respect to the
Zariski topology. Indeed, it is enough to see that the preimage of each basic
openset D(f) C Xisopenin Y, which holds because ¢>‘1(D(f)) = D(¢*(f)).

Proposition4.2.10 The maps X — O(X), ¢ — ¢* induce an anti-equivalence
between the category of affe varieties over k and that of faitely generated
reduced k-algebras.

Proof For fully faithfulness, let Xy, . .., X,, be the coordinate functions on X.
Then ¢* — (¢p*(X1), ..., »*(X,)) defnes an inverse for the map ¢ — ¢*. For
essential surjectivity, simply write a fnitely generated reduced k-algebra as a
quotient A = k[xy, ..., x,]/I1. Then X = V([) is a good choice. O

To proceed further, we defne regular functions and morphisms on open
subsets of an integral affne variety X. First, the function feld K(X) of X is the
fraction feld of the integral domain O(X). By defnition, an element of K (X)
may be represented by a quotient of polynomials f/g with g ¢ I, with two
quotients f1/g; and f>/g; identifed if fig, — fog1 ¢ 1.

Next let P be a point of X. We defne the local ring Ox p at P as the subring
of K(X) consisting of functions that have a representative with g(P) # 0. It is
the same as the localization of O(X) by the maximal ideal corresponding to
P. One thinks of it as the ring of functions ‘regular at P’. For an open subset
U C X we defne the ring of regular functions on U by

Ox(U) := ) Ox.p.
PeU

the intersection being taken inside K (X). The following lemma shows that for
U = X this defnition agrees with the previous one.
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Lemma 4.2.11 For an integral affne variety X one has O(X) = () Ox.p.
PeX

Proof To show the nontrivial inclusion, pick f € [ p Ox,p, and choose for

each P arepresentation f = fp/gp with gp ¢ P.By our assumption on the gp

none of the maximal ideals of O(X) contains the ideal I := (gp : P € X)

of O(X), so Fact 4.1.16 implies I = O(X). In particular, there exist Py, ...,

Pr e X with1 = gplhpl + - 'gPthr with some /’lpi € O(X) Thus

f=> "fenhe =Y (fr/ge)grhr =Y frhe € OX),

i=1 i=l1 i=1

as required. O

Now given integral affhe varieties X and Y and open subsets U C X,
V CY, we defne a morphism ¢ : V — U similarly as above: we con-
sider X together with its embedding in A”, and we defne ¢ as an m-tuple
¢ =(f1,---, fm) € Oy(V)" such that ¢(P) := (f1(P), ..., fm(P)) liesin U
for all points P € Y. We say that ¢ is an isomorphism if it has a two-sided
inverse.

We now restrict the category under consideration. First a defnition:

Definition 4.2.12 The dimension of an integral affne k-variety X is the tran-
scendence degree of its function feld K(X) over k.

Remark 4.2.13 We can give a geometric meaning to this algebraic notion
as follows. First note that since O(A}) = k[xi, ..., x,], affne n-space has
dimension n, as expected. Next, let X be an integral affne variety of dimension
n. The Noether Normalization Lemma (Fact 4.1.11) together with Proposition
4.2.10 shows that there is a surjective morphism ¢ : X — A" so that moreover
O(X) is a fnitely generated k[xy, ..., x,]-module. The latter property implies
that ¢ has fnite fbres. Indeed, if P = (aj,...,a,) is a point in A" and
Mp =(x; —ay,...,x, —a,) the corresponding maximal ideal in
klxi,...,x,], then OX)/MpO(X) is a fnite dimensional k-algebra,
and as such has fnitely many maximal ideals. Their preimages in O(X)
correspond to the foitely many points in ¢~!(P). Thus n-dimensional affhe
varieties are ‘fnite over A”’.

Integral affne varieties of dimension 1 are called integral affne curves. The
following lemma shows that their Zariski topology is particularly simple.

Lemma 4.2.14 All proper Zariski closed subsets of an integral affue curve are

fuite .

Proof Quite generally, in a Noetherian ring every proper ideal [ satisfying
I = /T is an intersection of fhitely many prime ideals (a consequence of
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primary decomposition; see e.g. [2], Theorem 7.13). Therefore the lemma
follows from Corollary 4.1.12. O

We now impose a further restriction, this time of local nature.

Definition 4.2.15 A point P of an integral affne variety X is normal if the
local ring Oy p is integrally closed. We say that X is normal if all of its points
are normal.

Remark 4.2.16 In fact, X is normal if and only if O(X) is integrally closed.
Indeed, if O(X) is integrally closed, then so is each localization Ox p; the
converse follows from Lemma 4.2.11.

Normality is again an algebraic condition, but in dimension 1 the geometric
meaning is easy to describe. In this case normality means by defnition that the
Oy p are discrete valuation rings. We first look at the key example of plane
curves.

Example 4.2.17 Let X = V(f) C A? be an integral affhe plane curve. Write
x and y for the coordinate functions on A? and assume that P is a point such
that one of the partial derivatives 9, f(P), 9, f(P) is nonzero; such a point is
called a smooth point. Then Oy p is a discrete valuation ring, i.e. P is a normal
point.

To see this, we may assume after a coordinate transformation that P = (0, 0)
and 0, f(P) # 0. The maximal ideal Mp of Oy p is generated by x and y.
Regrouping terms in the equation f we may write f = ¢(x)x + ¥ (x, y)y,
where ¢ € k[x] and v € k[x, y]. The constant term of ¢ is d,(P), which
is nonzero by assumption. Thus in Ox p we may write y = gx, where g
is the image of —qbw’l in Ox p, and hence Mp = (x). We conclude by
Fact 4.1.8.

We now show that in characteristic 0 every normal affne curve is locally
isomorphic to one as in the above example.

Proposition 4.2.18 Assume k is of characteristic 0, and let X be an integral
affie curve. Every normal point P of X has a Zariski open neighbourhood
isomorphic to an open neighbourhood of a smooth point on an affie plane
curve.

Proof The local ring Oy p is a discrete valuation ring, so its maximal ideal
is principal, generated by an element 7. Since we are in characteristic 0, by the
theorem of the primitive element we fad s € K(X) such that K(X) = k(z, 5).
Replacing s by st™ for m suffeiently large if necessary, we may assume
s € Oy p. Taking the minimal polynomial of s over k(¢) and multiplying by
a common denominator of the coefftients we fod an irreducible polynomial
f € k[x, y] such that f(z, s) = 0 and moreover the fraction feld of the ring
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k[x, y]1/(f) is isomorphic to K(X). It follows that the map (¢, s) — (x, y)
defnes an isomorphism of K(X) onto the function feld of the plane curve
V(f) C A,%. If we choose U C X so that ¢, s € Ox(U), then the above map
defnes amorphism p : U — V(f). Conversely, the map x — ¢, y — s defnes
a morphism V(f) — X that is an inverse to p on p(U); in particular, p(U)
is open in V(f). We conclude that X and V(f) contain the isomorphic open
subsets U and p(U), with U containing P.

We fnally show that (3, f)(o(P)) # 0. The image of P by p is a point of the
form (0, ); by composing p with the map (x, y) — (x, y — o) we may assume
o(P) = (0, 0). Since ¢ generates the maximal ideal of Ox p = Ovy(y) (0,0), We
fod @, b € O(V(f))withb((0, 0)) # O0and s = (a/b)t. Lifting them to polyno-
mials a, b € k[x, y], we get the equality by = ax + cf in k[x, y]. Taking par-
tial derivative with respect to y gives (3,b)y + b = (dya)x + (dy¢) f + co, f.
Evaluating at (0, 0) we obtain (0, 0) = ¢(0, 0) - 9, f(0, 0). Here the left-hand
side is nonzero since b((0, 0)) # 0, hence so is 9y (0, 0). |

Remarks 4.2.19

1. The only place in the above proof where we used the characteristic 0
assumption is where we applied the theorem of the primitive element.
But if 7 is a generator of the maximal ideal of a normal point as in the
above proof, the extension K (X)|k(t) is always separable (see e.g. [100],
Proposition II.1.4), and hence the theorem applies. Thus the proposition
extends to arbitrary characteristic.

2. Readers should be warned that in dimension greater than 1 the normality
condition is weaker than smoothness (which is in general a condition
on the rank of the Jacobian matrix of the equations of the variety; see
Defition 5.1.30 and the subsequent discussion).

In the case k = C the above considerations enable us to equip a normal affne
curve X with the structure of a Riemann surface.

Construction 4.2.20 Let X be an integral normal affne curve over C and
P a point of X. Choose a generator ¢ of the maximal ideal of Oy p. By
the discussion above we fnd an open neighbourhood U of P and a function
u € Ox(U) such that the map (¢, u) — (x, y) yields an isomorphism p of U
onto a Zariski open subset of some V(f) C Af: satisfying (9, f)(o(P)) # 0.
Equip V(f) with the restriction of the complex topology of C2. As in Example
3.1.3 (4) we fad a complex open neighbourhood V' of p(P) (which we may
choose so small that it is contained in p(U)) where x defnes a complex chart on
V(f).Now defne a ‘complex’ topology on p~!(V) by pulling back the complex
topology of V and declare x o p to be a complex chart in the neighbourhood
p Y (V)of P.
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We contend that performing this construction for all P € X yields a well-
defned topology and acomplex atlas on X. Indeed, if P’ € p~'(V)is a point for
which the complex chart is constructed via a morphism p’ : (¢/, s") > (x, y),
the map 7 : (¢, s) — (¢, ") defes an algebraic isomorphism between some
Zariski open neighbourhoods of P and P’. The composite p’ o T 0 p~!
a holomorphic isomorphism between suitable small complex neighbourhoods
of p(P) and p’(P) (an algebraic function regular at a point is always holomor-
phic in some neighbourhood). It follows that the topologies and the complex
charts around P and P’ are compatible.

induces

Remarks 4.2.21

1. In fact, one sees that the complex chart x o p in the neighbourhood of P
viewed as a C-valued function is nothing but ¢. For this reason generators
of the maximal ideal of Oy p are called local parameters at P.

2. Given a morphism ¢ : ¥ — X of normal affne curves over C, an exami-
nation of the above construction shows that ¢ is holomorphic with respect
to the complex structures on Y and X.

4.3 Affine curves over a general base field

We now extend the theory of the previous section to an arbitrary base feld.
The main diffculty over a non-closed feld is that there is no reasonable way
to identify a variety with a point set. For instance, though the polynomial
f =x%+y>+ ldefnes acurve V(f)cin A%, ithas no points with coordinates
in R. Still, it would make no sense to defne the real curve defned by f to
be the empty set. Furthermore, the ‘coordinate ring’ R[x, y]/(x? + y? + 1)
still makes sense. If we tensor it with C, we obtain the ring O(V (f)¢) whose
maximal ideals are in bijection with the points of V(f)c as defned in the
previous section. These points come in conjugate pairs: each pair corresponds
to a maximal ideal in R[x, y]/(x% + y*> + 1).

If we examine the situation of the last section further, we see from Propo-
sition 4.2.10 that the coordinate ring O(X) completely determines an affne
variety X over the algebraically closed feld. In particular, we may recover
the Zariski topology: the open sets correspond to sets of maximal ideals not
containing some ideal / C O(X). When X is integral, the function feld, the
local rings and the ring of regular functions on an open subset U C X are all
constructed out of O(X). Moreover, we see that for each pair V C U of open
subsets there are natural restriction homomorphisms Ox(U) — Ox(V), and
thus the rule U +— Ox(U) defnes a presheaf of rings on X. It is immediate to
check that the sheaf axioms are satisfed, so we obtain a sheaf of rings Ox on X,
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the sheaf of regular functions. To proceed further it is convenient to formalize
the situation.

Definition 4.3.1 A ringed space is a pair (X, F) consisting of a topological
space X and a sheaf of rings F on X.

We now give the general defnition of integral affne curves. This will be
a special case of the defnition of affne schemes to be discussed in the next
chapter, but there are some simplifying features.

Construction 4.3.2 We defhe an integral affne curve over an arbitrary feld
k as follows. Start with an integral domain A D k fnitely generated and of
transcendence degree 1 over k. By Corollary 4.1.12 every nonzero prime ideal
in A is maximal. We associate a topological space X with A whose underlying
set is the set of prime ideals of A, and we equip it with the topology in which the
open subsets are X and those that do not contain a given ideal / C A. Note that
all nonempty open subsets contain the point (0); it is called the generic point
of X. The other points come from maximal ideals and hence are closed as one-
point subsets; we call them closed points. By the same argument as in Corollary
4.2.14 the open subsets in X are exactly the subsets whose complement is a
fnite (possibly empty) set of closed points.

Given a point P in X, we defhe the local ring Oy p as the localization Ap;
note that for P = (0) we obtain Ox ) = K (X), the fraction feld of A. Finally,
we put

Ox(U) := m Ox.p

PeU

for an open subset U C X. As above, it defnes a sheaf of rings on X. We defne
an integral affne curve over k to be a ringed space (X, Ox) constructed in the
above way. We usually drop the sheaf Oy from the notation. When we would
like to emphasize the relationship with A, we shall use the scheme-theoretic
notation X = Spec (A).

Next we introduce morphisms for the curves just defned. They are to be
morphisms of ringed spaces, whose general defnition is as follows.

Definition 4.3.3 A morphism (Y, G) — (X, F) of ringed spaces is a pair
(¢, ¢%), where ¢ : Y — X is a continuous map, and ¢* : F — ¢.G a mor-
phism of sheaves on X. Here ¢.G denotes the sheaf on X defhed by
$.G(U) = G(¢~'(U)) for all U C X; it is called the pushforward of G by ¢.

In more down-to-earth terms, a morphism ¥ — X of integral affne curves
is a continuous map ¢ : ¥ — X of underlying spaces and a rule that to each
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regular function f € Ox(U) defned over an open subset U C X associates a
function (])5( £)in Oy(¢~1(U)). One should think of q)f/( f) as the composite

fod.

Remark 4.3.4 In the case when k is algebraically closed, this defnition is in
accordance with that of the previous section. Indeed, the morphisms defned
there are continuous maps (Remark 4.2.9) and induce maps ¢* of sheaves via
therule f — f o ¢. Conversely, to see that amorphism ¢ : X — A} in the new
sense induces a morphism as in the previous section it is enough to consider

the n-tuple (¢*(xy), . .., ¢(x,)).

We now establish an analogue of Proposition 4.2.10 for affne curves. To
begin with, a fnitely generated integral domain A of transcendence degree 1
over a feld determines an integral affne curve X = Spec (A); conversely, an
integral affne curve X gives rise to an A as above by setting A = Ox(X). By
construction, these two maps are inverse to each other. We shall also use the
notation O(X) instead of Oy (X). This is in accordance with the notation of the
previous chapter, and we may also call O(X) the coordinate ring if X.

For affne curves X = Spec(A) and Y = Spec (B) a morphism ¢ : X — Y
induces a ring homomorphism d)?{ : A — B given by O(X) — (¢.Oy)(X) =
O(Y). Associating a morphism of curves with a ring homomorphism is a bit
more complicated.

Lemma 4.3.5 Given a homomorphism p : A — B with A and B as above,
there is a unique morphism Spec (p) : Y — X such that the homomorphism
(Spec (p) : OX) — O(Y) equals p.

Proof Foraprimeideal P C B theideal p~'(P) C Aisaprime ideal (indeed,
the map A/(p~'(P)) — B/P is injective, hence A/(,o’l(P)) is an integral
domain). This defnes a map of sets Spec (p) : ¥ — X that is easily seen to be
a continuous map of topological spaces. But in our situation we can say more.
There are two cases.

Case 1: p is injective. In this case A is a subring of B via p, and moreover
by Corollary 4.1.15 if P is a maximal ideal in B, then p~™'(P) = PN Aisa
maximal ideal in A. Of course, we have p~!((0)) = (0).

Case 2: p is not injective. As we are dealing with curves, the ideal
M := ker(p) is maximal in A, and so p~'(P) = M for all prime ideals P C B.
This corresponds to a ‘constant morphism’ ¥ — {M}.

We defhe morphisms of sheaves Spec (p)* : Ox — Spec (p),Oy in each
case. In Case 1 we have an inclusion of function felds K(X) C K(Y) and
also of localizations Apnay C Bp for each maximal ideal P C B. By taking
intersections this defies maps Ox(U) — Oy (Spec (0)~'(U)) for each open
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set U C X;forU = X we get p : A — B by the same argument as in Lemma
4.2.11.1In Case 2 we defne Ox(U) — Oy (Spec (p)~!(U)) to be the composite

Ox(U) = Ay — Ay/MAy > A/M — B

if M € U, and to be 0 otherwise. The reader will check that this indeed yields
a morphism of sheaves. O

The lemma and the arguments preceding it now imply:

Proposition 4.3.6 The assignments A+ Spec(A), p+> Spec(p) and
X O0X), ¢ — (])i vield mutually inverse contravariant functors between
the category of integral domains faitely generated and of transcendence degree
1 over a feld, and that of integral affie curves.

Note that the conclusion here is stronger than in Proposition 4.2.10, because
here we say that the two categories are actually anti-isomorphic: there is
an arrow-reversing bijection between objects and morphisms. In Proposition
4.2.10 this was only true up to isomorphism, because an affne variety as defned
there may have several embeddings in affne spaces.

We now discuss an important construction related to extensions of the base
feld.

Construction 4.3.7 Let X = Spec (A) be an integral affne curve over a feld
k,and L|k a feld extension for which the tensor product A ®; L is an integral
domain. Then the integral affne curve X; = Spec (A ®; L) is defned. We
call the resulting curve over L the base change of X to L. There is a natural
morphism X; — X corresponding by the previous proposition to the map
A —> AQ®; Lsendingatoa® 1.

Assume that A ®; k is an integral domain for an algebraic closure k|k; in
this case X is called geometrically integral. Then A ®; L is an integral domain
for all algebraic extensions L |k, so that the above assumption on L is satisfed.
Thus for a fk ed algebraic extension L|k the rule X — X defnes a functor
from the category of geometrically integral affne k-curves to that of integral
affne L-curves.

Example 4.3.8 We can now discuss the R-curve with equation x? + y? +
1 = 0 rigorously. It is defned as X := Spec (R[x, y]/(x> + y?> + 1)). The
closed points of X correspond to the maximal ideals in R[x, y] containing
(x2 4 y% + 1); for each such ideal M we must have R[x, y]/M = C, as C is
the only nontrivial fnite extension of R and X has no points over R. Under the
base change morphism X¢ — X there are two closed points lying above each
closed point of X, because C ®g C = C & C. If we make Gal (C|R) act on the
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tensor product via its action on the second term, then on the right-hand side the
resulting action interchanges the components.

To give a concrete example, the ideal M = (x2, y2 + 1) € R[x, y] contains
(x% + 2 + 1), hence defnes a point of X. The maximal ideals of C[x, y] lying
above M are (x,y + i) and (x, y — i), corresponding to the points (0, —i) and
(0, 7). They are indeed conjugate under the Galois action.

We say that an integral affhe curve is normal if its local rings are integrally
closed. As in the previous section, this is equivalent to requiring that the
coordinate ring O(X) is integrally closed.

We now prove an analogue of Theorem 3.3.7 for integral affne curves.
For this we have to restrict the morphisms under consideration. We say that
a morphism ¢ : ¥ — X of integral affne curves is fuite if O(Y) becomes
a fnitely generated O(X)-module via the map qb}n( :O(X) — O). A fiite
morphism has fnite fbres, by the same argument as in Remark 4.2.13. This
property is shared by proper holomorphic maps of Riemann surfaces.

Remark 4.3.9 A fhite morphism of integral affne curves is always surjective.
Indeed, Case 2 of the proof of Lemma 4.3.5 cannot occur for a fhite morphism,
and in Case 1 we may apply Fact4.1.1 (4). An example of a non-fnite morphism
is given by the inclusion A} \ {0} — A/, corresponding to the natural ring
homomorphism k[x] — k[x, x~ 7 (over any field k).

Now assume given a fnite morphism ¥ — X integral affne curves. We
have just remarked that the corresponding homomorphism O(Y) — O(X)
of coordinate rings is injective, whence an inclusion of function felds
¢*: K(X) C K(Y). As the morphism is fnite, this must be a fnite
extension.

Theorem 4.3.10 Let X be an integral normal affne curve. The rule Y — K(Y),
¢ — ¢* induces an anti-equivalence between the category of normal integral
affie curves equipped with a fuite morphism ¢ : Y — X and that of fuite feld
extensions of the function feld K (X).

Proof For essential surjectivity take a fnite extension L|K(X) and apply
Fact 4.1.4 (b) with A = O(X). It implies that the integral closure B of O(X)
in L is a fnitely generated k-algebra, which is also integrally closed by
Fact 4.1.1 (2). As L is fnite over K(X), it is still of transcendence degree 1.
Applying Proposition 4.3.6 to the ring extension O(X) C B we obtain an
integral affne curve Y = Spec(B) and a morphism ¢ : Y — X inducing
the ring inclusion O(X) C B above. Again by Fact 4.1.4 (b) the mor-
phism ¢ is fnite. Fully faithfulness is proven by a similar argument as in
Theorem 3.3.7. O
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The affie curve Y constructed in the first part of the proof is called the
normalization of X in L.

Examples 4.3.11

1. The theorem is already interesting over an algebraically closed feld k. For
instance if we take X = A}( and L = k(x)[y]/(y2 — f), where f € k[x]
is of degree at least 3 having no multiple roots, then the normalization of
A,l in L is the normal affne plane curve V(y> — f) C A,%.

2. Over a non-closed feld we get other kinds of examples as well. If we
assume that X is geometrically integral, then for every fnite extension
L|k we may look at the normalization of X in L ®; K (X). It will be none
other than the base change X , because tensorizing with L does not affect
integral closedness.

Remark 4.3.12 The concept of normalization is also interesting for a non-
normal integral affne curve X. Taking the integral closure B of O(X) in K(X)
yields via Proposition 4.3.6 a normal integral affne curve X with function feld
K(X) that comes equipped with a fnite surjective morphism X — X. This
implies a characterization of normality: an integral affne curve X is normal
if and only if every fnite morphism ¢ : ¥ — X inducing an isomorphism
¢* : K(X) = K(Y) is an isomorphism. As in the proof of Proposition 4.2.18
one sees that the condition ¢* : K(X) — K(Y) can be rephrased by saying
that ¢ is an isomorphism over an open subset. So the criterion becomes: X
is normal if and only if every fnite surjective morphism ¥ — X inducing an
isomorphism over an open subset is in fact an isomorphism.

4.4 Proper normal curves

When one compares the theory developed so far with the theory of fnite
covers of Riemann surfaces, it is manifest that our presentation is incomplete
at one point: the preceding discussion does not include the case of compact
Riemann surfaces, only those with some points deleted. For instance, we have
an algebraic defnition of the affne line, but not that of the projective line. We
now fill in this gap by considering proper normal curves.

We shall give the scheme-theoretic defnition, which is in fact quite close to
what Zariski and his followers called an ‘abstract Riemann surface’. Its starting
point is the study of the local rings Oy p of an integral normal affne curve X
over a field k. They are all discrete valuation rings having the same fraction
feld, namely the function feld K (X) of X, and they all contain the ground
feld k.
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Lemma 4.4.1 The local rings of an integral normal affie curve X are exactly
the discrete valuation rings R with fraction feld K(X) containing O(X).

Proof 1If R is such a ring, the intersection of its maximal ideal M with O(X)
is nonzero, for otherwise the restriction of the projection R — R/M to O(X)
would be injective, and the feld R/M would contain K(X), which is absurd.
Thus M N O(X) is a maximal ideal in O(X), and R contains the local ring
Ox p. But then by Proposition 4.1.9 (3) we have R = Oy p. O

We now consider the simplest example.

Example 4.4.2 The rational function feld k(x) is the function feld of the affne
line A}( over k; we have (’)(A,'() = k[x]. But k(x) is also the fraction feld of the
ring k[x~'], which we may view as the coordinate ring of another copy of A}
with coordinate function x ~!. By Proposition 4.1.9 (3) every discrete valuation
ring R D k with fraction feld k(x) contains either x or x !, and hence by the
preceding discussion R is a local ring of one of the two copies of A;. In fact,
there is only one localization of k[x~ 1 that does not contain x: the localization
at the ideal (x~!). Thus there is only one discrete valuation ring R as above
that is not a local ring on the first copy of A!; it corresponds to the ‘point at
infnity’. The whole discussion is parallel to the construction of the complex
structure on the Riemann surface P'(C) in Example 3.1.3 (2): there we took a
copy of C around 0, another copy around oo, and outside these two points we
identifed the two charts via the isomorphism z +— z~!. Thus we may regard
the discrete valuation rings R D k with fraction feld k(x) as the local rings of
the projective line over k.

We can generalize the example as follows. Given a normal integral affne
curve X, we may use the Noether Normalization Lemma (Fact4.1.11) to fad a
regular function f € O(X) such that O(X) is a fnitely generated module over
k[f]. Let X~ be the normal affne curve corresponding to the integral closure
of k[f~']in K(X). By Lemma 4.4.1 and the above example every discrete
valuation ring R D k with fraction feld K(X) is a local ring of either X or X .
Moreover, there are only fnitely many R that are not local rings of X, namely
the localizations of O(X ™) at the fhitely many maximal ideals lying above
(f~" C k[ f~"]. Informally speaking, we may view the set of the above R as
the local rings on a ‘curve’ obtained by ‘gluing X and X~ together’.

We now give a formal defnition that is independent of the choice of the
function f above.

Construction4.4.3 Letk beafeld, and K |k afnitely generated feld extension
of transcendence degree 1. Let XX be the set of discrete valuation rings with
fraction feld K containing k. Endow XX with the topology in which the proper
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closed subsets are the fhite subsets. Defie a sheaf of rings on XX by the
formula OX(U) = gy R for an open subset U C XX. We call the ringed
space (XX, OX) an integral proper normal curve over k with function feld K.

A morphism Y* — XX of proper normal curves is again defaed as a mor-
phism of ringed spaces. The preceding discussion shows that every integral
proper normal curve has an open covering (as a ringed space) by two integral
affne normal curves. The learned reader will recognize that this is the extra
ingredient needed to defne a scheme.

Remark 4.4.4 It can be shown that a proper normal curve comes from a projec-
tive curve in the same way as its affne open subsets come from affne curves.
We explain the necessary notions very briefy over an algebraically closed
feld k. One identifes points of projective n-space P; over k with (n + 1)-
tuples (ag, . .., a,) € k"' \ {(0, ..., 0)}, modulo the equivalence relation iden-
tifying two (n + 1)-tuples (ay, ..., a,) and (by, . .., b,) if there exists A € k*
with a; = Ab; for all i. A projective variety X over k is then a subset of
some P"(k) given by the locus of common zeros of a fnite system of homo-
geneous polynomials. If these polynomials generate a prime ideal I(X) in
kl[xo, ..., x,] we say that the variety is integral. The subring of the fraction
feld of k[xo, ..., x,]/1(X) that can be represented by quotients of homoge-
neous polynomials of the same degree is the function feld K(X) of X. The
local ring Oy p of a point P € X is the subring of K (X) consisting of elements
that can be represented by a function with nonvanishing denominator at P; the
sheaf Oy is defned as in the affne case. The integral projective variety X is a
curve if K(X) is of transcendence degree 1; it is a normal curve if moreover all
the Oy p are discrete valuation rings.

There are two basic facts about normal integral projective curves. Firstly, if
X is such a curve, then every discrete valuation ring R D k with fraction feld
K(X) is a local ring of some point P € X, and consequently the pair (X, Ox)
is isomorphic to the proper normal curve (XXX OKX)) a5 a ringed space.
Secondly, every integral proper normal curve (XX, OK) arises from a normal
projective curve in this ways; it is then necessarily unique up to isomorphism.
These statements are proven e.g. in [34], Chapter I, §6.

Given a surjective morphism Y% — XX of integral proper normal curves,
the feld L is a fnite extension of K, since both are fnitely generated of
transcendence degree 1 over K . Fixing K, we obtain in this way a contravariant
functor.

Proposition 4.4.5 The above functor induces an anti-equivalence between the
category of integral proper normal curves equipped with a morphism onto X*
and that of fuite feld extensions of K.



4.4 Proper normal curves 113

Proof Given a fnite extension L|K, we may use the discussion after
Example 4.4.2 to cover XX (resp. X%) by two open subsets X% and XX
(resp. X% and X*) arising as normalizations of two overlapping copies of Al
in K (resp. L). The morphisms of affie curves X} — XX and X- — XX
arising from this construction glue together to a morphism ¢ : X* — XX To
see that it does not depend on the choice of the open coverings, it sufftes to
remark that a point S € X’ viewed as a discrete valuation ring gets mapped to

S N K by the above construction, which determines ¢ uniquely. O

We call an open subset UX of an integral proper normal curve XX affne if
OK(UX)is a fnitely generated k-algebra. The ringed space (Ug, OX |y, ) is by
construction the same as the integral affie curve corresponding to OX(UX)
via Proposition 4.3.6. Conversely, we have seen above that the set of local rings
of an integral normal affne curve with function feld K is a nonempty open
subset of XX . From these facts and the proposition above we deduce:

Proposition 4.4.6 The category of integral affie normal curves is equivalent
to that of affne open subsets of integral proper normal curves.

In particular, every integral affne normal curve X can be embedded as an
affue open subset in an integral proper normal curve XX, and every mor-
phismY — X of integral affie normal curves extends uniquely to a morphism
Yt — XK of proper normal curves.

It is a nonobvious fact that every open subset of XX other than XX is affne,
but we shall not need this.

From now on we drop the annoying superscript K from the notation when
discussing proper normal curves.

A morphism ¢ : Y — X of proper normal curves is fite if for all affne open
subsets U C X the preimage ¢~ !(U) C Y is affhe, and moreover ¢, O(U) is
a fnitely generated O(U)-module. The restriction of ¢ to each o~ '(U) may
be identifed with the fnite morphism of affne curves corresponding to the k-
algebra homomorphism O(U) — ¢,O(U). It thus follows from Remark 4.3.9
that a fnite morphism is always surjective. Conversely, we have:

Proposition 4.4.7 A surjective morphism ¢ : Y — X of proper normal curves
is always fuite .

Proof Let U C X be an affie open subset. The points of ¢~!(U) are the
discrete valuation rings R with fraction feld L containing O(U). Since each R
is integrally closed, it contains the integral closure B of O(U) which is none but
the coordinate ring of the normalization V of U in L by the proof of Theorem
4.3.10. Lemma 4.4.1 then allows us to identify V with ¢~!(U), so the latter is
indeed an affne open subset fnite over U. O
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According to Propositions 4.4.5 and 4.4.7, given an integral proper normal
curve X with function feld K and an element f € K transcendental over k, the
inclusion k(f) C K corresponds to a fhite surjective morphism ¢; : X — P},
where P} is considered as a proper normal curve with function feld k(f). Thisis
to be compared with Proposition 3.3.11: in fact, when k is algebraically closed
and X is realized as a projective curve, one may check that ¢ (P) = f(P) for
all points P € X where f € Ox p and ¢s(P) = oo otherwise (see Exercise 6).
As in Corollary 3.3.12, one then obtains:

Corollary 4.4.8 Mapping an integral proper normal curve over k to its func-
tion feld induces an anti-equivalence between the category of integral proper
normal curves with fiite surjective morphisms and that of fuitely generated
feld extensions of k having transcendence degree 1.

4.5 Finite branched covers of normal curves

We can now fnally discuss our central topic in this chapter, the analogue of
topological covers for normal algebraic curves. We fist treat the case of integral
affne curves. Let us begin with some terminology: a fnite morphism of integral
affne curves is called separable if the feld extension K(Y)|K(X) induced by
¢ is separable.

Definition 4.5.1 Let ¢ : Y — X be a fnite separable morphism of integral
affne curves, corresponding to an inclusion of rings A C B via Proposition
4.3.6. We say that ¢ is étale over a closed point P € X if B/ P B is a fnite étale
algebra over the feld «(P) = A/P. Itis étale over an open subset U C X ifiit
is étale over all P € U.

Using some commutative algebra, we can give an equivalent defnition under
the additional assumption that X and Y are normal. Recall that in this case
the rings A and B above are Dedekind rings, so we have a decomposition
PB = P{'--- P by Fact 4.1.5 (1). The maximal ideals P; C B correspond
to the direct summands of the «(P)-algebra B/P B, and geometrically to the
points of the fore ¢~!(P). Etaleness above P means that e; = 1 for all i, and
that the feld extensions k(P;)|x(P) are separable, where x(P;) := B/P;. In
other words:

Lemma 4.5.2 A morphism ¢ : Y — X of integral normal affie curves is étale
above P if and only if a generator of the maximal ideal of Ox p generates
the maximal ideal of Oy, p, for each i, and the feld extensions k(P;)|k(P) are
separable.
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Proof This follows from the above discussion, together with the facts that
¢ induces inclusions of discrete valuation rings Oy p C Oy, p, for each i, and
Oy, p, is the localization of B by P;. O

Remark 4.5.3 The «(P)-algebra B/P B should be interpreted as the ring of
regular functions on the fbre of ¢ over the point P. The fact that some e; above
is greater than 1 means that there are nilpotent functions on the fbre.

In sheaf-theoretic language, one can check that B/PB = (¢.Oy)p ®o, ,
k(P), where (¢.Oy)p is the stalk of the direct image sheaf ¢,Oy at P. In this
interpretation, the separability of ¢ means that (¢.Oy)() is a separable feld
extension of Oy ) = K(X), and therefore an étale K (X)-algebra.

The above abstract notions are enlightened by the following key example.

Example 4.5.4 Consider the map p, : Ai. — A given by x — x" for some
n > 0. The coordinate ring of A' over C is C[x], and the morphism corre-
sponding to p, by Proposition 4.3.6 is given by the inclusion C[x"] — Cl[x].
A closed point a € A'(C) corresponds to the maximal ideal M, = (x — a). To
check whether p, is étale over the point a, we take a primitive n-th root of unity
o and an n-th root ¥/a of a, and compute

n—1 '
Clal/(e" — ayCpr) = | 1L CP/ G = J)ZC' a#0

Clx]/(x™) a=0.

In the first case we indeed obtain a fnite étale algebra of dimension n over
C. On the other hand, for a = 0 we obtain a C-algebra containing nilpotents,
which therefore cannot be étale. The nilpotent functions on the fbre over 0
refect the property that the fbre is degenerate.

Remark 4.5.5 The above example is the algebraic analogue of the local
branching behaviour of the morphism z — z" of Riemann surfaces. In fact,
the same argument shows more generally that if k is algebraically closed
and py :A}( — A,i is the morphism coming from the k-homomorphism
k[x] — k[x] mapping x to f € k[x], then p, is étale above a point P if
and only if every preimage Q of P satisfes f/'(Q) # 0.

We can generalize this comparison with the theory over C as follows. Assume
given a fnite morphism ¢ : ¥ — X of integral normal affne curves over C
coming from a ring homomorphism A — B, and equip X and Y with the
complex structures defned in Construction 4.2.20. Let P € X be a closed
point, and consider the decomposition PB = P{' --- P discussed above.
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Proposition 4.5.6 With notations as above, the integer e; is the same as the
ramiftation index at P; of ¢ considered as a holomorphic map. In particular,
¢ as an algebraic map is étale above P if and only if as a holomorphic map it
restricts to a cover over a complex neighbourhood of P.

Proof 1t sufftes to prove the first statement. If ¢ is a local parameter at P,
then in Ox_p, we have t = g,-tf " with some local parameter #; and element g;
with g;(P;) # 0. So in the complex charts on ¥ and X defned by ¢ and ¢,
respectively, the map ¢ looks like #; > g;#". As in the proof of Proposition
3.2.1 we may replace #; by a complex chart such that the local form of ¢

becomes z; — zf’, so ¢; is indeed the ramiftation index at P;. O

Remark 4.5.7 Comparing the above proposition with Theorem 3.2.7 we see
that a fhite morphism of normal affne curves must be proper as a holomorphic
map.

Example 4.5.8 A key example occurring over a non-closed feld is the fol-
lowing. Assume that X is a geometrically integral affne curve over a feld
k (see Construction 4.3.7). Given a fnite separable extension L|k, the base
change morphism X; — X is fhite and étale over the whole of X. Indeed,
it is fnite as L|k is fnite, and moreover it is étale over each P € X because
OXL)/PO(XL) = k(P) ®; L, which is indeed a product of fhite separable
feld extensions of x (P).

The next proposition is an algebraic reformulation of the property that a
proper holomorphic map of Riemann surfaces restricts to a cover outside a
discrete closed set of points.

Proposition 4.5.9 Let ¢ : Y — X be a faite separable morphism of integral
affie curves. There is a nonempty open subset U C X such that ¢ is étale over
all P e U.

The proof uses a lemma that will also serve later.

Lemma4.5.10 Let¢ : Y — X andy : Z — Y be faite separable morphisms
of integral affue curves, and let P be a point of X. If ¢ is étale over P and
Y is étale over all points of Y lying above P, then v o ¢ is étale over P. If
moreover X, Y and Z are normal, then the converse also holds.

Proof Write A = O(X), B=0O(Y) and C = O(Z). Then ¢ (resp. V) corre-
sponds to the inclusion of rings A C B (resp. B C C) via Proposition 4.3.6.
We have

C/PC=C®ak(P)=CQp(B®4k(P)). (4.2)
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By assumption (and the Chinese Remainder Theorem) here B ®4 k(P) is
isomorphic to the direct product of the residue felds «(Q), where Q runs over
the points of Y lying above P, and these felds are separable over «(P). Thus
C/PC ZJ]C ®35 «k(Q), and again by assumption each of the components is
a direct product of fnite separable extensions of «(Q). The first statement
follows.

For the converse, note that by the normality assumption Proposition 4.1.6
applies and shows that ¢ is étale over P if and only if the x(Q) are separable
extensions of k (P) for all Q lying above P, and moreover the sum of the degrees
[(Q) : k(P)] equals [K(Y) : K(X)]. It then follows from formula (4.2) and a
simple degree count that if one of these properties fails for ¢, it also fails for
¥ o ¢. Since ¥ o ¢ was assumed to be étale over P, this cannot happen, so ¢
is étale over P. Once we know this, a similar reasoning shows that ¢ must be
étale above each Q as well. O

In the proof of the proposition we shall only use the first statement of the
lemma, which holds without the assumption of normality.

Proof of Proposition 4.5.9 We keep the notation A = O(X), B = O(Y) from
the previous proof. As ¢ is fnite, viewing A as a subring of B we fnd fhitely
many elements fi, ..., f, € B integral over A such that B = A[f, ..., f/].
Consider the chain

ACA[AlICALfi, L1 C--- CALfi,.... il CB

and the chain of morphisms of curves corresponding to it via Proposition 4.3.6.
By induction on r using Lemmas 4.2.14 and 4.5.10 we reduce to the case r = 1,
i.e. B = A[t]/(F) with a monic polynomial F € A[t] satisfying F(f;) = 0.
Here F is also the minimal polynomial of f; over K(X), so its derivative F’
must be prime to F in the ring K (X)[¢] since f; is contained in the separable
extension K (Y) of K(X). We then fnd polynomials G|, G, € K(X)[t] satisfy-
ing G| F + G, F’' = 1. Multiplying with a common denominator g € A of the
coefftients of G| and G, we obtain polynomials H; = gG, H, = gG, € A[t]
with H{F + HyF’ = g. We claim that U = D(g) C X is a good choice.
Indeed, assume P is a maximal ideal in A with g ¢ P. The image F of
F in «(P)[t] cannot have multiple roots in an algebraic closure of «(P),
because by reducing H, F + H,F' = g mod P we obtain H,F + H,F' # 0,
so F(a) =0 implies F’(a) # 0. By the Chinese Remainder Theorem the
k(P)-algebra B/PB = x(P)[t]/(F) is isomorphic to a fnite direct product
of feld extensions « (P)[t]/(F;), where F = F; - - - F; is the decomposition of
F in irreducible components. By the above none of the F; has multiple roots,
so B/ P B is indeed an étale x(P)-algebra. O
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We may call amorphism ¥ — X as in the proposition a fite branched cover.
It is a Galois branched cover if the feld extension K (Y)|K (X) induced by ¢*
is Galois. According to Fact 4.1.3 (1), if moreover the curves are normal, then
the Galois group acts transitively on the fbres of ¢. Combining Lemma 4.5.2
with Corollary 4.1.7 we then obtain the following group-theoretic criterion for
étaleness.

Proposition4.5.11 Let¢ : Y — X be afuite Galois branched cover of normal
integral affie curves defied over a perfect feld k. The map ¢ is étale over a
point P of X if and only if the inertia subgroups 1o, are trivial for all points
Q; of Y lying above P.

One obtains an infnite version of the above proposition as follows. Fix a
separable closure K of K(X), and choose an infnite tower K; C K, C --- of
fnite Galois extensions of K (X) whose union is K. Let A; be the integral clo-
sure of A = O(X) in K, and P; a maximal ideal of A; with P; N O(X) = P
such that Pj;1 N A; = P; for all j. The corresponding inertia subgroups
I; form an inverse system whose inverse limit is a closed subgroup /p in
Gal (K| K (X)). The subgroup Ip depends on the choice of the system (P;),
but it follows from Fact 4.1.3 (2) that by varying the (P;) we obtain conjugate
subgroups in Gal (K| K (X)).

Corollary 4.5.12 Let ¢ : Y — X be as in the previous corollary, and assume
K(Y) C K;. ThenY is étale over P if and only if the image of the subgroup Ip
defied above is trivial in Gal (K (Y)| K (X)).

Proof Choose j so large that K(Y) C K;, and set Q := P; N O(Y). By con-
struction the inertia subgroup at Q is the image of /p in Gal (k(Y)|k(X)). The
corollary now follows from the previous one together with Fact4.1.3 (2). O

We now extend the above notions to integral proper normal curves. Note fist
that the notion of a separable morphism carries over immediately to the proper
case, as it only depends on the function felds. Then defne a fnite separable
morphism ¢ : ¥ — X of proper normal curves to be étale above a point P
of X if there is an affne open subset U C X containing P such that the fhite
morphism of affie curves ¢~!(U) — U induced by ¢ is étale above P. Lemma
4.5.2 implies that this defnition does not depend on the choice of U. If ¢ is
étale above all P, we say that ¢ is a fuite étale morphism.

Using this defnition of étaleness we can extend the above theory from the
affne to the proper case by choosing affne open coverings of proper normal
curves. In particular, Proposition 4.5.9 implies that a fhite separable morphism
of integral proper normal curves is étale above an open subset. Lemma 4.5.2
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and Corollary 4.5.12 immediately generalize to proper normal curves, since
they are of local nature.

Finally, assume k = C. We may then equip an integral proper normal curve X
with a complex structure by taking affne open coverings and using Construction
4.2.20. The resulting Riemann surface X(C) is compact because X has a
fhite morphism ¢, onto P'C, the Riemann surface P'(C) is compact, and the
holomorphic map coming from ¢, is proper by Remark 4.5.7. Combining
Proposition 4.4.5 with Theorem 3.3.7 and Corollary 3.3.12, as well as applying
Proposition 4.5.6 yields:

Proposition 4.5.13 Let X be an integral proper normal curve over C with
function feld K. Both of the fi st two categories below are anti-equivalent to
the third one:

1. Integral proper normal curves equipped with a fuite morphism onto X.
Compact connected Riemann surfaces equipped with a proper holomor-
phic map onto X(C).

3. Finite extensions of K.

Moreover, a faite morphism Y — X is étale above a point P € X if and only
if the induced holomorphic map Y(C) — X(C) restricts to a cover in a neigh-
bourhood of P.

4.6 The algebraic fundamental group

We now use the results of the previous section to defne the algebraic fun-
damental group of an open subset in an integral proper normal curve. By
Proposition 4.4.6 this will also yield a defnition of the fundamental group of
an integral affne normal curve. The procedure is completely parallel to the one
proving Theorem 3.4.1 on Riemann surfaces. We first prove an analogue of
Lemma 3.4.2.

Proposition 4.6.1 Let k be a perfect feld, X an integral proper normal k-curve
with function feld K, and U C X a nonempty open subset. Denote by K a
Jfxed separable closure of K. The composite Ky of all fuite subextensions L|K
of K so that the corresponding faite morphism of proper normal curves is
étale above all P € U is a Galois extension of K, and each fiite subextension
of Ky|K comes from a curve étale over U.

Proof To prove that K, is Galois over K we have to check that it is stable by
the action of Gal (K| K), which is an easy consequence of its defnition. As in
the proof of Lemma 3.4.2, for the statement concerning fnite subextensions it
is enough to check the following two properties:
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(a) If a fnite subextension L|K comes from a curve étale over U, then so
does every subfeld L D L' D K.

(b) If M|K is another fnite subextension coming from a curve étale over U,
then so does the compositum LM in K.

Property (a) follows from Lemma 4.5.10. It is then enough to check pro-
perty (b) when L and M are Galois over K, in which case the criterion of
Corollary 4.5.12 applies, and we conclude by the equality Gal (K |LM) =
Gal (K|L) N Gal (K| M). O

Remark 4.6.2 It is possible to prove the proposition in a way completely
analogous to the proof of Lemma 3.4.2. There are some technical diffculties,
though: for instance, one needs a defnition of the fbre product of two fnite
branched covers of X. This we shall defne in the next chapter, but an elementary
presentation of the argument would be cumbersome. We have resorted to the
above Galois-theoretic approach instead.

Definition 4.6.3 In the situation of the proposition we defne the algebraic
Sfundamental group 7y (U) of U to be the Galois group Gal (Ky |K).

By defnition m(U) is a profnite group. It depends on the choice of the
separable closure K which plays the role of a base point, just as in the Galois
theory of felds. We shall discuss the role of the base point in more detail in the
next chapter.

We now come to the main result of this section. Before stating it, we defne

a (not necessarily integral) proper normal curve to be a fnite disjoint union of
integral proper normal curves. The notion of morphism extends to these in an
obvious way. Also, we defne their ring of rational functions as the direct product
of the function felds of their components. A fhite morphism ¢ : ¥ — X of a
proper normal curve onto an integral proper normal curve equips the ring of
rational functions on Y with the structure of a fnite dimensional K -algebra;
we say that the morphism is separable if this algebra is étale over K.

Theorem 4.6.4 Let X be an integral proper normal curve over a perfect feld
k, and let U C X be a nonempty open subset. The category of proper normal
curves Y equipped with a faite separable morphism ¢ : Y — X étale over U
is equivalent to the category of fuite continuous left w1(U)-sets.

Proof Apply Theorem 4.4.5, Proposition 4.6.1 and Theorem 1.5.4. O

Let now U be an integral normal affite curve over a perfect feld k. By
Proposition 4.4.6 we may realize U as an affne open subset of a proper normal
curve X, and therefore by Lemma 4.6.1 the fundamental group 771 (U) is defned;
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it does not depend on the embedding of U in X. The theorem together with the
last statement of Proposition 4.4.6 and Proposition 4.4.7 then implies:

Corollary 4.6.5 The category of normal affue curves V equipped with a fuite
étale morphism V. — U is equivalent to the category of fuite continuous left
m(U)-sets.

Here, of course, a normal affne curve is defhed to be a fnite disjoint union
of integral normal affne curves; morphisms extend as in the proper case. We
could have proven the corollary directly without embedding U in the proper
curve X, thereby circumventing the theory of proper curves. This embedding
will be, however, crucial in proving Theorem 4.6.7 below.

Remark 4.6.6 In the situation of the above corollary let A be the integral
closure of A := O(U) in Ky. For a fhite subextension K(V) of Ky|K(X)
coming from a fhite étale cover V. — U we have O(V) = ANK (V), and for
each maximal ideal M C A the intersection M N O(V) defnes a closed point
of O(V). Although the k-algebra A is not fnitely generated, it is the union of
the fnitely generated k-algebras O(V), and the set U of its maximal ideals may
be identifed with the inverse limit of the natural inverse system formed by the
closed points of each V. We may even equip U with the inverse limit topology,
and view it as an affne ‘pro- algebraic curve’ by defning a sheaf of rings O
on it in the usual way: locahzlng A by a maximal ideal Q C Awe get the local
ring O 5 of the pro-point Q and for an open subset V C U we let (’)U(V) be
the 1ntersect10n of the rings Oy 5 for Q € V. We obtain a ‘pro-étale cover’ of
U which is the algebraic analogue of the universal cover in topology. Note that
it carries a natural action by m;(U).

If we embed U in a proper normal curve X, we may perform a similar
construction for X by taking an affne open cover and considering the normal-
izations of its elements in fnite subextensions of Ky |K. We obtain a ringed
space ()? , Ox) which is a ‘profnite branched cover’ of X ‘pro-étale over U’.
It carries a natural action of 7r;(U), but it also has ‘pro-points at infnity’ lying
above points in X \ U. The action of m;(U) on the latter captures a lot of
information about U'.

In the case k = C our discussion was completely parallel with the theory for
Riemann surfaces discussed in the previous chapter. This yields the following
important structure theorem for the algebraic fundamental group.

Theorem 4.6.7 Let X be an integral proper normal curve over C, and let
U C X be an open subset. The algebraic fundamental group m(U) is iso-
morphic to the profuite completion of the topological fundamental group of
the Riemann surface associated with U. Hence as a profnite group it has a
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presentation
<a1,b1, ~--aag7bgv Yiseo s Vn | [ahbl]"'[ag’bg]yl o Vn = 1),

where n is the number of points of X lying outside U, and g is the genus of the
compact Riemann surface associated with X.

Proof In view of Proposition 4.5.13, the extension Ky |K of Proposition
4.6.1 is isomorphic to the extension K x| M(X) of Theorem 3.4.1, when X' is
taken to be the Riemann surface associated with U. The Galois group of the
former extension is 7 (U) by defnition, and that of the latter is the profnite
completion of the topological fundamental group of X’ by Theorem 3.4.1. The
last statement then follows from Remark 3.6.4. O

Remark 4.6.8 Let y; be one of the above generators, and let G be a fnite
quotient of 71(U) corresponding to a fnite Galois branched cover ¥ — X.
By Proposition 3.4.5 the image of y; generates the cyclic stabilizer of a point
Q; of Y lying above a point P; € X \ U. If we make G vary among the fnite
quotients of 7 (U), we obtain a coherent system of points Q; which defne a
point é of the profnite branched cover X of Remark 4.6.6 that lies above P;.
By construction, its stabilizer /g under the action of nl(g ) is the procyclic
subgroup generated by y;. In particular, it is isomorphic to Z.

A surprising fact is that the above presentation for m;(U) holds over an
arbitrary algebraically closed feld of characteristic 0. To derive it we first have
to discuss base change for proper normal curves.

Construction 4.6.9 Let X be an integral proper normal curve over a feld k.
Denote by K its function feld, and let L|k be a feld extension. Recall that
K is a fnite extension of the rational function feld k(z), so K ®; L is a fnite
dimensional L(t)-algebra. Assume it is in fact a fnite direct product of felds
L;. Each L; is then fnitely generated and of transcendence degree 1 over L,
hence corresponds to an integral proper normal curve X; over L. We defne the
base change X to be the disjoint union of the X;. There is a natural morphism
X; — X of proper normal curves.

The assumption on K ®; L is satisfed when L|k is a separable algebraic
extension, or when £ is algebraically closed. In the latter case K ®;, L is in fact
afeld forall L D k.

If U C X is an open subset, we defne Uy, to be the inverse image of U in
X . In the case when U is affne this is in accordance with Construction 4.3.7.
Indeed, there we worked under the assumption that O(U) ®; L is an integral
domain, which holds if and only if K ®; L is a feld. Then by construction
U, = Spec (O(U) ®; L).
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We can now state the following nontrivial theorem whose proof we leave to
the next chapter (see Remark 5.7.8).

Theorem 4.6.10 Let k C L be an extension of algebraically closed felds of
characteristic 0, X an integral proper normal curve overk, and U C X an open
subset. The base change functor Y + Y induces an equivalence between the
fuite covers of X étale over U and those of X étale over Uy.

Consequently there is an isomorphism w(UL) S mU).

Corollary 4.6.11 Let k be an algebraically closed feld of characteristic 0,
X an integral proper normal curve over k, and U C X an open subset. Then
w1(U) has a presentation as in Theorem 4.6.7.

Examples 4.6.12 Let k be an algebraically closed feld of characteristic 0.

1. By Theorems 4.6.7 and 4.6.10 we have n](P}{) = m(A}() = {1}.

2. The same theorems show that 7 (P}{ \ {0, o0}) = Z. Thus for eachn > 0
there is a unique isomorphism class of fnite Galois covers of P,l with
group Z/nZ that are étale outside 0 and oo. Such a cover is given by the
normalization of A,l in the cyclic Galois extension of k() defhed by the
equation x" = r.

3. The group 71 (P} \ {0, 1, 00}) is the free profnite group on two generators.
Thus every fnite group that may be generated by two elements is the
Galois group of a fhite Galois cover of P} étale outside 0, 1 and oo. It is
known from the classiftation of fnite simple groups that all of them can
be generated by two elements — hence all of them arise as quotients of
(P \ {0, 1, oo}).

4.7 The outer Galois action

Our examples in the last section concerned curves over algebraically closed
felds. We now turn to non-closed base felds where a crucial new feature
appears: the absolute Galois group of the base feld arises as a canonical
quotient of the algebraic fundamental group.
To explain this, let X be an integral proper normal curve over a perfect feld

k. Fix an algebraic closure of k, and denote as usual by K the function feld of
X. We assume that X is geometrically integral, which means that K @y k is a
feld. This is then the function feld of the base change X of X to k, and also
that of Uy, for an affhe open subset U C X. The affhe curve Uy is then integral,
i.e. this defnition is coherent with the earlier notion of geometric integrality
encountered in Construction 4.3.7.
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Let K, be a separable closure of K containing k. The feld K ®; k identifes
with the composite Kk of K and k in K. It may also be described as the
composite in K of the function felds of all base changes X, with L|k fnite.
The morphisms X; — X are fnite étale for all L|k by the same argument as
in Example 4.5.8. It follows that Kk is contained in the subfeld Ky C K,
of Proposition 4.6.1 for all open subsets U C X. By construction there is
a canonical isomorphism Gal (K (X)|k(X)) = Gal (L|k) for each L, where
K(X;) is the function feld of X;, whence an isomorphism Gal (Kk|K) =
Gal (k|k). In conclusion, Gal (k|k) arises as a quotient of 71(U) for all open
UcCX.

Proposition 4.7.1 Let X be a geometrically integral proper normal curve over
a perfect feld k, and U C X an open subset (possibly equal to X ). There is an
exact sequence of profiite groups

1 — 11(Up) —» m(U) — Gal (k|k) — 1.

Proof By the above discussion it remains to identify the kernel of the map
m(U) — Gal (Kk|K) with m(U). A faite quotient G of the latter group
corresponds to a fnite Galois extension Ky of Kk that is the function feld
of a fhite Galois branched cover Yy — X} étale over U. Let f e (Kk)[t]
be a minimal polynomial for this feld extension. We may fad a fnite exten-
sion L|k contained in & so that the coefftients of f lie in KL and the fnite
extension Lo|K L defned by f is Galois with group G. By construction we
have Lok = K, and moreover L, is the function feld of a fnite branched
cover Y — X so that Yy = Yj. It then follows from the defnition of étaleness
that Y must be étale over Uy. As X is fnite étale above X, the composite
map ¥ — X; — X realizes Y as a fnite branched cover of X étale above
U. Therefore Ly C Ky, where Ky is as in Proposition 4.6.1. Moreover, we
have Ly N Kk = KL, which allows us to identify G = Gal (Lo|K L) with a
fhite quotient of ker(w;(U) — Gal (Kk|K)). On the other hand, as Lo was
shown to be a subfeld of Ky, so is the composite Lok = K, and therefore by
making G vary among the fhite quotients of 7(Uy) we see that Ky, C Ky .
It follows that there is a surjection from Gal(Ky|Kk) = ker(mw(U) —
Gal (Kk|K)) onto Gal (K, |Kk) = 71(Uz). We have just seen that for each
fnite quotient G of the latter we may fnd afnite quotient of the former mapping
isomorphically onto G via the above surjection, which shows that the map is an
isomorphism. O

Now recall that quite generally given an exact sequence

1> N—->G—->T-—>1
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of profnite groups, the action of G on the normal subgroup N via conju-
gation yields a continuous homomorphism G — Aut(N). Its restriction to N
takes values in the normal subgroup Inn(N) C Aut(N) of inner automorphisms,
i.e. those that come from conjugation by an element of N. Denote the quo-
tient Aut(N)/Inn(N) by Out(N); it is the group of outer automorphisms of
N. By passing to the quotient we thus obtain a continuous homomorphism
I' - Out(N).

Applying the above to the exact sequence of the proposition we obtain a
continuous homomorphism

pu : Gal (k|k) — Out((Up)).

The group 71 (Uy) is called the geometric fundamental group of U, and py the
outer Galois action on the geometric fundamental group.

We now investigate the action of r;(U) on the space X introduced in Remark
4.6.6 above. Let @ be a pro-point of X lyiilg above a p~oint P of X, and Dg
its stabilizer in 771 (U). The residue feld «(Q) = Oy 5/Q0O% 5 is an algebraic
closure of k (P) = Oy p/ POy, p.By the same argument as before the statement
of Fact 4.1.3, we have a homomorphism Dz — Gal (k(P)|«(P)), and one sees
usi[lg Fact 4.1.3 (3) that it is surjective. Its kernel /5 is called the inertia group
at Q.

By the previous proposition (and its proof) we may view X asa profnite
Galois branched cover of X; with Galois group 7;(Up), a normal subgroup in
T (U)

Lemma 4.7.2 Let P be a closed point of X with k(P) = k. The stabilizer of a
point Q of X lying above P in 7w1(Uy) equals its inertia group 1 in 1(U).

Proof The subgroups in question consist of those elements of the stabilizer
D that are in the kernel of the natural projection Dz — Gal (k|k). O

A closed point P as in the statement of the lemma is called a k-rational
point of X. It has the following more transparent interpretation. Take an affne
open U C X containing P, and view the coordinate ring O(U) as a quotient of

the polynomial ring k[x1, ..., x,] for suitable n. The point P identifes with a
maximal ideal of O(U), and there is a k-isomorphism «(P) = k if and only if
the preimage of P in k[xy, ..., x,] is of the form (x| —ay, ..., x, — a,) with

some a; € k. This means that if we choose an embedding of U in affne space
A, then after base change to k we obtain a single point of A7 lying above our
closed point P, and moreover it has coordinates in k.
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Corollary 4.7.3 If U contains a k-rational point, then the exact sequence of
Proposition 4.7.1 splits, and w(U) is a semidirect product of w(Ug) with
Gal (k|k).

Proof Let Obea pro-point of U lying above a k-rational point of U, and Q
its image in Ug. By defnition of 7 (Uy) it must have trivial stabilizer in 7r; (Uf).
The lemma then implies that /75 is trivial, so D5 C 71(U) maps isomorphi-
cally onto Gal (k|k) by the projection 71 (U) — Gal (k|k), whence the required
splitting. O

Example 4.7.4 Let us consider the case U = P,i \ {0, oo}, k of characteristic
0. We have seen that 7{(Up) = 7 is commutative, hence we have a true action
of Gal (k|k) on m;(Ug), not just an outer action. For each n > 0 the quotient
w1 (Up)/nm(Ug) = Z/n’Z can be identifed with the Galois group of the exten-
sion K, |k(¢) defhed by the equation x” — ¢ by Example 4.6.12 (2). Moreover,
the action of Gal (k|k) on r;(Uz)/nm;(Uy) is the one coming from the extension
of profnite groups

1 — Gal (K,|k(t)) — Gal (K, |k(t)) — Gal (k|k) — 1.

A generator of Gal (K, |k(t)) is given by sending 1 to the automorphism mapping
a fixed n-th root </t of t to w,~/t, where w, € k is a primitive n-th root of
unity. The action of o € Gal (k|k) on Gal (K, |k(t)) sends this automorphism to
Vi o (@)t

The actions of Gal (k|k) on the quotients 71 (Ug)/nm;(Uy) are compatible for
different n. This translates to the following. By the above, defhing an isomor-
phism 71 (Uy) = Gal (UK., |k(t)) corresponds to fking a choice of a primitive
n-th root of unity w, for each n, with the property that for all pairs (n, m)
with n|m we have wjy’" = w,. The action of o € Gal (k|k) then corresponds to
sending a system (w,) of roots of unity as above to the system o (w,,).

Via the fk ed isomorphisms 7Z > Gal U K, k(1)) = mi(Up) we get
a continuous homomorphism Gal (k|k) — Aut(i) = 2X, inducing maps
Gal (k|k) — (Z/nZ)* for each n. It is called the cyclotomic character of
Gal (k|k).

Remark 4.7.5 In the situation of Lemma 4.7.2 the action of Gal (k|k) on
I3 = Z coming from the extension

1 — Iz — Dy — Gal(klk) > 1

is also given by the cyclotomic character in characteristic 0. Indeed, each degree
n foite extension K,|Kk contained in the fixed feld of / o 1s given by an n-th
root of a local parameter at the unique point Q of X; above P, by Kummer
theory and the fact that the ramiftation index at the unique point of the curve



4.7 The outer Galois action 127

corresponding to K, lying above Q must be n. This being said, the same
argument as above applies.

We conclude this section by a famous theorem of Belyi stating that fork = Q
and U = P\ {0, 1, oo} the outer representation py is faithful. He derived this
fact from the following result that is very interesting in its own right.

Theorem 4.7.6 (Belyi) Let X be an integral proper normal curve defied over
an algebraically closed feld k of characteristic 0. There exists a morphism
X — P,i étale over P,l \ {0, 1, 00} if and only if X can be defied over Q.

Here the condition that X may be defied over Q means that there exists a
curve X, defned over Q such that X comes from X, by base change from Q
to k.

Proof The ‘only if” part follows from Theorem 4.6.10 (to be proven in the
next chapter). Belyi proved the ‘if” part as follows. In any case there is a
morphism p : X — P! defned over Q and étale above the complement of a
fnite set S of closed points. The idea is to compose p with suitable morphisms
P! — P! that reduce the size of S.

In a first step, we reduce to the case where S consists of Q-rational points.
For this, let P be a point for which the degree n = [« (P) : Q] is maximal
among the points in S. Choose a minimal polynomial f € Q(¢) for a gener-
ator of the extension «(P)|Q and consider the map ¢ : P' — P! attached
to f. Since f has coefftients in Q, this map is defned over Q, and as it is
given by a polynomial, it restricts to a map A! — A! that we denote in the
same way. By Remark 4.5.5 the map ¢ is étale outside ¢,(Sy), where S is
the set of points Q € Ala with f'(Q) = 0. Therefore the composite ¢ o p is
étale outside the set §' = ¢ (S) U {00} U ¢¢(Sy¢). Now oo has degree 1 over
Q; the points of Sy, and hence of ¢ (Sy) have degree at most n — 1; fnally ,
those in ¢ £(S) have degree at most n. But since ¢ ;(P) = 0, there are strictly
less points of degree exactly n in §’ than in S. Replacing p by ¢ o p and S by
S’ we may continue this procedure until we arrive at n = 1.

So assume all points in S are Q-rational. If S consists of at most three
points, we are done by composing with an automorphism of P'; otherwise we
may assume S contains 0, 1, co and at least one more Q-rational point . The
idea again is to compose p with a map ¢, : P! — P! associated with a well-
chosen rational function f. This time we seek f in the form x4(x — 1)® with
some nonzero integers A, B. Outside 0, 1 and oo it restricts to a morphism of
affne curves A('2 \ {0, 1} — Aé corresponding to the homomorphism Q[x] —
Q[x][(x(x — 1))"']sending x to f. As above, ¢ o p will be étale outside ¢ (S)
together with the images of those points in A! \ {0, 1} where the derivative f’
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vanishes. These are given by the equation Ax4~!(x — 1) + Bx4(x — B! =
0, or else A(x — 1) + Bx = 0. We therefore have only one such point, namely
x = A/(A+ B).Soif we choose A and B sothata = A/(A + B),then ¢y o p
will be étale everywhere outside ¢ ¢(S). But ¢ #(S) contains strictly less points
than §, because ¢ ({0, 1, oo}) C {0, co}. We may then continue the procedure
until ¢ ¢(S) has at most three elements. O

A function f = x4(x — 1)® as in the above proof is called a Belyi function.
It is often multiplied with the constant (A + B)**2A~4 B~ which ensures
thato = A/(A + B) gets mapped to 1.

We can now give the promised application concerning the outer Galois action
on the fundamental group of Pla \ {0, 1, oo}

Theorem 4.7.7 The outer Galois representation

PPI\(0,1,00 : Gal (QIQ) — Out(m(P%\ {0, 1, co})
has trivial kernel.

Proof We use the shorthands U for P{z \ {0, 1, oo} and U for UG' Assume
that py has a nontrivial kernel, fking a (possibly infnite) extension L|Q. The
representation py, : Gal (L) — Out (71 (D)) is trivial. Recall that Py, comes
from the short exact sequence

1 - mU) - m(U,) — Gal(Q|L) — 1

via the conjugation action of m;(Uy) on 71(U). The triviality of py, means
that every automorphism of 77;(U) induced by conjugating with an element
x € m(Uyr) equals the conjugation automorphism by an element y € 7(U).
This implies that y~!x is in the centralizer C of 7, (U) in 1(Uy), and therefore
the latter group is generated by C and 7;(U). But by Example 4.6.12 (3) the
group 7;(U) is a free profiite group on two generators, and as such has trivial
centre. Hence C and 7, (U) have trivial intersection, which implies that 7 (Uy)
is actually their direct product. Whence a quotient map 77, (UL ) — 7;(U) which
is a retraction of the natural inclusion. Considering fnite continuous 7, (U)-
sets and applying Theorem 4.6.4 we conclude that every fnite étale cover of
U comes by base change from a cover of U;. By Belyi’s theorem this then
means that every integral proper normal curve defaed over Q can in fact be
defned over L. But there are counter-examples to this latter assertion; see the
facts below. O

Facts 4.7.8 Let L be a subfeld of Q. A geometrically integral proper normal
curve E defned over L is an elliptic curve if it has an L-rational point P
and is of genus 1 (meaning that the compact Riemann surface coming from
Ec has genus 1 in the sense of Section 3.6). Then it is known that there is
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an embedding £ — P whose image is defied by an equation of the form
yzz = x>+ Axz?2 + Bz’ with A, B € L, the point (0, 1, 0) being the image of
P. The j-invariant

443

(E) = 1728— > <L
J(E) 1A’ +27B2 ©

is preserved by all Q-isomorphisms Eg = X', where X' is a projective plane
curve over Q given by an equation of the above shape. Furthermore, for every
j € Q there exists an elliptic curve E’ over Q as above with j(E) = j. For
these facts see e.g. [100], Proposition III.3.1 and §3.1.

Fix now an elliptic curve E’ over Q such that j(E’) ¢ L. We contend that
there is no proper normal curve X over L with Xg = E’. Indeed, were there
such a curve, it would be of genus 1, and then it is known ([100], Ex. 10.3)
that there is an elliptic curve E over L canonically attached to X, its Jacobian,
satisfying Xg = Eg. We would then have an isomorphism Eg = E’, which
would contradict the assumption about the j-invariant of E’.

Remarks 4.7.9

1. The signiftance of Theorem 4.7.7 lies in the fact that it embeds the group
Gal (Q|Q), which is of arithmetic nature, in the outer automorphism group
of a group coming from topology. It is the starting point of Grothendieck’s
fascinating theory of dessins d’enfants; see [85] for a comprehensive
introduction.

2. Theorem 4.7.6 also has important applications in Diophantine geometry.
For instance, Elkies [19] used it to deduce Mordell’s Conjecture (now
Faltings’ Theorem) from the abc conjecture. See also [6], Chapter 12 for
further discussion.

4.8 Application to the inverse Galois problem

We now discuss a spectacular application of the methods developed so far.
It concerns the regular inverse Galois problem over Q that may be stated as
follows.

Problem 4.8.1 Let G be a faite group. Construct a fuite Galois extension
K|Q(¢) regular over Q with Gal (K |Q(?)) = G.

The regularity condition means that there is no subextension in K |Q(?) of
the form L(z), where L is a nontrivial extension of Q.

A positive solution to the regular inverse Galois problem implies a positive
solution to the inverse Galois problem over Q because of the following well-
known result.
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Fact 4.8.2 Consider a fnite regular Galois extension K |Q(¢) with Galois group
G.Letx™ 4+ a,_1x" ' + .- + gy be aminimal polynomial for this extension,
with a; € Q(¢). There exist infnitely many « € Q such that none of the a;
has denominator vanishing at &, and x™ + a,,_1(@)x™ ' + - - - + ap(@) € Q[x]
defnes a Galois extension of Q with group G.

This is a somewhat sharpened form of Hilbert’s Irreducibility Theorem.
(The original form only states that there are infnitely many o for which the
polynomial x™ + a,,_(a)x" " 4 - - - 4 ap(a) remains irreducible.) For proofs,
see e.g. Serre’s books [91] or [93]. They show that the « can in fact be chosen
to be integers, or even prime numbers.

Problem 4.8.1 is largely open at the present day and is the subject of intense
research. Towards the end of the 1970s Belyi, Fried, Matzat and later Thomp-
son independently developed a method based on the theory of the algebraic
fundamental group that yields a positive solution for many of the fnite simple
groups. We now explain the basic idea of the construction, relying largely on
the exposition of Serre in [93].

The starting point is that, as we have seen in Corollary 3.4.4, every fnite
group G occurs as a Galois group over C(¢). More precisely, we have shown
that if G can be generated by n — 1 elements, then G is isomorphic to a fnite
quotient of the topological fundamental group

BPPUONPL . P = (e v vy = 1),
Thus giving a surjective homomorphism ¢ : 7, (P'(C)\ {Py, ..., P,}) - G
is equivalent to specifying an n-tuple (g, ..., g,) € G" with g, ... g, = 1l such

that the g; generate G. We shall call n-tuples satisfying these two properties
generating.

Since the above holds with an arbitrary choice of the points P;, we
may assume that the P; are Q-rational. By Theorems 4.6.7 and 4.6.10 the
profnite completion m(n) of n{OP(Pl(C)\{Pl, ..., P,}) is isomorphic to
the algebraic fundamental group nl(Pla\ {Pi,..., P,}), and the surjection
¢ induces a continuous surjection 7 (n) —» G. Moreover, with the notation
I(n) := m(P(l) \ {P1, ..., P,}) we have the basic exact sequence

1 —» n(n) — I(n) - Gal(Q|Q) — 1.

Our task is then to extend the surjection ¢ : w(n) — G to a continuous homo-
morphism ¢ : TI(n) — G. It will be automatically surjective (since ¢ is), and
hence will defne a fnite Galois extension K |Q(#), because by construction
I1(n) is a quotient of Gal (Q(1)|Q(1)). The regularity of the extension K|Q(z)
over Q will follow from the assumption that the restriction of ¢ to m(n) is
already surjective.
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To construct ¢ we fist formulate an abstract group-theoretic lemma. Assume
given a profiite group I, a closed normal subgroup N C I', and a fnite group
G. The set Hom(N, G) of continuous homomorphisms N — G is equipped
with a left action of G given by (g, ¢) > ,¢, where z¢(n) = gp(n)g~! for all
n € N. There is also a right action of I' on Hom(N, G) given by (¢, 0) — ¢,
where ¢,(n) = ¢p(ono~") for all n € N, and the two actions are compatible,

ie. g(¢o) = (g¢)a-

Lemma 4.8.3 In the above situation let S C Hom(N, G) be a subset stable by
the actions of G and T, such that moreover G acts freely and transitively on S.
Then every ¢ € S extends to a continuous homomorphism ¢ : T — G.

Proof Let ¢ be an element of S. For each o € I there exists g, € G such that
plono~") = gyp(n)g, ! for all n € N, because S is stable by I and G acts
transitively on S. Moreover, such a g, is unique, because the action of G on S
is free. We contend that the formula ¢(o) := g, for o € I' defhes the required
extension. Indeed, the compatibility of the actions of G and I' implies that ¢
is a homomorphism, and moreover for ¢ € N we have g, = ¢(0), since ¢ isa
homomorphism. For continuity it is enough to show by fiteness of G that ¢
has open kernel. But ker(¢) consists of those o € I' that leave ¢ invariant, so
it is open by continuity of ¢. O

We would like to apply the lemma in the situation where N = 7 (n) and
' = I1(n), so we have to specify a subset S C Hom(r(n), G) with the required
properties. Recall that a surjection ¢ : w(n) — G is determined by the ele-
ments ¢(y;), which are to form a generating n-tuple. If S contains ¢ and is
stable by the action of Il(n), then it should contain all the homomorphisms
¢, for o € I1(n). In particular this should hold for o € m(n), in which case
s = ¢(0)9. Conversely, for each g € G the map ,¢ defnes a continuous sur-
jection w(n) — G. Thus it is natural to fk n conjugacy classes Cy, ..., C, in
G, and look for S in the form

S = {¢ € Hom(w(n), G) : ¢(y;) € C; and
(@), - .., d(yy)) is a generating n-tuple}.

By defnition S is stable by the actions of G and m(n). We now impose
conditions on the C; that force the other conditions of the lemma.

Definition 4.8.4 Let G be a fnite group. An n-tuple Cy, ..., C, of conjugacy
classes in G is called rigid if there exists a generating n-tuple (gy, . .., g,) in G"
with g; € C;, and moreover G acts transitively on the set of all such generating
n-tuples.
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By the above discussion, G acts transitively on S if and only if the C; form
a rigid system. Moreover, if G has trivial centre, then its action on S is also
free. Indeed, in general if ¢ € S, g € G and each g; = ¢(y;) is invariant for
conjugation by g, then g must lie in the centre of G since the g; generate G.

We still have to present a criterion ensuring that S is stable by the action of
I(n).

Definition 4.8.5 A conjugacy class C in a fnite group G is called rational if
g € C implies g" € C for all m € Z prime to the order of G.

For rational conjugacy classes the stability of the set S by the action of I1(n)
boils down to:

Lemmad4.8.6 AssumethatCy, ..., C, arerational conjugacy classes in a fuite
group G, and ¢ : m(n) — G is a continuous homomorphism with ¢(y;) € C;
for all i. Then the same holds for ¢, for all o € T1(n).

Proof By Remark 4.6.8 and Lemma 4.7.2 each y; topologically generates the
inertia subgroup /5, C 7 (n) of a point @,- of the profhite branched cover P of
Remark 4.6.6 above the point P;. By defnition of inertia subgroups, for every
o€ H(nlthe conjugate oy;o ! lies in the inertia subgroup 1,3, of another
point o (Q;) above P;. Since P; is rational over Q, there is a unique point Q;
of Xz lying above P;. Hence both I, and I, 5, are stabilizers of points above
Q; in 7(n), and as such they are conjugate in 7 (n) as well. Thus ¢(/3,) and
(1, (p,)) are conjugate cyclic subgroups in G, with respective generators ¢(y;)
and ¢(oy;0"). Therefore there is m € Z prime to the order of G and g € G
with ¢p(oy;0 ™) = gp(y;)"g~ . As C; is a rational conjugacy class, this shows
that ¢(o yia’l) € C;, as required. O

We can summarize the result of the above discussion in the following
theorem.

Theorem 4.8.7 Let G be a fuite group with trivial centre, and assume there
exists a rigid system Cy, ..., C, of rational conjugacy classes in G. For each
n-tuple Py, ..., P, of Q-rational points on Pé there is a surjection

TP\ {P,.... P,}) > G

such that moreover the image of each canonical generator y; lies in C;. In
particular, G is the Galois group of a Galois extension of Q(t) regular over Q.

Remark 4.8.8 The role played by rationality in the above proof can be made
more precise as follows. Denoting by N the order of G, there is a natural action
of (Z/NZ)* on G (as a set) via (m, y) — y™; this also induces an action
of (Z/NZ)* on the set of conjugacy classes of G. Rationality of a class C;
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then means that C; is preserved by the action of (Z/NZ)*. Now observe that
(Z/NZ)* = Gal (Q(utn)|Q), where as usual uy denotes the group of N-th
roots of unity. Remark 4.7.5 then implies that the integer m at the end of the
proof of Lemma 4.8.6 can be recovered as the image of o by the composite
map

M(n) — Gal(Q|Q) > Z* — (Z/NZ)*,

where x denotes the cyclotomic character.

This interpretation opens the way for various generalizations of Theorem
4.8.7. For instance, a variant we shall use in Example 4.8.10 below is the
following. Assume that G has a rigid system of conjugacy classes that are either
rational or come in pairs (C;, C;) such that both C; and C; are preserved by a
subgroup H; C (Z/NZ)* of index 2, and the induced action of (Z/NZ)* /H; =
Z /27 interchanges C; and C;. Then the conclusion of the theorem holds with the
modiftation that the points P; corresponding to the rational C; are Q-rational,
and otherwise come in pairs (P;, P/) where «(P;) = k(P/) is the subfeld of
Q(uy) fixed by H; and the action of Gal (Q|Q) on the points of PIG interchanges
P; and P/. The proof is a straightforward modiftation of that of Lemma 4.8.6.

Example 4.8.9 The criterion of Theorem 4.8.7 is satisfed for many of the
sporadic fnite simple groups. For instance, Thompson has verifed that the
Monster has a rigid system of three rational conjugacy classes of orders 2, 3
and 29, respectively. Such a veriftation is of course far from trivial and often
relies on the classiftation of fnite simple groups. Concerning Thompson’s
theorem and further results about sporadic groups, see Section I1.9 of [56].

We now present an example where the criterion of Theorem 4.8.7 does not
apply directly but the variant of Remark 4.8.8 does.

Example 4.8.10 Let p be an odd prime such that 2 is not a square modulo p. We
construct arigid triple of conjugacy classes in the fnite simple group PSLy(F ).
Each element of order p in PSL,(F ) comes from a matrix in SL,(F,) having
an eigenvalue 1, so since it has determinant 1, its upper triangular form is

for some a € F;. It follows that order p elements in PSL,(F ) fall into two
conjugacy classes pA and p B, depending on whether a is a square in F,, or not.
Another calculation shows that the order 2 elements form a single conjugacy
class 2A. We contend that (2A, pA, pB) is a rigid triple of conjugacy classes
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in PSL,(F,). The matrices

1 -1 11 1 0
M, = . My = . My =
2 -1 0 1 -2 1

represent elements of 2A, pA, pB, respectively, the last one because it is
conjugate to £, and 2 is not a square in F, by assumption. Their product is the
identity matrix, and the pair (M», M3) generates SL,(F ,) because their powers
are exactly the 2 x 2 elementary matrices (see [48], Chapter XIII, Lemma 8.1).
To conclude it sufftes to show that given a triple (N, N,, N3) of matrices
representing a generating triple from 2A x pA x pB, the pair (N, N3) is
conjugate in SLy(F ) to (M,, M3). For this notice that both N, and N3 have
a one-dimensional eigenspace corresponding to the eigenvalue 1, and they are
not the same since otherwise the N; would not generate. Hence we may choose
a basis of Fi consisting of an eigenvector of N, and an eigenvector of Nj.
Passing to this basis the matrices become

| a 1 0
N, = LN = .
o 1 N

By assumption we fad ¢ € F, with ¢? = a, therefore we have DN,D~! =
M,, where D is the dia